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Probability Distributions-part 111

Good morning friends as you are aware in previous session we discussed discrete probability
distribution wherein we have seen binomial distribution, poisson distribution, hypergeometric
distribution and we have seen continuous distribution as well and the distribution which we have
looked at was uniform continuous distribution. Today will see one more continuous distribution
which is normal distribution, out of all the distributions available | would say that this the most
important one.
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Normal Probability Distribution

The normal probability distribution is the most
important distribution for describing a continuous
random variable.

It is widely used in statistical inference.

It has got larger applicability compared to other distributions and it is a distribution which is
applicable in variety of situations. So, yes we know that normal distribution is most important
distribution for describing continuous random variable right, in discrete distribution we have
seen that a discrete random variable was taking a discrete value right. It is widely used in

statistical inferences, so as | have already said as most widely known and used distribution.



It fits several human characteristics be it height, be it weight, be it income, be it length, be it
intelligent quotient are a scholastic achievement and years of life expectancy and there are many
more.
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Probably the most widely known and used of all distributions is the
normal distribution.

[t fits many human characteristics, such as height, weight, length,
speed, I1Q, scholastic achicvement, and years of hifc cxpectan
others.

Like their human counterparts, living things in nature, such as trees,
animals, insects, and orhers, have many characreristics that are
normally distributed.

You take any human characteristics this binomial this normal distribution will fit the particular
characteristics and this not only true in just one country or one region, its applicable across the
world. And if you want to let say apply normal distribution height of let say height of Indians
and if you want to know whether that height will follow normal distribution or not yes it will

follow.

If you take height of all the people in the word then will it follow normal distribution yes it will
follow right. So, it is applicable everywhere is not only applicable to human characteristics but to
the characteristics of living things as well, be it life of tree or let say let say life of insects or
animals. So, this normal distribution it exhibits characteristics of living things as well apart from
human characteristics and living things characteristics.
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Many variables in business and industry also are normally
distributed.

Some examples of variables that could produce normally
distributed measurements include the annual cost of

household insurance, thc cost per square foot of renting
warehouse space, and managers’ satisfaction with support
from ownership on a five-point scale.

Many variables related to business and industry are also normally distributed, again let say the
income of companies let say the life of companies. So, all these will fit normal distribution, apart
from the let say the insurance premium, let say the cost per square footage of renting warehouse
space, manager’s satisfaction with support from ownership on a five-point scale. So, all these
variables and other variables related to industry will also fit in normal distribution. It has got
wide variety of applications, we have already talked about heights of people.
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Normmal Probability Distribution

® ]t has beea used in a wide variety of applications
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So we will know that within 2 sigma limits approximately 95% population will fall right or the

height of the population will be 95% within 2 sigma limit. Similarly scientific measurements test

SCores.
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Nornal Probability Distribution

[t has been used in a wide variety of applications:

Amounts o
of raintall

Let say there are 12 lakh students taking one particular examination and if you compare their
marks once you have got the marks of all those students. Then you will find that their marks
would also be normally distributed, whether and if you do it let say for female students and for
male students. Then also you will see that the marks of female students would be normally

distributed and again for male students as well.

Amount of rainfall again normally distributed be it in a country be it in district be any region or
worldwide. So, you will find that the amounts of rainfall is also normally distributed.
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Normal Probability Distributicn

+  Normal Protadility Density Function




Let us look normal probability density function similar to other density functions which we have
seen, so will have density function mean and variance for normal probability distribution as well.
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So, normal probability density function, f(x)=

So, here p is mean, o standard deviation, pie 3.14, and e is 2.71.

Now if you look at this term carefully, so this is e x- i whole square is 2 Sigma square right this
is nothing but z score also this is you can write it like this 1/2 (x- p) Sigma square right. In other
words this is z square is not it this is the formula for z, z = (x- p)/Sigma. So, we will see this
expression little later, so normal probability density function is given by this equation.
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Normal Probahility Distriburion

The dist:ibution is syminetric; its skewness
HICESWE 1S £C10.

Now let us workout couple of examples and there are some more characteristics of normal
probability distribution. The distribution is symmetric its skewness measure is 0, so if you look
at this its measure is 0, so this is a symmetric curve it is not a skewed curve right. So, area in this
region is 50% or 0.5 in this region is also 0.5 area under this curve is unity right, 1 right. So, it is
a symmetric distribution one of the characteristics of normal probability distributions. So it is
symmetric right, but this distribution, this curve never touches this x-axis ok.
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Normal Probability Distribution

The entire family of normal probability
distributicns is defined by its mean # and its
standard deviatior .
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The entire family of normal probability distribution is defined by its mean and standard
deviation, so this is a distribution a normal distribution and if you want to define normal
distribution then it should always be define in terms of mu and standard deviation right. So, this
is how you can define a standard distribution curve right.
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Normal Probability Distribution

The highest point on the normal cury
wiear, wlich is also he median and mode.
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The highest point on the normal curve is at the mean which is also median and mode, this
another characteristics of normal distribution. So, this is the highest point and it will be so mean,
mode and median all will be same and that is one of the properties of normal distribution.
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Normal Prabability Distribution

® Charactenstics

The meen can be dany numerical valug: negalve,
€10, 01 positive

The mean can be any numerical value it can be negative 0 or positive. So, let say this distribution
right, this distribution, this mean is 0 is not it. So, all the values towards right 20 would be
positive and values towards left hand side would be negative. So, this particular distribution
mean is O right now if you change the distribution from here to here, then its mean is now

negative -10 right.

Similarly if shifted in this direction, so this is now mean is 20 ok, so it can have mean 0 positive
or negative right. But its variance can never be negative because you calculate variance by just
squaring standard deviation right.
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Normal Probability Distril
® Characteristics

The standard deviation determines the width of the
curve. larger values result in wider, Matter curves




The standard deviation determines the width of the curve larger values result in wider flatter
curves, so this is standard deviation 15 for let say this is curve A this curve B. So, for curve B
standard deviation is higher than curve A. So, it will always be wider curve and flatter curve
right, let us draw one more curve, curve C right and standard deviation is let say 30. So, how that

curve would look like, so that would be like this isn’t it.

If S is let say 10 how that curve would look like that would be like this is not it, so this is let say
curve D and having standard deviation 10 right. So, this is how you can have a curve related to
its standard deviation and when say this S here | am talking about standard deviation of the
sample.
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Normal Probability Distribution

m Characteristics

Probabilities for the normal random variable are
zas under the curve. The total arca
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The probabilities for the normal random variable are given by area areas under the curve the total
area under curve is 1 we have already seen that right. So, this entire area is 1.
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Narmal Probability Distribution
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Some more characteristics, you will always have 68.26% of values within 1 sigma limit. So, let
us look at this curve this is your mean, this 1 sigma limit is -1 this +1 right. So, -1, +1 is -2
sigma, -2 sigma, so within 1 sigma limit you will have this much area 68.26 it means one side
how much it would be 34.13 is not it. So, within one sigma limit 68.26% of the area within 2

sigma limits 98.45.

So, let me this area this total area this area is nothing but 95.44 now this is -3 sigma this and this
is -3 sigma. Now this area is this area would be 99.72 right.
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Normal Probability Distribution
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So, this is again one of the important characteristics of normal distribution right within 1 sigma
limits, 2 sigma limits and 3 sigma limits.
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Standardized Normal Distribution
Every unigue pair of and values defines a different normal distribution
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Now look at what is standardized normal distribution, so if you look at if you are given let say
mu and sigma then you will have distribution for a different value of mu and Sigma you will
have another distribution. So, for every pair of mu and sigma you will have different normal

distribution, for let say first case when mean is 50 standard deviation is 5 right this is 5 is not it.

So, this is first case for second case mean is 80, so this mean is 80 is not it and sigma is 5, so this
is case number 2 right point number 2. And third one is mean is 50 yes the same one and
standard deviation is 10, so just see in this case first and third the means are same but standard
deviations are different. So, standard deviation is 10 in case of third that is why you have got a
flatter curve right is not it.
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Note that every change in a parameter (Mezn or SD ) determines a different normal
distribution

This characteristic of the normal curve (a family of curves) could make analysis by the
normal distribution tedious because yolumes of normal curve tables-one for each

different combination of mean aad SD - would be required

Forturetely, a meckerism was developed by which all normal distributions car te

converted into a single distribution: the z distribution

This process y12lds the standardized normal distribution (cr curve). The convarsior.
formulz for amy x value of a given normal distnbuation follows.
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Now we know that for every parameter you will have a normal distribution, for every set of
mean and standard deviation you have different normal distribution. Now this characteristics of
normal curve would make the analysis very tedious because you will have to prepare volumes of
normal curve tables for each set of mean and standard deviation. So, if you want to let say
prepare normal curve tables are z tables then you will have to have lots of tables for each pair of

mean and standard deviation.

So, this problem can be overcome by using something called z distribution or standardized
normal distribution. So, a mechanism was developed by which all normal distributions can be
converted into single distribution, so if you got out let say hundreds of you know pairs of mu and
standard deviation. Then you can convert all of them into z value or standardized normal
distribution. So, the conversion formula for this is yes this is given here, so this z = x- W /o right.
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d Normal Probability Distribution

A random variable having a normal distribution
with a mcan of () and a standard deviation of | 1s
I standard normal probability
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So, a random variable having standardized normal distribution will always have mean=0 and
sigma= 1 ok. So you can represent any given distribution either in terms of its value let us call it
x and it can easily be converted into z.
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Standard Norm: ility Distribution

The lette lcsignate the standard
normal ran
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So, this is now z scale right rather than having x scale, so you can convert x scaling to z scale

and vice versa.
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Standard Normal Probability Distribution
® Converting to the Standard Normal Distr:bution

We can think of z as & measure of the number of
standard deviations x is from g
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So, this how you can convert x value into you can easily calculate z value by using x- p /o. So,
you can think of z is a measure of number of standard deviation x is away from mu is what we
have calculated when we did find out outlets using two methods for calculating outlets The first
one was a IQR and the second one was z value. So, this is the same z value, now let us look at
couple of examples.
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Example

« If X is distributed normally
with mean of $100 and standard

deviation of $50, the Z value
for X =%$200 is
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If x is distributed normally with mean of 100, so mean is let us look at mean value 100 and z
value as ok if we will calculate and standard deviation=50 right. Now what would be the z value

when axis is 200, so if x is distributed normally with mean 100 and standard deviation 50 z value



for x would be what? So, you can easily calculate you know that is x-mu/z sorry sigma this z. So,
X is 200- mean is 100 this is 50, so this becomes 2 right.
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« If X is distributed normally with mean of
$100 and standard deviation of $50, the Z
value for X - $200 is

~ X—p _ $200-%100

G 550
This says that X =$200 is two standard
deviations (2 increments of $50 units)
above the mean of $100.

Z =20
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So, this how you can calculate z value, now this says that x = 200 is 2 standard deviation above
the mean, above the mean means towards right side or left side. So this mean, mean is 100
standard deviation is 50 and this is z value, let say this is 100, this is 200, z is equal to if you
convert have if you have z square, so this is 0 and this is 2 right.
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Comparing X and Z units

\|l':§.‘\'(b.or:~ﬁu)
N

Nofe that the skape of the distribution is the same, only the scale has changed. We can
express the problem in the original units (X in dollars) or in standardized units (Z)

So, we will say that this x = 200 is 2 standard deviation towards right side of the O value right

and this is you, so you have got 2 scales over here this is z scale and this is your original



variable. So, as we have already said and we have always said that the mean=0 and sigma=1 for
standardized normal distribution. So the shape of the distribution is same only what has changed
the scale has changed from the original x unit to standardized units right which is z. So this how
you will convert x value into z value.
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The Standardized Normal Table

« The Cumulative Standardized Normal table gives the
probability [ess than a desired value of Z (i.e., from negative
infinity to Z)
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The cumulative standardized normal table gives probability less than desired value of z, so you
can have a z value from negative to positive value.
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The Standardized Normal Table

The row skows
the value of Z
10 the first i
decimal point : ‘S The value within :he
table gives the probability

P(Z < 2.00) = 09772 s from Z = - x up to the
desied Z value
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Let us look at the area under curve when z=2 right we are solving the same example where mean

was 100, standard deviation was 50 and x was 200 right. So, what is the probability or what is



the area under the curve when z is less than or equal to 2, this is z and this is 2 right. So z less
than 2.00, this probability you want to find out, so if you look at any book on statistics you will
find a standardized normal table along with other tables which we have seen in previous sessions

like binomial table, Poisson table.

So, look at z table, so this how z table looks like here is just a part of that z table, so in this
column if you look at z = 0.0, 0.1 and2 and 3 so and so on 3.13.2 and so on right 3.1, 31 so on.
Similarly here these are the decimal values, so let say if you want to know what is the value of z
or what is the area under curve when z = 2.0 right. So, this is 2 and this 0.0, so this area under
curve is 0.9972.

So, how it will look like if I draw a curve let us look at let me draw a curve varying this is so this
your distribution. And this is your z = 0 here z = 2 here right this is 2, now we want to know this
area and which is 0.9772. So, this area is 0.9772 from minus infinity this -infinity and this
+infinity right.
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Now let us look at z table, how it looks like, so this is standard normal probability for positive z
score. So, let say z = 2, so z = 2 right here it is and probabilities are 0.9972. so, what would be

the area under curve when z is equal to let say 3.05 ok, so 3.05 is where first of all look at 3



right. So, this is 3.00 and then in it this is 6.05 0.05 is here right. So, if you look at here this is, so
this is the value 0.9980.

So, you can calculate area under the curve from -infinity to z value, now let say, so this is let say
at z the area under curve is 0.9972, what is the area under curve when z is equal to -2 look at this
-2 is somewhere here right. This point this is the area under curve and z = -0.0228. So, there is no
need to remember it you will you just subtract 1- 0.9772 you will get 0.0228, so if you know the

value of z.

If you know the value of z you can easily calculate probabilities and if it is negative value then
you just subtract that probability from 1, you will get the negative value of z. so, this how you
should read z tables, so this is one of these z tables.
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You can have a different type of z table but you will get the same information, so in this type of z
table you have got area under the curve from 0 to z value not from -infinity to some z value right.
So, it gives you only probabilities from 0 to either some positive direction or negative direction,
direction of Z value right. So, let say what is the value of z what is the area under the curve and

z=2 right.



So this is, so z = 2 is here right and area under the curve is 0.4772 but in earlier case it was
0.9772 how come, why there is a difference here. Because here we are calculating z value from 0
to 2, in previous slide we had area from minus infinity to 2. And we also know that the 50% area
is this is not it or this is 0.5 the remaining is 0.5. So, you just it 0.5 in 0.4772, so you will get
0.9772 which is the same answer which was there in previous table. So, either you use this table
or the other one tables this one and the same thing but you should know whether the area under
the curve is from mean or from minus infinity.
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P(Z <2.00)—0.9772

So, this how you just add this area which is 0.5 and this area which is 0.4772, so it becomes
0.9772.
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General Procedure for Finding Normal Probabilities

To finc
- Draw the normal curve for the problem in terms of 2

* Translate X-valaes to Z-values

+ Use the S:andardized Normal Table

Let us look at general procedure for finding normal probabilities, let say if you want to find out
probability between A and B value when a variable is normally distributed having some mean
and some standard deviation. So, first of all you should draw the normal curve by taking X into
account then convert x value into z value by using that formula and use standardized normal
table to know the area under the curve. So, we will look at how to find out probabilities between

A and B, in next session for the time being let me sign off, thank you very much.



