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Lost Sales
Hi, welcome to our course on modeling and analytics for supply chain management. Today

we will be dealing with a very important topic inventory models for lost sales.
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INVENTORY MODEL FOR LOST SALES

Uin our last session on inventory model with planned shortage, we
dealt in with a case where excess demand is backordered.

UHowever, in reality it has been observed that in many situations,
unfulfilled demand is lost.

In our last session on inventory model with planned shortage, we dealt in with a case where
excess demand is backordered. However, in reality, it has been observed that in many
situations unfulfilled demand is lost. In retail environments, customers look for an alternative

item or try to find the item in another shop when their demand is not satisfied.

For a example, when you do not find a particular magazine of our choice with a news vendor,
we normally do not wait for the next delivery, but simply go to another news agent down the
road. So, there is a need to discuss inventory model which deals with the characteristics of
lost sales. Inventory systems with lost sales require a different approach in terms of

maximizing net revenue rather than minimizing costs.
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Stock Level
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Figure: Stock Level with Lost Sales
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This is the invento deI for lost sales, we have plotted stock level along the y axis, x axis
as usual represents time, and initials ordered quantity Q is this line. Consumption takes place
with a demand read D along this line at this point, there is no stock. So, lost sales occurs over
the period from here to this particular point again a fresh stock of Q unit comes in here and

the cycle repeats.
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UAn initial stock of Q runs out after a time go'
Q/D, and all subsequent demand is lost until i
the next replenishment arrives

»We can no longer say that Q =D x T as there is | =
unsatisfied demand and the amount supplied
in a cycle is less than demand

»In particular, there is an unsatisfied demand
ofDxT-Q

H®
An initial stock of ut runs out after a time Q by D and all subsequent demand its lost until
the next replenishment arrives at this point. So, from this to this point in time, there is no
stock available. So, if there is any demand during this period of time, it is not made and

thereby results in lost sales.



So, T is the cycle length, capital T so, under such situation we can no longer say that Q is
demand rate D multiplied by the time period T. Since, there is unsatisfied demand over this
period as a result, the amount supplied in a cycle is less than the demand. In particular, there
is an unsatisfied demand of D multiplied by T minus Q, D multiplied by T is the total demand
over this period T. And we have a stock level of Q. So, D into T minus Q is the amount of

unsatisfied demand.
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Uit has been observed that when shortages are allowed, the aim of
minimizing cost is no longer the same as maximizing revenue

~If shortages are allowed, in some circumstances, costs may be minimized
by holding no stock at all = but this would certainty not maximize
revenue

»In this analysis, we will maximize the net revenue, which is defined as
the gross revenue minus costs. For this, we define SP as the selling price
per unit

It has been observed that when shortages are allowed, the aim of minimizing cost is no longer
the same as maximizing revenue. So, if shortages are allowed, in some circumstances, costs
may be minimized by holding no stock at all, but they should certainly not maximize
revenue. So, in this analysis we will maximize the net renew, which is defined as the gross

revenue minus costs. For this analysis will define SP as a selling price per unit.
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Qit is required to look at the cost of lost sales, which has two parts:

**First, there is a loss of profit, which is a notional cost that we can define
as SP - UC (Sales Price - Unit Cost) per unit of sales lost

*»Second, there is a direct cost, which includes loss of goodwill, remedial
action, emergency procedures, and so on; this can be defined as DC per
unit of sales lost

0)
Now, it is required k at the cost of lost sales which has two parts. First, there is a loss of
profit and this loss of profit is a notional cost that we can define as the difference between SP
and UC that is loss of profit equals sales price minus unit cost, per unit of sales lost. In the
second part there is a direct cost, which is of course very difficult to measure and this direct
cost includes loss of goodwill, remedial action, cost of emergency procedures and so on. For

the sake of analysis, we define DC per unit of sales lost.
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UConsidering the case of lost sales, the four cost §
components for a single stock cycl'e are:

**Unit Cost Component = UCxQ ‘
**Re-order Cost Component = RC
“*Holding Cost Component = An Average Stock of

S _HexQ @ _HCxQ?
Q/2 held for Time Q/D = = XTa—r
+*Lost Sales Cost Component (taking only the actual
cost of DC for each of D x T - Q lost sales) = DC x

(DxT-Q)

So, considering the case of lost sales, the four cost components for a single stock cycle that is
over the cycle length T, we have one as a unit cost component which is nothing but UC,
multiplied by Q. The reorder cost component as usual is RC. The holding cost component

equals an average stock of Q by 2 held over a time period Q by D. So, the holding cost



components becomes Q by 2 held over a time period Q by D. So, Q by 2 into Q by D
multiplied by HC, the holding cost component. So, this becomes HC into Q square divided by
2 into D.

And the fourth one, which is the lost sales cost component. Here one thing please note that
we are taking only the actual cost of DC for each D into T minus Q lost sales, the direct cost
the actual cost which is equals DC multiplied by D into T minus Q. So, these are the four cost

components.
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UThereafter, the net revenue per cycle equals the gross revenue (SP x Q)
minus the sum of these costs which is mathematically expressed as;

2
SPXQ—UCXQ—RC—%—DCx(be-Q)

»Dividing this by T gives the net revenue per unit time,

HC xQ*
2xD

R=; X [Q X (DC+SP - UC)-RC-22L _pexpxT] i)

Thereafter, that net revenue per cycle equals the gross revenue SP into Q minus the four cost

components, that is UC into Q minus RC minus HC into Q square by 2 D minus DC
multiplied by D into T minus Q. We can divide this expression for net revenue per cycle by
the total time period T. So, dividing this by T gives the net revenue per unit time.

So, net revenue per unit time becomes 1 upon T multiplied by this expression Q into DC plus
SP minus UC minus RC minus HC into Q square by 2 D minus DC into D into T. We have

done some manipulation here.
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UThe cost of each unit of lost sales inclusive of loss of profit can be
defined with the following mathematical expression:

#LC = Cost of Each Unit of Lost Sales including Loss of Profits
=(DC + SP - UC) - (i)

USay Z = Proportion of Demand Satisfied
=Q/(D x T) which gives,

{1_2xD_ (i)

paz=m =il

H0)
Now, the cost of cnit of lost sales inclusive of loss of profit can be defined with the
following mathematical expression. LC equal to cost of each unit of lost sales including loss
of profits equals DC plus SP minus UC. Now, we define Z, a variable which is the proportion

of demand satisfied.

Now, what is the proportion of demand satisfied? The total demand is D into T and we had a
stock level of Q right at the beginning. So, Q divided by D into T gives the proportion of
demand satisfied, which we define as Z. So, from this we can derive an expression as 1 upon
T equals Z into D divided by Q.
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OThereafter, the net revenue per cycle equals the gross revenue (SP x Q)
minus the sum of these costs which is mathematically expressed as;

2
spr-UCxQ-Rc-’-‘;:—g-ocx(oxT-o)

»Dividing this by T gives the net revenue per unit time,

HCxQ2
2xD

R=; X [Q X (DC + SP - UC)-RC-22L _pex D xT] ~ i)
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QFrom eqn. (i),

HC xQ*
2xD

R=[; X (@ x (DC + 5P - UC)-RC-2Ly] - (pexD)

USubstituting the values from (ii) and (iii) into the eqn. (i) for R gives:

2
rR= [0 (@ x Le-Re-50) - (oexD)

PR= 2 X (D X LC-=2- )] - (DCxD) (i)

nnnnn

Now, recollect that we had the expression for R as this, this is equation 1. Now, we can

substitute that expression for 1 upon T in this equation. So, that will give us R equals Z into
D by Q multiplied by Q into LC minus RC minus HC into Q square by 2 D minus DC into D.
So, this expression DC plus SP minus UC is nothing but LC. So, instead of DC plus SP

minus UC we have written LC.

Thereafter, the expression for R can be written as Z into D where this Q and this Q gets
struck off Z into D into LC minus RC into D by Q minus HC into Q by 2, because this D by
Q, if you multiply it with this, you get this expression a minus DC by D this is in a separate

bracket.
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Uifferentiating this equation (iv) for R with respect to Q and setting the
result to zero gives a maximum value for net revenue as such,

. dR 0 _ ZXRCxD  ZxHC

a0 ¢ Tz
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QFrom eqn. (i),

HC xQ*
2xD

R=[; X (@ x (DC + 5P - UC)-RC-2Ly] - (pexD)

USubstituting the values from (ii) and (iii) into the eqn. (i) for R gives:

2
rR= [0 (@ x Le-Re-50) - (oexD)

PR=[Z X (D X LC-"2- Y] - (pCx D) - (v)

Now, say this equation in order to maximize the revenue net revenue per unit cycle, we have
to differentiate it with respect to Q and equate it to 0. If we do that, then we get Z into RC
into D by Q square minus, Z into HC by 2 equals 0. So, after side transposing, we get RC into
D by Q square equals HC by 2.
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v'This finally determines the mathematical expression for the standard
economic order quantity as,

2XRCXD

Q= The

v Substituting this value of Q, = Q into the equation (iv) for net revenue
per unit time, the optimal value for R can also be computed as,

Ry=Zx[DxLC-Vy2 XRC XxHC XD}

So, this finally determines the mathematical expression for the standard economic order,
quantity as Q 0 equals root over of twice RC into D by HC. Substituting this value of Q 0
equal to Q, in the equation four, for net revenue per unit time, the optimal value of R can also
be computed as RO equals Z multiplied by an expression within bracket, which is D into LC
minus root over 2 into RC into HC into D. Now, we have to play with this expression in order
to determine whether we hold any stock or not, whether we order or not and different type of
things.
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UcConditions for Maximum Value of Net Revenue per Unit Time (R):
“*AsZ=(Q/(D x T) = Proportion of Demand Satisfied
»50 Z can be set to any value in the range from zero to one

»We want to choose that value of Z which maximizes the revenue (R,)

So, that conditions for maximum value of net revenue per unit time we have to determine
what are the conditions? Now, recollect that we had defined the variable Z as Q divided by D
into T, which is nothing but the proportion of demand satisfied. Now, this Z can be set to any
value in the range from 0 to 1. Maximum value is 1, minimum value is 0. Now, we want to

choose that value of Z which maximizes the revenue RO.
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v'This finally determines the mathematical expression for the standard
economic order quantity as,

2XRCxD
Q"'\ HC

v Substituting this value of Q, = Q into the equation (iv) for net revenue
per unit time, the optimal value for R can also be computed as,

Ry=Zx[DxLC-vy2 XRC xHC X D]

i ®

—— NPTEL

You see in this expression for RO we have this variable Z. The question is what should be this

value of Z? That will depend upon the nature of sign within this bracketed term.
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UConditions for Optimal Value of Net Revenue per Unit Time (R,):
»Condition I: If (D x LC) > /(2 X RC X HC x D)

#Ry=Zx[DxLC-v2 XRC XHC X D]

v'The term in brackets is positive, the net revenue is positive and as such,
we can make Z as large as possible

v'50Z=1and hence, there are no shortages

56

—— NPTEL

Condition one look at this bracketed term this is expression for RO net revenue per unit of
time optimal value. Now, in this if D into LC is greater than root over of 2 into RC into HC
into D then the term within this bracket is positive thereby, the net revenue per unit time is
positive and as such, under this circumstances, in order to maximize the revenue per unit of
time, we can make Z as large as possible. So, Z equal to 1 can be set and hence under that
condition, Z equal to 1 means, there are no shortages. So, that is possible if D multiplied by

LC is greater than this term.
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Uconditions for Optimal Value of Net Revenue per Unit Time (R,):
»Condition Il: If (D x LC) < V2 X RC X HC X D

»Ry=Zx[DXLC-V2 XRC X HC X D]
(A

v'The term in brackets is negative, this makes the net revenue negative v,%
and a loss occurs due to which we have to make Z as small as possible \ .
/1 "-q

v'$0Z = 0 and there is no need to stock the items at all

Condition 2 if D multiplied by LC is less than this term then the term in the bracket is

negative. This makes the net revenue per unit of time as negative and thereby, a loss occurs



due to which we should necessarily make Z as small as possible. If we make Z equal to 0
there is no need to stock the item at all.
(Refer Slide Time: 20:45)

B 409090909

INVENTORY MODEL FOR LOST SALES

Uconditions for Optimal Value of Net Revenue per Unit Time (R,):
»Condition I1I: If (D x 1= V2 XRC XHC XD

»Ry=2x[DXLC-VZ X RC XHC X D}

whatever value is assigned to Z

If D into LC equals this term this term inside the bracket will be equal to 0 and hence the net

revenue also will be 0 whatever value you assigned to Z.
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NUMERICAL EXAMPLE ON LOST SALES

v'The values of different costs for three items (1,2, and 3) are mentioned
in the given tabular data:

Items| D RC HC DC SP uc
1 (50 | 150 | 80 20 110 90
2 | 100 | 400 | 200 10 200 | 170
3 | 50 | 500 | 400 30 350 | 320

(Source: Inventory Control and Management by Waters, 2003)

Now, let us look at one numerical example, though in real life, estimation of this disease
difficult certain notional costs are involved. But suppose we have somehow or other been
able to find out this costs DC. We have three items, items 1, 2 and 3. This is the demand rate.
This reordering cost for each of these items holding costs, the DC, the selling prices and the

unit costs are all given.
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»Question to be answered:

*»Determine the best ordering policy for these three items using the given data
for different costs

(Source: Inventory Control and Management by Waters, 2003)

The question to be answered is, if this is the case, determine the best ordering policy for these

three items using the given data for different costs.
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OSolution:

»For each item, (D x LC) has to be computed and compared with V2 X RC x HC X D

» Also, by definition, LC = (DC + SP - UC)

(Source: Inventory Control and Management by Waters, 2003)
So, your solution approach should be that for each item, you first compute D into LC and
compare that value with root over 2 into RC into HC into D, these are the two expressions
within the bracket in the formula for optimal net revenue per unit of time and also by
definition, LC is DC plus SP minus UC. This you have to compute.
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OSolution: Foritem 1,
»1C=(DC+SP-UC)=20+110-90=40

»This gives (D x LC) = (50 x 40) = 2,000

»Againy2 X RC X HC x D = /(2x 150 x 80 x 50) = 1,095

—— NPTEL

NUMERICAL EXAMPLE ON LOST SALES

v'The values of different costs for three items (1,2, and 3) are mentioned
in the given tabular data:

Items| D RC HC DC Sp uc
1 |50 | 150 | 80 20 110 9
2 | 100 | 400 | 200 10 200 | 170
3 | 50 | 500 | 400 30 350 | 320

(Source: Inventory Control and Management by Waters, 2003)

So, for item one, first we compute LC which is 20 plus 110 minus 90 equal to 40. If you
recollect, for item 1, DC is 20 plus, SP 110 minus UC is 90, so 130 minus 90 equal to 40 and
D into LC equals 50 into 40, which is 2000. And again compute 2 into RC into HC into D,
root over of that, which comes out to be 1095.
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OSolution: Foritem 1,

»As(DxLC)>v2 XRC X HC x D,
**The net revenue is positive, and
*+Z =1 has to be set which gives these inferences:

v All demand is met
v'No sales are lost

So, now what do you find, for item 1, D into LC is greater than root over up 2 into RC into
HC into D. Hence, the net revenue is positive, net revenue per unit time is positive. And
thereby, we can set Z equal to 1, leading to the fact that all demand will be made under that
circumstance and no sales will be lost.
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QSolution: For item 1,

vHence, Ry=Zx [DxLC-y2 X RC X HC x D ]=1x[2,000 - 1,095] = 905

vQ,= f_"ffT"% }%5—":13.7sayl4units

So, the solution for item 1 basically comes down to RO as 905 units and QO in that case
comes out to be 14 units because the bracketed term has come out to be positive, we have

said Z equal to 1 and the corresponding values of RO and QO have been arrived at.
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QSolution: For item 2,
»1C = (DC +SP - UC) = 10 + 200 - 170 = 40

> This gives (D x LC) = (100 x 40) = 4,000

» V2 X RC X HC x D = /(2 x 400 x 200 x 100) = 4,000

For item 2 similarly, we first work out the value of LC which is again 40 and D into LC in
case of item 2 works out to be 4000 and here also it is equal to 4000 this expression, root over
of 2 into RC into HC into D.
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OSolution: For item 2,
7As(DxLC)=v2 XRC XHC XD,

+*The net revenue becomes zero, and

*+Z can be assigned any convenient value

So, what do you find? In this case, the D into LC equals this expression. So, the net revenue
per unit time, just look at the expression for RO that becomes 0. So, you can assign any value
to Z.
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QSolution: For item 2,

vHence, Ry=Zx[DxLC-y2 X RC x HC x D ]=1x[4,000 - 4,000] =0

2XRCxD 2x400x100 .
'/Qo= ’T= }—Eﬁ—ﬂmumts

nnnnn

You will get the net revenue per unit time equals 0 and Q0 works out to be 20 units, but does
not matter you really get net revenues.
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USolution: For item 3,
»LC=(DC+SP-UC) =30 +350 - 320 = 60

» This gives (D x LC) = (50 x 60) = 3,000

»V2 X RC X HC X D = /(2 x 500 x 400 x 50) = 4,472

For item 3 again LC works out to be 60 units, D into LC works out to be 3000 unit and the

expression under root 2 into RC into HC into D works out to be 4472 unit from the given
data.
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dSolution: For item 3,

»As(DxLC)<y2 XRC XHC XD,
+*The net revenue tends to be negative, and
*+Z =0 has to be set which gives this inference:

v'The item is not to be stocked at all

HO)
So, what do you fi?hat D into LC is less than root over of 2 into RC into HC into D. So,
in this case if you look at the expression for RO that is the net revenue per unit of time you
will find that it will work out to be negative. So, it is better that we set Z equal to 0, meaning

thereby that there is no need to stocked this item at all.
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v Shortages often lead to lost sales rather than backorders

v'A model has to be framed for sh'ortages that maximizes net revenues,
rather than minimizing total costs

»This gives a simple rule that addresses this query about storage:
*» WHETHER or NOT TO stock an item

So, the takeaway was from the concept of lost sales is that the shortages often lead to lost
sales rather than backorders. Hence, there is a need to frame a particular inventory model for
shortages that maximizes net revenues rather than minimizing total costs. And this basically,
model tells us under the condition of lost sales, whether or not we should stock the item at all.

Thank you.
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» Cachon, G.P, and Terwiesch, C., (2019), Matching Supply With Demand: An
Introduction to Operation Management
» Waters, D., (2003), Inventory Control and Management

We have used references mainly from this book, Waters, D Inventory Control and

Management. Thank you



