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Lecture — 49
Statistical Process Control: Control Charts for Variables

Hello friends, I welcome you once again to our ongoing journey on Six Sigma and we
are in the final phase of over six sigma DMAIC cycle and we are discussing the control
phase. We have already talked about control chart, preliminary concepts, 7 QC tools and
now as a part of lecture 49 we would like to discuss the Statistical Process Control;

Control Charts for Variables.
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Control charts are one of the
statistical tools for solving quality
related problems.

AZQUOTES

So, this is a very important topic and I hope you will appreciate it. So, control charts are
one of the statistical tools for solving quality related problems and this is said by say
Masaaki Imai a very well known person in the domain of quality and control charts they
basically act as a tool to diagnose, that what is the problem? And then subsequently we

can investigate the reason behind the problem.
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OCommon Causes and Assignable Causes of Variations
(0bjectives of SPC

OType I and Type Il errors in control charts

OAnalysis of Patterns in control charts
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So, just to have recap we have talked about common causes, assignable causes of
variation. Objectives of statistical process control, type I and type II error in control chart
and analysis of patterns in control chart. So, please remember that my variability maybe

because of some chance or random causes that is not very much problematic.

But there could be assignable cause because of which there is some change in the
process, some shift in the process and unless I correct it I cannot have an appropriate
control over the process. So, control chart basically draws my attention to such kind of

problem and then I can take the corrective action to get hold on my processes.
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UNeed for Control for both Mean and Variability
CONCEPTS COVERED QGeneral procedure for constructing control charts
OControl Charts for X, Sand R
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So, this particular lecture we will try to focus on need for control for both mean and
variability. So, it is not only mean or variability we need to control mean as well as
variability both in order to see that my process is operating at the target value, sat value,

nominal value and the variability means the component to component, part to part

variation is also well within the limit.

General procedure for constructing control chart we will see and that will remain same,
for all different kinds of chart and typically this lecture basically we are discussing the

control charts for variables, so we will talk about control charts for X bar, S and R.
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Selection of characteristics for investigation

Qin small organizations as well as in large ones, many possible product
and process quality characteristics exist.

A single component usually has several quality characteristics, such as
length, width, height, surface finish and elasticity.

Uit is normally not feasible to maintain a control chart for each possible
variable.

Oselecting which quality characteristics to maintain control charts on
requires giving higher priority to those that cause more nonconforming
items and that increase costs.

OMonitoring process variables through control charts implicitly controls
product characteristics.

So, the first important thing is about the selection of the characteristic for investigation.
Now you think about an organisation and suppose there even manufacturing se ball
bearing or piston or engine or a maybe v belt or maybe the service organisation and their

customer waiting time.

Now just think that they are lot many quality characteristics and its not possible or
economical to focus on all the quality characteristics and maintain the control chart for
every quality characteristics. So, we have to critically think and figure out that what are
those quality characteristic which are really problematic and can a can cause a critical

problem in the system.

So, once I identify such kind of quality characteristics, then I will only maintain the
control chart for those characteristics and not for each and every characteristics specific

to product or process.
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Preliminary Decisions

Selection of Rational Samples
+ Maximize differences between samples
* Minimize differences within samples

+ Lots from which samples are chosen should be homogeneous

Sample Size
+ Sample sizes are normally between 4 and 10
+ It is quite common in industry to have sample sizes of 4 or 5

Then there no that is the preliminary decision before I go for the control chart
development and design, so selection of the rational sample. So, I have already
mentioned and once again I would emphasize that a simple must try to maximize
differences between samples and within sample this variability must be minimized. So,
let us say subgroup or simple 1, sample 2, sample 3 let there be say variability and this
variability be maximized or must be captured because let us say sample 1 is drawn from

the shift 1 production, sample 2 is from shift to and so on.

But within sample I expect that my sample should be such that within sample the
variability is minimised. Lots from which the samples are chosen should be
homogenous. So, any kind of heterogeneity let us say you are purchasing the material
from 4 5 different vendors and then you are mixing it and then if you are drawing the
sample I think it would not be a good idea. Sample size normally as a rule of thumb, we
are happy with 4 and 10. So, 4 to 10 between I can choose the sample size of my sample

and this is a quite common practice to go with 4 to 5.
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Preliminary Decisions

* Frequency of Sampling: The sampling frequency depends on the cost
of obtaining information compared to the cost of not detecting a nonconforming
item.

* Choice of Measuring Instruments
* Design of Data Recording Forms

So, another important decision that I need to take before I go for the control chart is
frequency of sampling. So, now, I will take a sample of sum size sample size maybe n is
equal to 4 or 5, but what should be the frequency? Should I take the sample every 10

minute, every 30 minute, every hour once in a shift, once in a day.

So, here the logic is very simple the cost associated with frequency of the sample and
hence the inspection and the cost associated with non detecting, the non conformity and
its consequences must be critically seen and then depending upon the trade off between

these two I must decide the frequency of sampling.

Then choice of measuring instrument, say you may have maybe different type of
instrument maybe vernier calliper micrometre, maybe digital manual. Now you really
need to see that what is that range within which a particular say measurement needs to be
taken and if you want a title control than more precise instrument is recommended and

also this instrument must be calibrated.

So, you must check, list count precision of the instrument whether it is a regular or
digital or high end. So, depending upon the criticality of the quality characteristic and the
band within which it should be measured or the tolerance is which you have to say fixing

you must decide about the measuring instrument.



Design of data recording forms, see many times please understand that this data is
basically recorded by the machine operator and then subsequently it is analysed by the
quality inspector or the manager, but or data is recorded by the quality inspector
depending upon your system. But whatever it is you need to have when simple form a
systematic form so that an operator or maybe the quality inspector should not make any

mistake in data recording.
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Need for Control of Both Mean and Variability

* The number of nonconforming products depends on both process mean and
process variation

J/N — nominal mean and variance

. larger mean and nominal
------- variance

.......

Now, let us see couple of cases to appreciate the need for control for both mean and
variability. So, I am talking about the control chart for variables and I would emphasize
that I must have X bar chart that used for mean and I must have R or sigma or S chart
that is for variability and these two are complementary to each other. So, I will not say

that only go by X bar or only go by R.

So, the reason is we need to control both mean and variability, if you just say the first
one then you will say that lower specification limit, upper specification limit mu 0 there
is no shift and the variability is well within these two upper specification and lower
specification. So, you are not producing any defective mania achieving the nominal
mean and variance, but if you look at the second case larger mean and nominal variance,
then in this case there is a shift in mean mu 0 has got shifted to mu 1. So, there is the
shifting and hence I am saying that larger mean there is a shift in mean, but variance is

more or less same what we had here, but you are producing the defective component



because it is going above upper specification limit. So, this is the second case, the first
case both mean and variability are in the second case the problem is with mean got of

shifted variability is.
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nominal mean and larger variance

v Mean is monitored by X bar chart
v Variability is monitored by either R chart (range) or S chart
(standard deviation)

] ) i e st it A :.. i 5
Now, if you see the third case, then in this case you have say phenomenal mean and
larger variance. So, you will see that this variance is large and you are producing
defective items on both the sides lower specification, upper specification and this is

something is the third case where variability is really significant, but mean is mu 0 there

is no shift.
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Review of the Basic Model of Control Charts

Let w be a sample statistic that measures some quality characteristic of interest, and

suppose that the mean of w is p,, and the standard deviation of w is o, Then the center
line, the upper control limit, and the lower control limit become

UCL=p, +ka, 2 L
14
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Cenler line = p, {8 It \f : \:*""\/1‘I )
LCL=p,-ka, i : N

where k is the "distance” of the control limits from the center Iincr‘"ﬁéxprcsscd in standard
deviation units

So, the different cases they can convince us that yes there is a need to monitor of both
mean and variance and if you just see the review the basic model of control chart then I
have the upper control limit. So, upper control limit basically is mu w plus k sigma w
and typically you have the quality characteristics, some quality characteristics maybe
piston diameter or the inner diameter of the bearing or the thickness whatever you have
some quality characteristic of interest and suppose that mean of w; w is your some
quality characteristic and sample statistics. So, w is the mean of w is mu w and the

standard deviation of w is sigma w.

So, then I can is this, so mu plus or minus k sigma is my standard expression to set my
upper control limit and lower control limit. I would also like to remind you that as a rule
of thumb we go by plus or minus 3 sigma, the reason is it gives me the best (Refer Time:
11:32) of between type I and type II error. So, this part we had seen in the previous

lecture.
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Case 1
Control Chart for X-bar and R for 2
Known p,0

So, now we are moving ahead with the design of control chart for variables. So, before
that let me try to analyse couple of things and I have 2 different cases to be considered.
Case number 1 you have X bar and R chart for known mu and sigma. So, your
population mean and standard deviation are known and under this situation I want to
develop, I want to design my X bar and R chart. So, let us try to see what are the

consideration here.

(Refer Slide Time: 12:15)
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Control Chart for X-bar and R— Known p,o

* Statistical Basis of the Charts
- suppose {X, j=1,..,n}are normally distributed with X*N(u,a), thus,
5 2
- X~N(u,(a/yn)")
* X bar chart monitors between-sample variability (variability over time) and R

chart measures within-sample variability (instantaneous variability at a given
time)

* If pand o are known, X bar chartis .
t3oy=2ut3—=>putdec
pt3ox=2pt i pt

LCL=p—-A0,CL=p,UCL=p+Ac whered =3/

So, you have let us say X j is equal to X j is equal to 1 to n and this is normally

distributed with X j n mu is the mean and sigma square is the variance and the

distribution sample distribution is X bar which is also normally distributed and you can



use this central limit theorem. So, mu and sigma by square root n whole square, so this is

also normally distributed. Now X bar chart monitors between sample variability.

So, variability over at time and R chart measures within sample variability. So, please try
to appreciate this part which is very important that when I say X bar chart my interest
would be to see that whether there is any significant shift in the mean or not and when I
say R then I am interested in capturing the variability, but when it is X bar it is between
sample variability or subgroup variability between subgroup and when I say R these

basically within particular sample or subgroup variability.

So, mu and sigma are known, so X bar chart basically mu plus or minus k sigma I am
taking k is equal to 3 sigma X and this I can replace by sigma by square n as we have
seen in mu plus or minus A sigma. So, now you will say what is this A, so we will use A,
d2, d3, c2 many such kind of constants and this constants are basically standardized
values for control charts and they are available in the appendix of the suggested
textbook. So, mu minus A sigma mu plus A sigma and A is basically nothing, but 3 by

square root n.
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NOTE

Factors (like A, d2, d3, A2, c4 etc.) for computing centre line and
three-sigma control limits can be selected for the two criteria 1)
sample size and 2) Type of Chart (X-bar Charts, s-Charts, R-charts)
from the table available in Appendix of following books:

U Mitra, Amitava. Fundamentals of Quality Control and

“\ Improvement, Wiley India Pyt Ltd.
E UForrest W. Breyfogle IIl, Implementing Six Sigma, John Wiley &

S Sons, INC.

So, typically you need to refer couple of say standardise values. So, factor likes A, d2,
d3, A2, c4 etcetera, for computing the central line and three sigma control limits, they
can be selected from the table based on 2 criteria number 1 sample size and number 2

type of control chart X bar chart, S chart or R chart you are using.



And this you can find very easily in the following books like Mitra Amitava which we
are mainly referring fundamentals of quality control and for rest implementing six sigma.
So, you will find this table readily available and for a given say sample size and the
control chart whether it is X bar or R or S or sigma, you want to set the control limit, you

can find the values of this constants.

(Refer Slide Time: 15:18)
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Control Chart for X-bar and R— Known 1,0

* Range R=max(X;)-min(X;) for j=1,.n
* If pand o are known, the statistical basis of R charts is as follows:

* Define the relative range W=R/a. The parameters of the distribution of W are
a function of the sample size n.

* Denote i, = E(W) =d,, o, =d;,
* (d, and d, are given in Appendix table in textbook)
* ll; =d,5, 6,=d, 6, which are obtained based on R=W &
* R chart control limits
Hp ar 30}3 = dzﬂ' + 3d30’ = (dz 1r 3d3)0

LCL = Dya, CL = dyo, UCL = Dyo
where Dl = dz — 3d3, Dz = dz + 3d3

Now, let us say range. So, my R i is basically nothing, but maximum of X ij minus
minimum of X ij. So, you have a particular sample and in this sample you have the
maximum value, minimum value take the difference this is your range and mu and sigma
are basically known. So, the statistical chart for R is like this. So, define relative range
and I would say W is equal to R by sigma and the parameters of the distribution of W are

a function of n.

So, typically it changes with respect to n and I will have mu W is equal to expected value
of the W is equal to d 2 again a constant and sigma is d3 again a particular constant you
will get from the statistical standard statistical table for control chart. So, mu R is

basically d 2 sigma and sigma R is d 3 sigma, so based on R is equal to W sigma.

So, typically what you get here is the control limit with respect to the mean value of the
ranges that is mu R plus or minus 3 sigma R and sigma R you have already determined
this is d3 sigma. So, I am just putting the value here d 3 sigma, so you can just simplify

this that d2 plus or minus 3 d 3 sigma. So, now, further simplification is also possible



that D 2 is equal to d 2 plus 3 d 3 and D1 is equal to d 2 minus 3 d 3. So, if I just replace
it, lower control limit will be D 1 sigma and central line will be d 2 sigma upper control

limit will be D 2 sigma. So, this is something when I have the known mu and sigma.

(Refer Slide Time: 17:19)

Case 2
Control Chart for X-bar and R for
Unknown p,0

And now let us see the case 2, so case 2 pertains to again X bar and R chart for unknown

mu and sigma. So, I am not aware of population mean and standard deviation.

(Refer Slide Time: 17:33)

Control Chart for X-bar and R— Unknown pand o

* Need to estimate jtand o
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* X bar chart (m samples; n obs. in each sample)

LCL =x-A,R
(L =%
ULC =x+A R

So, in this case you have to estimate mu hat X bar is equal to X double bar and you have

sigma X 1 bar i is equal to 1 to m divided by m; m is basically samples and n is the



observation in a sample. So, for example, you make it 25 sample each sample may have

5 as the sample size or it could be different.

So, this is where m into n is my total number of observations m sample let us say 25
within the sample there are 5 reading, so 25 into 5 is 125 and this is the summation of my
all the observed value or say measured value for the quality characteristics and you have
sigma hat this estimate you get by dividing your R bar by d 2 and R bar is nothing, but

sigma is equal to 1 to m R i up to divided by m.

So, you have total m sample for each sample you have one particular range, so within
that particular sample you have maximum value, minimum value find the R 1, R 2, R, R
1, take the summation divided by number of say sample let us say 25 you will get the
value of R bar. So, now, you have the mu X bar hat plus or minus 3 sigma X bar hat and
this could be simplified as X double bar plus or minus 3 sigma hat divided by square root
n and X plus or minus 3 R bar by d 2 because we had seen that the estimated value of

sigma hat can be given by R bar by d 2.

So, this particular say expression can be simply be re written as X double bar plus or
minus A 2 R bar, so A 2 is 3 divided by d 2 square root n. So, here you may have little bit
say query that why all these values? So, basically this tables are developed for various
constants for developing the control chart, so that very easily you can pick up the values
from this table and easily you can compute your upper control limit and lower control
limit for the given sample size and the kind of control chart you want to basically design

and developed.

So, you have lower control limit X double bar A 2 R bar central line is X double bar and
upper control limit this. So, any control chart you take you need to have the central line
you need to have the upper control, limit lower control limit and that will basically help
you to device or design a particular tool called control chart to check that whether your

process is in control or not. So, this is I think I explain in detail.
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Control Chart for X-bar and R—Unknown p and ¢

« Need to estimate ug, 0
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So, now further computations for unknown mu and sigma. So, now, for R mu R hat this
is called hat. So, it would be R bar and you can take the average of all the R i and sigma
R hat is basically d 3 sigma hat and sigma hat is R bar by d 2. So, some of the things you
need to get familiarized it would be used say invariably and you will have the lower
control limit D 3 R bar because your D 3 is this and D 4 is basically plus and minus. So,
you will have D 3 D 4 again I will tell that value of D 3 and D 4 you can take from the

standard table and this will really make your task very simple, so this is for unknown mu

and sigma.

(Refer Slide Time: 21:30)

Procedures for Establishment of Control
Limits— Unknown p and o

* If 1 and & are unknown, we need to estimate |1 and & based on the
preliminary in-control data (normally m=20~25, n=3~5).

* The control limits established using the preliminary data are called trial
control limits, which are used to check whether the preliminary data are

in control (check for out of control limits points, non-random pattern).

* First check R or S chart to ensure all data in-control, and then check

bar chart.



Now, let us try to see the procedure for establishing of control limit, typically for
unknown mu and sigma. Now when you are not actually aware of mu and sigma, then
what we need to do? We need to say estimate mu and sigma I was using the hat value.
So, based on preliminary in control data, so normally say your sample maybe number of

sample m is 20 to 25 and let the sample size maybe 3 to 5.

So, you will collect this much of data and let us say you have the process which is in
control and what is the measure that the process you whatever operating is not producing
say defective you say that my process is in control. Now for such a process typically |
am analysing that I do not know mu and sigma, for such a process I am taking 20 to 25

sample each sample is of 3 to 5.

So, now you control limit are established using the preliminary data and typically these
are known as trial control limits. So, initially mu and sigma are not known I will set the
trial control limit and then which are typically are used to check whether the preliminary
data are in control or not. So, I am not just leaving like that I will now check it with this
trial control limit and first check R and S chart to ensure all data in control, first try to

target the variability and then you check for the X bar chart.

(Refer Slide Time: 23:15)
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Procedures for Establishment of Control
Limits— Unknown p and ¢

Collect
Preliminary Data

 Estimate Establish Check In-control { ~ Future
X Ror 5 [ Control Limits || Preliminary Data Monitoring

Out-of-control
l_ Update .| Eliminate the Outliers*

Estimation due to Assignable Causes

So, once you are done with this, then I have simplified everything through a simple
flowchart and it goes like this collectively preliminary data then estimate X double bar R

bar S bar establish control limit this will be called trial control limits. Check preliminary



data if it is in control, then use this control chart your tool for the future monitoring

because your tool is ok.

Now if it is showing out of control, eliminate the outliers due to assignable cause, update
the estimation and then once again you operate with this unless you get the all the points
falling within without any typical patterns and then you will have the final control chart

for the implementation available.
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Development of the Charts

* Step 1: Using a preselected sampling scheme and sample size, record
measurements of the selected quality characteristic on the appropriate forms.

+ Step 2: For each sample, calculate the sample mean and range using the following
formulas:

= L

n

R=X

where X; represent the ith observation, n is the sample size, X, is the larges
observation, and X, is the smallest observation.

it

So, this is exactly what we do, so if we quickly go through the general steps for

max = Kimin oo 2)

E—

constructing a control chart then step 1 using a pre selected sampling scheme sample
size, record measurements of the selected critical quality characteristic on appropriate
form. Step 2 compute X bar R which is the X bar is the average of your all the measure
the readings for the given quality characteristics, R bar is within sample maximum minus

minimum.
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Development of the Charts

* Step 3: Obtain and draw the center line and the trial control limits for each chart.
For the X chart, the center line X is given by
f=tot B)
where g represents the number of samples. For the R-chart, the

center line is found from

g
g =tmt )
g

Then step 3 compute X double bar because you need the central line also. So, this is
basically the when I say X i bar it is specific to a particular sample, so average of the

sample and when I say take the average of the average it is my X double bar and then I

have R bar which is the average of all the ranges.
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Development of the Charts
+ Conceptually, the 3c control limits for the X, chart are
X + 30y (5)

* Rather than compute ag from the raw data, we can use the relation between the
pracess standard deviation, G (or the standard deviation of the individual items)
and the mean of the ranges, R.

* When sampling from a population that is normally distributed, the distribution of
the statistic W = R /o (known as the relative range) is dependent on the sample
size n. The mean of W is represented by d,

* Thus, an estimate of the process standard deviation is

R

= ..(6)

[

Then you compute the 3 sigma control limit X double bar which is the central line plus
or minus 3 sigma X bar and sigma X sigma hat basically is R bar by d 2. So, this I can

very easily find d 2 I can find from the table.
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Development of the Charts

The control limits for an X chart are therefore estimated as
(UCLX,LCL}?) =X t— =X+—
i,

(UCLg,LCLg) = ik t ApR e mrsern

Where A, = 3/\nd,

So, then you will have the upper control limit and lower control limit for X bar, so it
would be X double bar plus or minus 3 sigma hat divided by square root n and you can
put sigma hat is R bar by d 2 and this word give X double bar plus or minus A 2 R bar
because A 2 is 3 sigma root and d 2. So, 3 sigma route n d 2 is my basically A 2 and I can

just simplify the value of A 2 can also be read from the table.
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Development of the Charts

* The control limits for the R-chart are conceptually given by
(UCLR, LCLR) = R+ 300, (8),

+ The control limits for the R-chart are estimated as

R _
UCLg = R+3d3!d !-D.,R

LCLg - R-3dy (5 ) R

where, Dy =1 +3—‘ta and Dy = —
dz B,

................

Similar way you said the control limit for R chart, so upper control limit would be say

this we have already seen it would be D 4 R bar, D 3 R bar and here you just say that I



say that D 3 which is specific to lower control limit, it should be either 0 or this

maximum of this it means suppose this is negative.

Let us say I have this value negative 0 and let us say minus 0.8, now I will take the
maximum of these can you just saying what could be the reason? Please understand that |
cannot have lower control limit negative it can maximum go up to 0. Point number 2,
that do not randomly say that when the point is falling out side upper or lower control
limit you need to take the corrective action, give a thought I am explaining you a very

very critical point.

If a point is falling outside the lower control limit on R chat what does it indicate? It
indicates that my variability is going down and this is a positive sign, so you need to take
the sustaining action and not the corrective action. Suppose you are going to a doctor
with a very good blood survey report or maybe the blood pressure report or maybe your
other parameters will doctor give you additional medicine or he will ask you to maintain
the status compliment you, congratulate you and give you the same medication or

reduced medication.

So, same applies over here please remember it, there are 2 types of actions corrective
action, sustaining action when my process is improving I must investigate the reason
behind improvement and I must take the sustaining action. Corrective action; obviously,
I will check where it is going other outside the upper control limit lower control limit on
X bar chart or outside the upper control limit on my R chat then it is a concern and there

could be an assignable cause.

So, my two points I am repeating R chat the lower control limit maximum it could be 0 it
cannot be negative and second thing if the point is falling outside the lower control limit
on R chart it is not an indication of any assignable cause or corrective action, it is a
matter of say sustaining action and you need to investigate that what is that something
which is really improving the process. So, everyday if you are doing a exercise and you

are becoming fit, it is a good symptom you need not to spoil it.

(Refer Slide Time: 29:07)
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Development of the Charts

+ Step 4: Plot the values of the range on the control chart for range, with
the center line and the control limits drawn. Determine whether the
points are in statistical control. If not, investigate the special causes
associated with the out-of-control points and take appropriate remedial
action to eliminate special causes.

* An R-chart is usually analyzed before the X-chart to determine out-of-
control situations. An R-chart reflects process variability, which should be
brought to control first.

* Step 5: Delete the out-of-control point(s) for which remedial actions have
been taken to remove special causes and use the remaining samples to
determine the revised center line and control limits for the X- and R-
charts

+ Step 6: Implement the control charts

So, this is something which many a times people make the mistake and I just would like

to remind you again and again. Step 4 plot the values try to see whether they are within
the control limit or going outside. Step 5 delete the out of control point and once again
calculate your upper control limit, lower control limit central line. Once you say that
your process is within control then accept this control chart limits for the implementation
and now you are gauge is perfect, I will say your control chart is like a gauge you are
measuring the process it is perfect you can rely on it and then you go for the

implementation.

So, you cannot just implement the control chart just like that you need to compute the
trial control limit, stabilize the process and then once you have the confidence that your
control limit for well stabilized, then use it as an instrument to keep a control over the
process. So, I think we have discuss in detail now let us quickly go through couple of
examples. So, computation is very simple once you have the formula, but let us try to go

introduction part.
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Consider a process by which coils are manufactured. Samples (No. of samples taken
(g) = 25) of size 5 are randomly selected from the process, and the resistance values
(in ohms) of the coils are measured.

_ Y R 87
R= =1 f=_=348
g g 25
UCLg = R +3d; (d_ = D.d? = (2.114)(3.48) = 7.357
2/
= R 2
LCLy =R - 3d; d—) =D;R =(0)(348) =0
2

gy
Swayam

I ]

@

So development of X bar and R chart for coil manufacturing process, the data is like this
you have a process which manufactures the coil and samples number of sample taken at
25 size 5 are randomly selected from the process and resistance value in ohm are
measured. So, R bar you can compute, you have UCL R, so D 4 R bar D 4 is from table
you get this LCL R this is 0 say maximum of this so by chance if it comes out to be

negative then you will take 0 as I discussed.

(Refer Slide Time: 30:56)

Coil Resistance Data

Sample|Observations (ohms)| X
1 20,22.21,23,22 216

7 | 1918222020 |198

3 | 2518201722 |204

4 2021222121 |1

= 1924232220 |216

6

7

8

Sample|Observations (ohms)| X | R
16 21,20,24,20,21 |21.2| 4
17 | 2018,182020 |192] 2
18 2024,22,23,23 (224 4
19 20,19,23,20,19 |20.2| 4

20 222121242 |22 3

3
4
3
2
3

R
3
4
8
2
5
22,20,1818,19 |19.4] 4
1820191820 [19]2
)

4

)

3

3

4

2

4

n | Bnnnn |18
n | nas81719 [186
B | AnunB |5
2 | 2022212120 |208
35 | 1920212122 |206

SUM 521/ 87

20,18,23,2021 [204
9 | 120430 |2
10 | 2119202020 |20
11 | 202023220 |21
12 | 2a20223 |16
13 | 1922191819 [194
u | onnnn |12
15 | 2020242323 |28




And then this is the data you have, so you have the sample 25 sample each sample has 1,
2,3,41, 2,3, 4, 5 reading. So, your sample size is 5, you compute the X bar for each
particular sample I will call it as X i bar and then R, a total is 521 that is the X bar value

R is 87. So once you understand, so that I need not to explain for every example.
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What are the control limits of X bar chart?

*The center line onthe X :chart is obtained as follows:
~ D k)
= = = 20.84
g 25
*n =5 gives A, = 0.577. Hence, the trial control limits on the
X —charts are

UCLg = 2084+ (0.577)(3.48) = 22.848
LCLgz =20.84 - (0.577)(3.84) = 18.832

@

You compute the X double bar and then you compute the UCL X bar and LCL X bar. So,

e 1 Fo

this A 2 is from the table for n is equal to 5 and the X bar chart. So, only two thing
sample size and the kind of chart you want to plot you will get the value of the constant

from the appendix of the suggested textbook standardised table.
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Xbar/R Chart tor Resistance

F4d 1
7 3.05L=2285
e .
% 23 X=2084
19
18 1 L5 -30SL=1883
T T T T ]
Sample 0 5 10 15 20 %5
i & 1 1 I 1 1
1
) 4 3.05L=7.358

Ranges

‘ -3.051=0.000

4

8

74

6

54 1

% i 5 | R=3.480
i

04

@

So, now once you have done this you can plot the data and data means what? You will
plot the values of X 1 bar, it means you will plot the values of average of each particular
sample and you have X double bar is a centre these are the means which is X i bar and

this is X i bar and here you will plot the values of R i and this is your basically R bar.

So, you can see here there i1s something wrong here; there is something wrong here; there
is something wrong here. So, on X bar chart typically I can see that somewhere around
22 23 sample there is some issue and here I can see that some issues specific to may be

sample 1 or 2.
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UWhen the special causes for these three samples were investigated,
operators found that the large value for the range in sample 3 was
due to the quality of raw materials and components purchased from
a new vendor.

Qwhen the special causes for samples 22 and 23 were examined,
operators found that oven temperature was too high for sample 22
and the wrong die was used for sample 23.

URemedial actions were taken to rectify these situations.

Qwith samples 3, 22 and 23 deleted, the revised center line on the
R-chartis R = 72/22 = 3.273



So, based on this some say conclusions were drawn that. When the special cause for
sample 22 and 23 on X bar chart where examined operator found that temperature was
too high for sample 22 and the wrong die was used for sample 23. So, this you have to
investigate you may have to do brainstorm, you must have a process knowledge and

typically remedial actions were taken.

But with simple 3 say typically 22 and 23 deleted and then the revised centre lines where
say developed, but just see here that in simple 3 was there was a 3 sample where
investigated and operator found the large values for range in simple 3 and due to the

quality of the raw material.

So, here range chart gave you the idea that there is something wrong with the quality of
raw material and then X bar chart gave you the idea for 22 and 23 sample, that there is
something wrong with the temperature and other settings. So, this is something that you

can really appreciate.
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* The revised control limits on the R-chart are

_ R _
UCLp = R +3d; (d—) =D,R = (2114)(3.273) = 6.919
4

= R .
LCLg = R - 3d; (d_) =D;R=(0)(3273) =0
2

* The revised center line on the P_f - chart is
- ML 459
X :T =E= 20.864
UCLg = 20.864 + (0.577)(3.273) = 22.753
LCLy = 20.864 - (0.577)(3.273) = 18975

* Note that sample 15 falls slightly above the upper control limit on the
X-chart. On further investigation, no special causes could be identified
for this sample. So, the revised limits will be used for future
observations until a subsequent revision takes place.

Now you compute the revised control limits by excluding those point, so I am not
explaining as usual you compute the UCL R, LCL R, UCL X bar, LCL X bar and now
once you have you can further plot and see that whether all the points are falling within

or not if yes, then accept this gauge statistical control chart implemented.



(Refer Slide Time: 34:16)

Example Extended

Refer to the coil resistance data. Suppose the specifications are 21+ 3 ohms.

a) Determine the proportion of the output that is nonconforming, assuming that
coil resistance is normally distributed.

b) If the daily production rate is 10,000 coils and if coils with a resistance less than
the LSL cannot be used for the desired purpose, what is the loss to the
manufacturer if the unit cost of scrap is 50 cents?

Now let us say I just extend the example and suppose there are specification 21 plus or
minus 3 ohm. So, determine the proportion of the output that is non conforming
assuming that coil resistance is normally distributed. And suppose that is a daily
production is 10,000 and specifically you cannot accept the product which is less than
LCL lower specification limit and if there is a cost of scrap that is 50 cent then what

would be the loss to the company?

(Refer Slide Time: 35:00)

Solution (a)

* From the revised R-chart, the center line is found tobe R = 3 273\/ fk
* The estimated Process standard deviation is V
R 3 273 \/ $.«

d; 2236

d=
* The revised center line on the X-chart is X = 20.864, an estimate of the
process mean. —_—

* The standardized normal value at the lower specification limit (LSL) is found

as
(18.000 - 20.864)
/Zl = -1.9562



So, I have the value of R bar that is 3.273 and I can estimate the sigma hat, so I have X
double bar. Now I am using Z is equal to you know the expression Z is equal to X minus

mu divided by sigma and I am putting the values here.
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Example Extended

Refer to the coil resistance data. Suppose the specifications are 21+ 3 ohms.

a) Determine the proportion of the output that is nonconforming, assuming that
coil resistance is normally distributed.

b) If the daily production rate is 10,000 coils and if coils with a resistance less than
the LSL cannot be used for the desired purpose, what is the loss to the
manufacturer if the unit cost of scrap is 50 cents?

So I have basically the specification 21 plus or minus 3, so lower specification is 21
minus 3 is 18 so I am putting here 18 this is my 20.864. So, it is basically this value
20.864 and I get this Z 1 minus 1.9562 by referring the normal table.
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0.025 S-y /—0.0161

18 X » 20864 u
LSL & = 1464 USL

X

Proportion of nonconforming output




So, now once this is done you can see very well what is happening here, you have some
rejections below LSL, you have some rejections above USL and total you can do by just
by adding this two probabilities that what is the percent that is going to be rejected. So
you have Z 2 and you can total it, so you will get 0.04145.
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*The standardized normal value at the upper specification
limit (USL) is
_ (24-120864) _ St
T 1464 T

* From the normal distribution table, the proportion of
the product below the LSL is 0.0253 and the proportion
above USL is 0.0161. Thus, the total proportion of
nonconforming output is 0.0414.
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Solution (b)

The daily cost of scrap is
(10,000)(0.0253)(50.50) = $126.50

Now, here because I am only interested to find the value of scrap, it means the
components which are below LSL, so I am only considering 0.0253 I am producing

10,000 and the cost is 0.5 dollar. So, my total cost is 126.50 on scrap, so this much



money | will lose because of wrong production. We can have illustrative example 2 for X

bar and R chart for bearing manufacturing.
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The data shown here are x-bar and R values for 24 samples of size n=5
taken from a process producing bearings. The measurements are made on
the inside diameter of the bearing, with only the last three decimals
recorded (i.e., 34.5 should be 0.50345).

(a) Set up x-bar and R charts on this process. Does the process seem to be
in statistical control? If necessary, revise the trial control limits.

(b) Estimate the process standard deviation.

So, you are given the data for x bar and R chart and you can record up to 3 decimal. So
setup x bar and R chart and estimate the process standard deviation. So, this is the data
and directly I am giving you the values of X bar for each particular sample as well as the

R, so you have this data available.
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Data—X-bar and R

Xbar|34.5/34.2(31.6/31.5/35.0(34.1/32.6 /33.8|34.8/33.6/31.9|38.6
R|3|4|4|4|5|6|4|3|7|8]3]29
Xbar|35.4(34.0/37.1{34.9|33.5(31.7(34.0/35.1(33.7|32.833.5|34.2
R(8& |6 (5|74 3[8|4]2)1
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X Bar Chart

8 L e e X-bar chart
| (L A@..// and
RS e Chart

} - ) B
- &8 o e = 8 @ a ] ﬁ

Sample 12 and 15 out of control

Now, I will just plotted this particular graph and you can easily see that couple of points
indicated in orange are going outside the control limit of my X bar chart, more or less

there is no issue on the R that it is ok, but this is the problem this is the problem.
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Revised X-bar Chart and R Chart

Removing the two out of control samples and recalculate control limits for both charts:

Ravised X Bar Chart Revisad RChart

A AMA o
:ﬂwvw\@‘

400

/0

360

M0

320

300

- B @B M

So, I will exclude this points once again I will calculate the control limits and then once I
feel that my control limits are stabilized I will go for. So, this is the recalculated control
limits more or less it is falling within the control limits I will accept this my gauge is

ready for implementation gauge is my control chart.

(Refer Slide Time: 38:04)
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* Underlying distribution of the quality characteristics is normal
* X bar chart is more robust to non-normality than R chart.

+ samples of 4 or 5 are sufficient to ensure reasonable robustness to
the normality assumption for X bar chart.

* Calculation accuracy of Type | error is dependent on the distribution.

* X bar chart (n =4, 5, 6) is not effective to detect a small mean shift (less
than 1.5 &) on the first sample following the shift.

* R chart is insensitive to small or moderate shifts (o,/a, <2.5) for the
sample size of n=4, 5, or 6. If n>10, an § chart should be used instead of
an R chart.

So, there are some important assumptions and properties of the X bar and R chart. So, X
bar chart is more robust to non normality than R chart. So, there is an assumption that my
data must be normally distributed, but this X bar chart is less sensitivity more robust to
any kind of say non normality if it is present, but because normal non normality is

directly related to your variability and shape, so your R chart is more sensitive.

Sample of 4 to 5 are sufficient to ensure reasonable robustness and calculation accuracy
of type I error is dependent on the distribution X bar chart 4, 5, 6 is not effective to detect
a small means shape less than 1.56 on the first sample following the shift. So, maybe you
have to go for larger let us say sample size, if there is a shift in mean which is less than
1.5 sigma. And R chart is insensitive to small or moderate shape sigma 1 by sigma o, so

original versus the shift less than 2.5 and for the sample size 4, 5, 6.

So, you have to go for any greater than 10 and the preferred chart would be the S chart,
standard deviation chart and not the R chart. So, third example is specific to X bar and R
chart. So, as I mentioned that when the variability is of concern typically R chart because
it is only taking the maximum minus minimum, it is not capable enough to capture some
small change in the variability the ratio which we have seen here sigma 1 divided by
sigma o less than 2.5 in this case | would like to compliment my X bar chart with S chart

instead of R chart. So, these are the expressions for your X bar and S chart.
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X bar and S Control Chart with Variable
Sample Size

* Use a weighted average approach in calculating Xand$
}? Ec =1 niX; S [21-1(“[' )5 ]

Ez-l 1 1 ni=m
-A3, B3, and B4 will use the corresponding sample size of each
subgroup 1.

* Use an average sample size, or use the most often sample
size if n, are not very different

(T ."““3 -
So, now you can easily appreciate it just make use of this is the number of sample here I

have assumed n i node n because I may have different number of units in a particular

sample. So, my sample maybe of varying size and that is why I have put n i.
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Engrine Fiston Rings
Sample e
Musmihar Observations k7 5,
] T O 74002 74019 73.992 74,008 F4.010 00148
2 Ta00s 73.992 Ta.001 T1.006 O
a A.088 T4024 74,021 74.005 o002 74,008 00106
a4 74,002 T3.006 73,003 74015 Tl (0 T4 W O.0081
] 73002 F4.007 TADIS 73,989 TA014 74008 0.0122
'] 74,008 73,994 73,997 73905 73996 0.0099
7 73,995 74,00 73,994 74,000 73,999 0.0055
8 73,983 748 0003 73993 74.015 739688 73,997 0.0123
L] T4b. DO 73995 bR 74005 Ta.004 00064
10 TA008 F4.000 TA9H TAO07 73003 73098 00063
i 73,994 TION 73004 73903 TI.090 T3.554 .02
12 T4.004 74.000 T4.007 7000 73998 T o4z
13 TAORL T4.002 TI.008 T4 00100
4 74,006 73,967 73904 74000 73984 73.990 00153
15 74012 74014 73998 T4.008 00087
18 P00 TR0 TAO05 73998 T390 T3.007 0.0078
17 73994 74012 73906 740038 73,999 00115
18 TA006 F400 TAOIR 74.003 74.000 T4.007 LR
19 73984 J4.002 T4.003 T4.005 T395T TAGR LIRS
20 74000 4010 T4.013 TR CLOOGH
21 73988 74,001 74,009 T 005 73996 74,000 00053
2z T, O 73,994 73.9%0 4006 74.00% TA 002 D007
23 T4010 73989 73.990 TA009 74.014 4002 00119
24 F4.015 T4.008 73993 4000 74.010 74,003 Q0087
25 73,982 TAON4 73003 FA4007 T4.013 TAG0E D016z

So, now just see the data and how you see the data? Sample number in this sample I have
1, 2,3, 4, 5 total 5 units measured, but in second if you see my sample size is 1, 2, 3 only

3. Same way you can see here it is 1, 2, 3, so I have basically n i varying sample size I



computed the Xi bar, if there are 5 units I will divide the total by 5, if there are 3 T will
divide by 3 and I computed the S i.
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1
s [Bhim-vs?)
T~ 25

1
_[#(00148)? + 2(0.0046)? + ..........+ 4(0.01622 l2
- [ +5-25

. [0.003426]'fz

8 =0.0098

So, this is my initial computation for X bar and S chart I computed the S bar by using the
expression I have given and once this is done, then for n 1 is equal to 5 X bar chart you

can compute UCL as well as LCL.
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n,=5, x-bar chart: S Chart

UCL = 74001 + (1427)(0.0098)  UCL = (2.089)(0.0098) = 0.020

= 74,015 CL =0.0098
CL=74.001 LCL = 0(0.0098) = 0

LCL = 74.001 - (1.427)(0.0098)

= 73987

So, now, this is 74.001 and this value is basically the value of A 2 that you get from the

table for the given sample size. Let us check from our particular table just see this is the



value 74.010. So, this value is basically the average of this n I will use this value as well
as the value of A 2 I got from the table in order to find my upper control limit and the

lower control limit.
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Computation of Conrol Limis for 5 and 5 Charts with Variable Sampls Sie
& Chart & Chart

Sampls L] X 3 Ay Lo ucL By By LCL UCL
1 3 74010 00148 1427 73,987 Ta.018 o 2.08% o 0.020
2 a3 71996 D005 1954 73982 74,020 o 2.368 L] 0025
3 5 74.008 D016 1,437 73,987 T4.015 o 2ORS o 0.020
4 3 Ta.003 D | 1427 T1ORT Ta.ms a 2.089 o 0.020
3 5 Ta.003 00122 1.427 73,987 74018 a 2.089 o 0,020
& 4 TA006 00099 1.628 73985 TANT o 2.266 o 0.022
il 4 73990 00053 1628 TIOR3 74017 0 2266 o 0022
8 L] 73097 00123 1,437 73.987 TADIE (1] 208 o 0020
] + T4, 0 L e 1628 TI.083 T4y @ 2.266 o 0.022
10 5 T1.908 LXCR 1427 T3.987 TA01S o 2.089 o DO
ii L T3.004 00029 1.427 73987 74015 o 2089 o D020
i2 3 Ta.001 0.0042 1.427 T3.987 TA4018 o 2,089 o 0.020
13 3 73.994 0.0100 1854 73,982 T4.020 o 2568 a 0028
14 5 73.090 00133 1427 73587 Ta015 o 2080 a 0020
13 3 T4, 008 DLOORT 1934 TIOR2 Ta.20 L 2568 a 0025
ia 5 Ta.007 OLO0TR 1.427 TI087 T4.015 o 2.089 o 0020
7 4 Tr999 00115 1.628 TI0RS T4.017 o 2226 o 0,022
18 5 T4.007 0.0070 1427 73,987 T4.015 o 2089 (] o020
19 3 T1.908 LR 1437 TAGET T4.015 o 2082 o 0020
20 3 TAO08 DR 1954 TI0R2 F4.020 o 2.568 o 002s
a1 5 T 000 00053 1.427 Tr.987 T4.015 o 2080 o 0,020
3 3 TA002 D074 1.427 73.987 74018 o 2089 o D020
23 s T4.002 0o01e 1.427 TI9RT 74018 o 2.089 o 0020
24 5 T4.005 0.0087 1.427 TA98T T4.015 o 2089 (] 020
25 5 73,998 00162 1.427 TA9RT T4.015 L] 2089 L 0020

[T e i .«-ma '
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So, you find the upper control, lower control for X bar chart and S chart once this is
done, then you can see this table also, that I have put all the values of X bar S you will
see the value of A2 LCL, UCL which is basically which has used the value of A2, B 3,
B 4 and the S chart.
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Estimation of ¢

*We may estimate the process standard deviation, ¢, from the
individual sample values S;. First, average all the values of §; for
which n; = 5 (the most frequently occurring value of n;). This gives

_ 0.1605
§ =——=0.0094
17
* The estimate of the process a is then

“—5-—0'0094—001
P YT I




So, we have computed the upper control limit, lower control limit for X bar chart as well
as S chart and I can also estimate the sigma S bar is equal to 0.1605 divided by 17. I will
just consider the samples which has the sample size 5 and then I will take the submission
of all the S 1 of this number of sample here it is 17 sample which has sample size 5. So, |

will get the S bar 0.0094 and sigma hat is this for n is equal to 5.
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So, I hope this is clear what you can observe here is that see this is my control limit; this
is my control limit. So, for each particular sample I have different control limit because
my n iis different, n i means my sample size is different. So, here you do not get 2 lines
one is upper control line and another is lower control line, what you get here is like this
dash; dash; dash. So, my control limits are varying and this is when my n i is different for

different samples, so then I can just check the status of my process.



(Refer Slide Time: 43:42)

LR B RN N A

Comparison of R Chart and S Chart

The relative efficiency of Rto §
* RChart n | Relative |
: 5 Efficiency

* simple for hand calculation; 2 1.000
+ good for small sample size; 3 0.992
* lose information between x,i, and ., -,  o-s
* not used for variable sample size. — 0'955
R Wk 6 0.930
* when the sample size is large (n>10); 0 | 0850

* Used for variable sample size ; |
* Computation complexity can be simplified by using a computer.

Now before we conclude I would like to compare the relative efficiency of R n sigma
and R when it is simple to calculate because just maximum minus minimum this is good
for the small sample size, but when you are large sample size it cannot capture the over
all variability within the sample accurately and this is reflected exactly here that for n is
equal to 2 my sample size is only 2, it hardly makes any difference my efficiency of R to

S is 1, but when sample size is 3 my efficiency of R is reducing, 4 it is reducing, for 10 it

1s 0.85.
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Summary of Control Charts

Process Parameters X bar chart R chart S chart
ICL =p=-Ao It = Do LCL = Bo

_ @ =i 0 =d,o L =¢0
UCL =p+de UCL = D,o Ut =B

B= gy Lk
X bar & R chart R Sl o
- UCL =%+ 4,k UL =Dk




So, for larger sample size R chart is not effective I must use the S chart, so you can see
the summary if known mu and sigma X bar chart R chart S chart, if unknown these are

the expressions for my upper control lower control limit for X bar and R chart.
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Summary of Control Charts

Process Parameters X bar chart S chart
- o A5 ICL =B

Xbar&Schat g CL=% =5
0= | UL =FeaS UCL =88

This is again for unknown mu and sigma X bar and S chart, so you can easily make use
of this control limits and plot the data, set the trial control unit plot the data, get rid of the
points outside the control limit make your control chart gauge perfect and then

implement.
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What type of variation are control charts intended to detect? What do we do when we
detect evidence of such variation? Why do we need both an x~chart and an R-chart?

2. What are some considerations in the interpretation of control charts based on standard
values? Is it possible for a process to be in control when its control chart is based on
observations from the process but to be out of contral when the contrel chart is based
on a specified standard? Explain.

3. Astart-up company, promoting the development of new products, can afford only a few
observations from each product. Thus, a critical quality characteristic is selected for
monitoring from each product. What type of control chart would be suitable in this
context? What assumptions are necessary?

[T s .»...ma \
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So, before we end as usual practise I want to float couple of questions. What type of
variations are control charts intended to detect? What do we do when we detect evidence
of such variation? Why do we need both X bar and R chart? As I mentioned, I want to

have the hold on mean and variability both, so they are complementary to each other.

What are some considerations in the interpretation of control charts based on the
standard values? And a start up company promoting the development of new product can
afford only a few observations from each product. Thus a critical quality characteristics
is selected for monitoring from each part product. What type of control chart would you

like to use?
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So, many I have followed the book Mitra examples and also referred from that you can
go through it Montgomery is also a very good book another regular book of our Six

Sigma you can refer.
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Conclusion:

* X bar chart monitors between-sample variability
(variability over time) and R chart measures within-
sample variability (instantaneous variability at a given
time).

+ The control limits established using the preliminary
data are called trial control limits, which are used to
check whether the preliminary data are in control
(check for out of control limits points, non-random
pattern).

% S charts are used when the sample sizes ar

larger.
L \:;_Jlimlum! [

So, X bar and R are complementary, mean and variability both needs to be controlled

where the sample size is larger than I must use the S chart which has the better

efficiency.

So, thank you very much for your interest in learning the design of control charts for
variables, I hope this video would have provided you the enough and adequate
knowledge on development of the control chart at least collect some data or use the
hypothetical data and develop the control chart X bar and R or X bar and S and try to
gain the confidence, till that time keep revising introspecting applying the concept stock

be with me, enjoy.



