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Lecture - 09
Probabilistic Dynamic Programming (Contd.)

So, let us begin lecture 9 our course Selected Topics in Decision Modeling. If you recall
in our previous lecture, we have started probabilistic dynamic programming. So, the
same probabilistic dynamic programming we shall continue in this lecture also right. So,

in this particular lecture as you can see our topic is probabilistic dynamic programming.
(Refer Slide Time: 00:46)

Probabilistic Investment Problem

A person has Rs. 1000 to invest in one of two investment options A and B in each
of the following three years. The returns from the investment options, after each
year, are probabilistic as outlined below.

|| Investment Options investmentof s. 1000) |
Option A Option B

Proh. 0.3 Prob. 0.7 Prob. 0.8 Prob. 0.2

Return after Loss of Gain of Zero Gain of

one year Rs. 1000 Rs. 1000 Gain Rs. 1000

How should the person invest his initial Rs. 1000 for the first year and
subsequently from the returns for the next two years? In any year, only Rs. 1000

can be invested in only one option - excess money would be left idle.
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So, in our previous class we have considered this particular problem. So, I just read it
one more time; A person has rupees 1000 to invest in one of two investment options A

and B in each of the following three years.

The returns from the investment options after each year at probabilistic as outlined
below. So, what are those 2 options if you recall that, if you put rupees 1000 in option A
after 1 year you will lose all your money that is the entire 1000 is gone or you gain 1000
rupees; that means, you get 2000 rupees at the end of 1 year, but the probabilities are 30
percent and 70 percent for these 2 options. Whereas, for the option B either you will have
0 gain or you have a gain of rupees 1000 you know with probabilities 0.8 and 0.2

respectively.



So, if you follow this for the next 3 years | mean in total 3 years. So, may be first year
and then 2 more years, where will you invest your rupees 1000 you know so, that you get
the maximum return. So, this is really the probabilistic investment problem you know to
make the problem simple, we have made some assumption one assumption is that in any
year, you have only you know 3 options either you invest nothing or you invest rupees

1000 in option A or you invest rupees 1000 in option B. So, these are the our 3 options.
(Refer Slide Time: 02:30)

Stages and States

Stage
* Investment each year takes place in a Stage
* There are 3 stages for 3 different investments in 3 years.

States

* Amount of funds available for rest of the investment options

* S0, 51 =Rs. 1000

* 52 and 53 will depend on returns obtained which are probabilistic
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So, if we have to solve the problem by dynamic programming, we divide the problem in

2 stages. Since there are 3 years so, we make 3 stages in the first stage you know stage 1
is the year 1, stage 2 is year 2, and stage 3 is the year 3 of investment. So, these are
stages. What is the state the states are amount of fund available for rest of the investment

options; that means, you see because at the stage 1, you have all the 3 stages.

So, you have the entire 1000 rupees available for investment in stage 2 you have 2 stages
that is stage 2 and stage 3, but you do not know exactly how much rupee is with you. So,
let us assume you have S 2 available, which you will invest in second year and the return

you will be investing in the third year. So, that is stage 2.

In stage 3 you have only the last stage that is stage 3 you know at the last year where you

invest S 3 amount of money.



(Refer Slide Time: 03:47)

Decisions(x,)

Decisions in the investment problem are related to the amount of
investments to be made in each year

Year1: x4=0, x;=A(1000rupees), or  x;=B (1000 rupees)
Year2: x,=0, x,=A(1000 rupees),or  x,= B (1000 rupees)

Year3: x3=0, x3=A(1000 rupees), or  x3=B (1000 rupees)

' NPTELONLINE e
IITKHARAGPUR CERTIFICATION Coupges. > ® ® » 4B/ #0 ~ %

So, these are our states. Then, the what are the decisions as I already told that in every
year you have basically 3 options either you do not invest at all. So, x 1 is equal to 0 or

you invest in A 1000 rupees or you invest in B 1000 rupees. So, these are our decision.
(Refer Slide Time: 04:11)

_ Investment Options (investment of Rs. 1000)
Option A Option B
Prob.0.3 Prob. 0.7 Prob. 0.8 Prob.0.2
Return after Loss of Gain of Zero Gain of
one year Rs. 1000 Rs. 1000 Gain Rs. 1000
Return after one year for
St (8, — 1000) (S, + 1000) (8.) (8, + 1000)
Optimal Return from , ,
future investmentsin | fi;1(S—1000) | fr1(Sa +1000) fra(Sn) | faer(Sat1000)
subsequent stages
Epected Optimal RELU | 30,0 (S0 -1000)+ | 08 f1,y(8)+02* fopy (S +
from future investments
in subsequent stages 0.7* fr,4 (S, +1000) 1000)
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So, with that let us see how it works out? So, here is the worksheet. So, if you if you
really look at the worksheet you will find that you know the return after 1 year is loss of
rupees 1000 or gain of rupees 1000 this is the 2 options. For option B 0 gain or gain of
rupees 1000 these are the 2 options.



So, if you really think in terms of S n, n is the stage then you have S n minus 1000 and S
n plus 1000 and in option B S n and S n plus 1000. Now, the expected return will not be
based on these two figures only, the these two figures you will then you know invest in
further maybe one of the options and then you get money, say it does not matter you get
a S n minus 1000, you may actually invest in option B there is it all right or you do not

invest.

So, you know all those probabilities are also there in subsequent years. So, you do that
you get some return again that return you put in subsequent stages. So, all those
subsequent stages whatever you get return, after all those subsequent stages that we call

as a f n star n you know n plus 1 S n minus 1000 in this case.

So, whatever amount you get after this one year, that you put in the subsequent stages
and the final return from all those stages is f n plus 1 star S n minus 1000 is it all right.
So, then the expected optimal return from future investments will be then 0.3 times the
first term and 0.7 times the second term for option A, and 0.8 times the first term and 0.2
times the second term for the subsequent years. So, that is how you really calculate what

is known as the expected optimal return.
(Refer Slide Time: 06:24)

Sta g e 3 Ca I c u I ati o n s Net Return** = Expected Optimal Return from

future investments in subsequent stages

Stage Decision: Funds actually invested in Stage 3
S 3 JC3 =0 .X3 =A x3 =B
0< §;< 1000 |Noinvestment Case does not arise as | Case does not arise as
So return S4 amount < Rs. 1000 amount < Rs, 1000
§3 21000 No investment Rs. 1000 in option A; Rs. 1000 in option B;
So return $, This is also last stage, so | This is also last stage, so:
Net retutn** =0.3%(S5 - | Net return** = 0.8%(S3)
0,353.\.0455 1000 + 0.7%(S + 1000) |+ 0.2*(S; +1000)
=§3+400 =5§3+200
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So, if this is what really are my investment options? So, I showed you in the previous
class the stage 3 calculations. So, you see the stage 3 2 situations can actually happen is

it not or either you have S 3 between 0 and 1000 or you had S 3 more than 1000.



So, only these 2 situations can result. So, really speaking even if the amount is more than
2000 it hardly matters, because even suppose you have really 3000 rupees at the
beginning of stage 3, but you cannot invest 3000 rupees we can invest only 1000 rupees,
that is the restriction we had already given. So, with that restriction what will do you will
invest 1000, whatever return you will I get the remaining 2000 rupees will be with you

and that plus that return that will be the final return.

So, really speaking if you have S 3 only two situations can occur you know if you invest
in A either you have S 3 minus 1000 or S 3 plus 1000 in case of x is equal to A or if it is
for x 3 equal to B, then your options could be either you know S 3 because there is no

gain that is A first option or S 3 plus 1000.

So, those are the 2 options that you get for the option B. So, what will really happen you
know you will have S 3.3 times, S 3 minus 1000, and 0.7 times S 3 plus 1000. So, if you
compute these let us compute very simple computation really, it should be 0.3 S 3 plus
you know 300 sorry 0.7 S 3 these are the S 3 part and here 0.3 into 1000 so, minus 300
and 0.7 into 1000 so, plus 700.

So, this is the total therefore, becomes S 3 plus 400. So, you understand this calculation.
So, 0.3 times S 3 minus 0.3 times 1000, that is the minus 300 0.7 times S 3 plus 0.7 time
1000 that is 700 and the total becomes S 3 plus 400 so, that becomes the net return. But,
please also understand this calculation was possible, because stage 3 is the last stage.
Since this is the last stage no further returns will be obtained from the calculations from
the investment amounts, which is available with us at that point of time. So, that will be

our net return, S 3 plus 400.

What, will be the similar calculation for x 3 equal to B, it will be 0.8 S 3 because that is a
no loss situation and 1000 rupees profit situation. So, that is a second part. So, 0.2 times
S 3 plus 1000. So, total again comes to 0.2 into 1000 200 0.8 S 3 and 0.2 S 3. So, S 3
plus 200, that should be our return x t equal to B.

And, if you do not invest whatever be the case you know you will return will be S 3 itself
whatever amount you had. So, those are the different values, which we are going to have
you know in this situation, but if x 3 equal to A or x 3 equal to B will not arise when S 3

is between 0 and 1000. So, this is our stage 3.



(Refer Slide Time: 10:18)

Stage 3 Calculations

Stage ‘ Decision: Funds actually invested in Stage3 ‘ Optlmal Payoff

53 ‘ | x3=A ‘ X3= ‘ ‘ f3(83)
oss<t0 | S | - | - | 0 | s

$521000 | S; | S0 | spo0 | A | sg+4oo
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Now, let us you know move over to now you know stage 2 and this stage 3 things you

know can be summarized in this manner. So, all those values only written here, is it
alright and from here we can find out for the two cases that, if S 3 is less than 1000, but

above 0 then optimal decisions is S 3 and investment none.

If, S 3 is greater than 1000 then you have 2 options 3 options S 3 S 3 plus 400 and S 3
plus 200. Out of that the S 3 plus 400, that is our S 3 plus 400 you know that is our
maximum value. Since that is our maximum value so, therefore, optimal payoff will be

that these A and that S 3 plus 400 is it ok.

So, I hope it is understood that up to stage 3 we have got the different options that we
have. Now, these we shall carry forward this optimal payoff of portion into our stage 2

calculations. So, let us see how we carry on our stage 2 calculation.



(Refer Slide Time: 11:28)

- [ stage Optimal Payoff
Stage 2 Calculations $ o5 [
0<S§,<1000 0 8,
fy (52,%) $;21000 A SyH400
Stage Decision: Funds actually invested in Stage 2
SZ xz = 0 xZ =A xz =B
> 0< S, <1000 |Noinvestment |Case doesnotariseas | Case does not arise as
so return: §3=5, |amount < Rs. 1000 amount < Rs. 1000
1000 < §,< 2000 |Noinvestment | Rs. 1000 invested in Rs. 1000 invested in
option A option B;
§; >2000 Na investment | Rs, 1000 invested in Rs. 1000 invested in
option A option B

For0 < §; <1000 and, x, = 0; with no investment, amount S, will be carried over to Stage 3;i.e. §5=5;. In Stage 3,

for 0 < §3 < 1000, optimal payoff is S5, Hence combining the two facts, at Stage 2, the payoff for x; = 0 will be §;
39
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So, that is our stage 2 calculation. So, in our the stage 2 calculation, if you if you really
see in our stage 2 calculation we have again 3 possible options. So, what are those 3
possible options in stage 2? See in stage 2 there is an additional option that we are having
that is one is that S 2 is below 1000, but between 0 and 1000 another is 1000 plus that is
1000 to 2000, and the third option is S 2 above 2000 is it all right. So, these are the

different options that we have.

So, now under that situation again we have 3 options x 2 equal to 0 x 2 equal to A and x
2 equal to B is it right. So, you can see that if it is below 1000 then all the 3 cases there
are no investment. In fact, case does not arise x 2 equal to A or x 2 equal to B, but if S 2
is less than 2000, but more than 1000 that is 1000 plus or 1000 or more than 1000, then
we can have no investment in the x 2 equal to 0 case x 2 equal to A invest in A x 2 equal
to B invest in B and here you know x 2 less than equal to 2000 again only one
investment of 1000 in A or B right. So, those are the different options that you have in

our stage 2 calculation.

So, now if I go further into our stage 3 calculation if I really go into our further stage 2
calculations, then let us see the first row. If I see the first row then what I find is that in
the first row these when S 2 is between 0 and 1000, when x 2 equal to 0 then no
investment. So, return will be S 3 itself you see what is that S 3 equal to S 2 let us

understand see at this stage we have no investment what was the money that was



invested S 27 Is it not or after you know this stage 2 is over in the beginning of stage 3,

what will be the money that will be available; that means, what is the S 3?

The money that we have for investment at the beginning of stage 3, that will be S 2 itself,
but then we also have to look at these chart what is that optimal decision if we have the

case and now what will be your comment on S 2 S 2 is less than 1000.

We make low investment. So, you see S 2 is less than 1000, we make no investment and
these particular S 2 which is you know becomes S 3 and both are equal if we invest in
the stars stage 3, what will be the optimal return. You know the optimal return in that
case would be nothing, but S 3 it itself, because you know that is the optimal payoff we
have found from stage 3. So, S 2 goes to third stage, that is S 3 S 3 equal to S 2 and then
that S 3 is giving return S 3 it itself.

That means the final return that is optimal return in this particular case where S 2 is
between 0 and 1000, but less than 1000 is nothing, but S 2 it itself is not that is what is
explained here for 0 S 2 between 0 and 1000 and S 2 equal to 0 with me no investment
amount S 2 will be carried over to stage 3, that is S 3 equal to S 2 and in stage 3 for S 3
between 0 to 1000 optimal payoff is S 3, that you can see from that table and hence
combining the 2 facts at stage 2 the payoff for next will be nothing, but S 2 itself.

Is all right; So, this is how you understand the first row. Now, once you understood the
first row let us move over to the next one that is the next stage, that is stage 2

calculations and the second row.



(Refer Slide Time: 15:58)

Stage 2 Calculations NS

0<S;<1000 0 8

Stage Decision: Funds actually invested in Stage 2
S 2 x2 = 0 xz =A xl =B
0< §,< 1000 |Noinvestmentso |Case does not arise as Case does not arise as
return: S3=5,  |amount < Rs. 1000 amount < Rs. 1000

No investment so  |Rs. 1000 in option A; Return: |Rs. 1000 in option B; Return:
1000 < sz< 2000 |53 = S;(above 1000);|S3 = S - 1000 (below 1000) ar(S =5, (above 1000) ¢ S'zHW
Stage 3optimal (5352 +1000 {above 1000); _5;.=sjrz+ above 1000500

payoff: §;+400; |Stage3 Optimal Payoff: Stage 3 Optimal Payoff:

S (below 1000) or 53 (be
Hence Stage 2 33+400(abov91000),‘lw (S5 +400 (above 100 {‘/
return: §,+400

>

Sy > 2000 No investment | Rs. 1000 in option A Rs. 1000 ingptig
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So, if you see the second row now, where S 2 is between 1000 to 2000 at that stage again
you know when if you make no investment, then you see earlier we got S 3 equal to S 2.
This time also the amount is more than 1000. So, we get again the same amount carried
over to the third stage that is S 3, but this one is above 1000, because you know that is
the case. So, if that is the case now look at the optimal table for you know the next stage
at this stage, if you if you see the table then you find that if S 3 equal to 1000, then the
optimal payoffis x 3 equal to A and that optimal value is S 3 plus 400.

So, this is something new from our previous slide. See, what has happened in your
previous slide S 3 equal to S 2 and the case was below 1000. So, we use the first line and
then I found whatever is the amount the same thing is written, but here now the optimal
is A at stage 3 and the amount that you get back is S 3 plus 400, that is the expected

return, but then S 3 equal to S 2 because that is the amount that is invested.

So, if stage 3 optimal payoffis S 3 plus 400 what will be the stage 2 return? What will be
the stage 2 optimal? Because, the we see there is no investment same S 2 goes to S 3. So,
therefore, the stage 2 optimal return in this particular situation will be nothing, but S 2

plus 400 right.

It is cannot be called optimal in that sense, because that is the return for x 2 equal to 0 the
optimal will be the best result coming out of 0 A B all 3 consideration. So, this is going

to be the return that is S 2 plus 400 and these value is obtained by considering the



amount of investment, that goes to the stage 3 and the optimal payoff that is coming at

the stage 3 by both this consideration.

So, when an S 2 amount goes as S 3 in the stage 3, which is invested and you get and
expected return of S 3 plus 400 and therefore, since S 3 equal to S 2 the stage 2 return
would be S 2 plus 400 is it all right. So, I hope you understand. So, let us move to the

next case x 2 equal to A.

So, can you really come out with specific discussion about it. See what happens your
amount is less than 2000, but more than or equal to 1000. So, the 2 possible returns are
there what are they one is that S 2 minus 1000 and the other is S 2 plus 1000. So, though

the 2 different returns.

Now, you see your original value that is S 2 was less than 2000, if you invest 1000 then
the remaining money will be below 1000 definitely. So, and in the other case where you
get 1000 rupees more and you already had 1000 plus 1000 or more; obviously, the
resulting amount is more than 1000 so; that means, the stage 3 optimal payoff will be
two different case, in the first case because that was below 1000; obviously, or optimal

thing will S 3.

So, look here this S 3, now this S 3 is put here how that we have an amount invested, that
is S 3 which is below 1000 and we have made 1000 rupees loss our original money was
less than 2000. So, now, our money is below 1000. So, that corresponding return is S 3.
What will be my return if I make profit, suppose I put and amount of S 2 and you know

out of S 2 1000 rupees in option A and I get A return of you know plus 1000.

So, my money now becomes S 2 plus 1000, which I invest further in stage 3 in the most
optimal way. This case is this highlighted case and there my return is S 3 plus 400. So,
therefore, there now this return will be S 3 plus 400, because it is above 1000 right. So,
this is how we calculate stage by stage. So, you will now tell what will be the situation
option B in option B please here the money is 1000 or more, you know we have 2

situations may come in stage 2.

When you put an amount of S 2 either it makes no gain no loss situation probability 80
percent or I make 1000 rupees profit, which is the profit situation. So, when I make no

gain no loss situation then whatever amount S 2 I put that becomes S 3 or otherwise the



other option is I had S 2 and it becomes S 2 plus 1000 that is the optimistic situation. So,
S 3 will have 2 cases both are S 2 and S 2 plus 1000 respectively and both are above
1000.

Since, both are above 1000; obviously, you know when we get to the stage 3 I will be
then be guided by the optimal payoff here; that means, I put in A and I get an expected
payoff of S 3 plus 400 is it all right. So, the what should be the stage 3 optimal payoff
under those situations. So, under those situations then you know it will be not this it will
be then S 3 plus 400 sorry these are the optimal payoff. So, this is these are the optimal
payoff.

So, if these are the optimal payoff, what will be my I know the optimal payoff from these
stage. So, can you calculate for both option A and option B. Let us calculate for the
option B first just now we found that stage 3 optimal payoffs are S 3 and S 3 plus 400.
Now, in both cases we have got above 1000. So, since in both cases we have above 1000;

that means, in both cases this will be our return.

So, what will be the return here in this case S 3 equal to S 2, then the return will be S 2
plus 400. And, what will be my return here in this case our written will be then S 2 plus
1400, I hope it is clear. And in this case S 3 is below 1000 this is S 2 minus 1000 so, in

this case since the optimal is S 3 itself.

(Refer Slide Time: 23:48)

Stage 2 Calculati e A TR0
age a cu a |0ns S 1y f3(85)
0< §; < 1000 0 §3
Stage Decision: Funds actually invested in Stage 2
S 2 Xy = 0 Xy = A Xy = B
0< §,< 1000 |Noinvestmentso |Case does not arise as Case does not arise as
return: 5;=5,  |amount <Rs. 1000 amount < Rs. 1000

No investment so  |Rs. 1000 in option A; Return: (Rs. 1000 in option B; Return:

1000 < S,< 2000 S5 = 5, (above 1000); 53 = S; - 1000 (below 1000) or |S; = S, (above 1000) or
y §3 =8, +1000 (above 1000); |S; = §,+ 1000 (above 1000);
Stage 3 optimal

payoff: S3+400; |Stage 3 Optimal Payoff: Stage 3 Optimal Payoff:

S, (below 1000) or 1000 |5, (below 1000) or
Hence Stage 2 ¢ " 40 (above zo%ﬂ S, +400 (above 1000);
return: §,+400 Gt o0

=

§3 = 2000 No investment | Rs. 1000 in option A Rs. 1000 inoption B
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So, in this case the return will be in this case the return will be, because we had S 2
minus 1000 this return will be S 2 minus 1000, and in this case the return will be S 2 plus
400 plus 1000.

Right. So, those will be the returns. So, all of these are put in our next screen, you know

that is our next screen.
(Refer Slide Time: 24:08)

Stage 2 Calculations _M 5 _xg )

$;>1000 A S,+400

Stage Decision: Funds actually invested in Stage 2
S 2 x2 = 0 xz =A xl =B
0< §, < 1000 %,

No investment so

1000 < §,< 2000
=3

S3= 5, (above 1000);

Stage 3 optimal

Rs. 1000 in option A; Return:
§3 =8, - 1000 (below 1000) or
§3 =5, +1000 (above 1000);
Stage 3 Optimal Payoff:

Rs. 1000 in option B; Return:
S =5, (above 1000) or

S = S+ 1000 (above 1000);
Stage 3 Optimal Payoff:

ayoff: §3+400;
') \h'q Payotl: 55+400: <. (below 1000) or 5, +400 {above 1000)
Bﬁ Hence Stgee S +400 (above 1000); S5 +400 (above 1000);
.\)\S ,k\S return, @ Stage 2 Expected Payoff: Stage 2 Expected Payoff:
b ,3}1 0.3%(S, - 1000}40.7%(5,+1000 (0.8*(5,+400)40.2%(S.,+1000
‘t +400) = S, + 680 +400) = 5, + 600
5,2 2000 ’ No investment Rs. 1000 in option A Rs. 1000 in option B 0
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So, please look what really it has come out that is in the in the option A case option B we
have already seen, that when it is between 1000 and 2000 that either it is S 3 plus 400 or
S 2 plus 400, you know because S 3 plus 400 is the stage 3 S 2 return will then become S
2 plus 400. And, in this case we find that if it is below 1000 S 3 in that case it becomes S
2 minus 1000 itself or S 2 plus 1000 plus 400.

Because, that is the corresponding payoff it is above 1000. So, it becomes then 0.3 S 2
minus 1000; So, 0.3 S 2 minus 1000 plus 0.7 S 2 plus 1400. So, what is the resulting
value it should be S 2 minus 3 00 plus 980. So, the resulting value should be S 2 plus
680. So, once again what is happen in x 2 equal to A our return is either S 2 minus 1000
or S 2 plus 1000, that is invested in stage 3 the stage 3 optimal returns are S 3 if it is
below 1000 and S 3 plus 400 if it is above 1000.

Since, the first 1 is below 1000 it is remains as it is S 2 minus 1000 second one is the

above 1000. So, it should be S 2 plus 1000 plus 400. So, those will be then the expected



payoff can be obtained by this calculation, which is S 2 plus 680; So, all right. So, this is
how the calculation is done and we see for option B all the figures are you know above
1000, because there is no loss and the original amount was at 1000 or more. So, both the
return figures after stage 3, you know they are above 1000 the optimal return from stage

3 or S 3 plus 400.

So, in both case 400 will be added. So, 1 is S 2 plus 400, another is S 2 plus 1000 plus
400 and the expected payoff because the probability is are 0.8 and 0.2 will then become
S 2 plus 600.

So, that is how these calculations are done. So, once these calculations are done.
Student: (Refer Time: 26:57).
Then we can you know put the try to do the last part of it that S 2 greater than 2000.

(Refer Slide Time: 27:02)

. [ Stage  Optimal Payoff
Stage 2 Calculations 5 o5 A6
0<S8,<000 0 8
fo (S3,%3) §; > 1000 A 5,400
Stage Decision: Funds actually invested in Stage 2
S;_ X9 = 0 Xy = A Xy = B
0< §, <1000 S
1000 < §,< 2000 §,+400 5, +680 S, +600

§, = 2000 §3=5,(above 8§y =85, - 1000 (above 1000) or | S+ = S, (above 1000) or
\ 1000); S§3=5, +1000 (above 1000); | S;=S,+ 1000 (above 1000);
Stage 3 optimal | Stage 3 Optimal Payoff: Stage 3 Optimal Payoff:
> Aooax\“’. payguff‘ Sp +400; §3 +400 (above 1000) or S5 +400 (above 1000)
W 5 1,00 " 3T s, +400 (above 2000); S +400 (above 1000);
-'5\' _‘k\ X Hence §, Stage 2 Expected Payoff: Stage 2 L-Txpmed Payoff:
0 kb . Gr returnS;+400) | 0,3%(s,,-1000+400) + 0.7%(S,+ | 0. 7

No investment so

Rs. 1000 in option A; Return:

1000+400) = 5, + 800

Rs. 1000 in option B; Return:
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So, if S 2 greater than 2000 and we make no investment then we see that since S 2 is
greater than 2000 no investment. So, S 3 will be S 2 itself and stage 3 optimal payoff for
more than 1000 is S 3 plus 400. So, stage 2 return will be S 2 plus 400.
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Stage 2 Calculations
fa (S2,xy)
Stage Decision: Funds actually invested in Stage2 |  Optimal Payoff
Sz x2=0 | IZ=A ‘ x2=B xﬁ ‘ fE(SZ)
0< 5, <1000 s B o | 5
1000 < §,< 2000 S, | $,+680 \ §,+600 A \ $,+680
$, > 2000 S, | Su00 | 4600 A | Sp800
[
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So, you see this is very straight forward. So, there will be no problem as such right. So,
there will be no problem as such in these calculation this will be S 2 plus 400, but then
what will happen here you know you had either S 2 minus 1000 or S 2 plus 000 the
returns, because that we see in the option A case in both the cases the result is above
1000; So, if above 1000 the optimal payoft at stage 3, is S 3 plus 400 and therefore, both
the cases will be guided by this.

So, both the cases will have another 400 rupees addition at the stage 3 level. So, when
you add them it then become S 2 minus 1000 plus 400 and S 2 plus 1000 plus 400. So, it
will be then 0.3 S 2 minus 600 plus 0.7 S 2 plus 14 00. So, when you calculate this it
becomes S 2 plus 800 is it all right. So, this is 980 minus 180; So, S 2 plus 800.

And, in case of option B the similar returns will be S 2 plus 400 and S 2 plus 14 00 and
0.8 of these and 0.2 of this you get S 2 plus 600. So, that is how our stage 2 calculations

will go and when you put them all together, then this is how it summarizes.

That is for the 3 cases you get the different way of figures and again you find out the
optimal payoffs for all this different cases. So, these are my optimal payoff. So, if it is
1000 less than 1000 optimal is S 2, if it is between 1000 and 2000, but less than 2000 it
is S 2 plus 680 and if it is above 2000 it is S 2 plus 800.
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So, now if you add them all and then we move over to our stage 1 then you know you
can come to our stage 1 calculation. So, now, you see in stage 1 you had just 1000
rupees. And, these 1000 rupees again you have those 3 options. Now in 1000 rupees if
you do not invest at all then you know you have 1000 or more. So, the return for you in
the subsequent stages will be for you know 1000 to 1000 to 2000 yeah that will be
actually not 14 00 it will be 680 is it ok.

Because it was 680 so, this is not 400 you know just a minute yeah. So, it will be your
680 that is the return. So, it is 680. So, 1000 plus 680 and this will be then 1680. So,
return will be 1680, that is the return. And, in this case the return will be 1000 you put so,
the you know it if it is below 1000 then it is S 2 and if it is above 2000 or more because

you see you have 1000 rupees at the beginning of S 1.

You put your entire 1000 rupees and if you make a loss then your return will be 0 and if
you make A profit then your return will be 2000. So, the one case is here the other case is
here right these are the two cases. So, return will be either S 2 or S 2 plus 800 so; that
means, you know the two returns one is the return is no addition another is 800 addition.
So, it is an expected payoff will be between that 0 and 2000 plus 800. So, it becomes 19
60. So, 0.3 into 0 nothing 0.7 into 20 800 comes to 1960 is it all right.



And then finally, at x 2 equal to B what you really find that your return will be either
1000 or 2000. So, in one case you add 680 and other case you add 800. So, when you
add that the 1 will be 1680 the other will be 2080.

So, by making 80 percent of these and 20 percent of these you return will be 1904. So,
those are my all the returns at the stage 1, then combining them all you can then have

you know this 1 sorry.
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So, that one was 1680. So, there is A small change this was 1680 right. So, this is our
final figure 1680 1960 and 1904 and the 5 the optimal value comes out to be 1960.

And therefore, you put an investment of 1960 in A, but then these optimal thinks has to

be combined further.
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Optimal Solution

Stage 3 Stage 2 Stage 1
- Sage  optmalPayoff  Stage | optimalPayofl Stage | OptimalPayolf
S3 13 f3(8s) 5 % | flS2) 5y ‘ x | fi(s1)
0<S§;<1000 0 8 0= 5, <1000 | 0 1 = ‘ A | 553
$521000 A Spa00 1000 €85,<2000 | A | sz+sso
5;22000 | A | 85,5800
In Stage 1 (Yr 1), invest Rs. 1000 in Option A; Optimal Expected

If Return is Nil, invest nothing in Stage 2 (Yr 2) or in Stage 3 (Yr 3) Payoff: 1960

Else If Return is Rs. 2000, invest Rs. 1000 in Stage 2 (Yr 2) in Option A again;
If Return is nil, invest the remaining Rs. 1000 in Stage 3 (Yr 3) in Option A again
Else If Return is Rs. 2000 (Total Rs. 3000 now), invest Rs. 1000 in Stage 3 (Yr 3) in Option A
4

- NPTELONLINE PR AP I SRR

IITKHARAGPUR CERTIFICATION COURSES

So, we will let us see that in our next slide, that is you know in stage 3 these are our
optimal, in stage 2 these are our optimal, and in stage 1 these are our optimal. So, in
stage 1 optimal decision is A. So, it says in stage 1 year 1 invest rupees 1000 in option A

because that is optimal.

If return is nil invest nothing in stage 2, because if you put 1000 return could be 0 or
2000. If the return is nil invest nothing in stage 2 or stage 3, because you have no money
you cannot invest anywhere, but if the return is rupees 2000, then invest rupees 1000 in
stage 2 in option A again. Because, your return is 2000 which is this case; So, in this case

optimum is A. So, invest rupees 1000 in stage 2 in option A.

Again your return could be nil, but if you have return is nil you had 2000. So, you have
1000 rupees available, which you again invest in A again because that is the case is here
is it all right. And if the second stage your return is again 2000; that means, total you
have now rupees 3000 is or not, because you had 2000 you invest in 1000 and gain 1000

more. So, again invest 3 1000 in stage 3 in option A right.

So, this is how you can solve the probabilistic dynamic programming problem is it ok.
So, this was A little difficult exercise, but I am sure if you go through it carefully you

will understand right.

Thank you very much.



