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Lecture - 08
Probabilistic Dynamic Programming

Good morning, we are in our course Selected Topics in the Decision Modeling. And the
current lecture will be lecture 8, which we shall consider the Probabilistic Dynamic

Programming right.
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So, probabilistic dynamic programming.



(Refer Slide Time: 00:39)
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Probabilistic Investment Problem

A person has Rs. 1000 to invest in one of two investment options A and B in each
of the following three years. The returns from the investment options, after each
year, are probabilistic as outlined below.

|| Investment Options investmentof s. 1000) |
Option A Option B

Proh. 0.3 Prob. 0.7 Prob. 0.8 Prob. 0.2

Return after Loss of Gain of Zero Gain of

one year Rs. 1000 Rs. 1000 Gain Rs. 1000

k

How should the person invest his initial Rs. 1000 for the first year and
subsequently from the returns for the next two years? In any year, only Rs. 1000

can be invested in only one option - excess money would be left idle.
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Now, a probabilistic dynamic programming as you can see is you know is a departure
from what we are discussing so far. If you really recall till such time the examples that
we have taken, they were mostly from the deterministic dynamic programming problem.
And in the beginning, we said that there are two types of dynamic programming

problem; one is the deterministic and the other is the probabilistic.

So, what really varies in case of probabilistic dynamic programming? See, in the
deterministic dynamic programming the decision that you have taken at any point of time
the outcome of those decisions where clearly indicative the you know the resulting states

will be finite or known deterministic.

But in the probabilistic decision situations, what really happens we do not know what is
the state, that we are going to have based on the decisions that we have taken at a given
point of time. So, essentially from a given state, we can reach you know not a single
stage. So, it is not a stage state transition for a given state 1 to another state 2. From a

given state 1, you can go 2, you can go to 3, you can go 4 also with some probability.

So, please understand also another thing what makes it a little more complicated that
from state 1, if you go to state 2, from state 2, you can go to 5, 6, 7. From 3, you may
actually go to may not be 5, 6, 8, but some other. So, when that happens you know you
are really not very clear for a given state, what is the state that we are going to reach at

evaluating the values at it any given point has to consider all those future states also. It is



not simply that you know I just considered immediate state because which optimal will
you take there right, so that makes it somewhat complicated, but then dynamic
programming methods are available for even this you know complications can be very

easily handled.

So, instead of really going into the theory part of it, let us try to understand this with the
help of a problem. So, the let us see a problem the person has rupees 1000 to invest in
one of two investment options A and B in each of the following three years. The returns
from the investment options, after each year, are probabilistic as outline below. What are
they? Option A, if you invest rupees 1000, after 1 year either your entire 1000 rupees

will be lost, is it all right; otherwise, you may gain another 1000 rupees.

In other words, you have invested 1000 rupees after one year either you may get 0 or you
may get 2000 rupees, is it all right, so that has been written as loss of 1000 rupees or gain
of 1000 rupees. The two you know eventualities are connected by probability values of

0.3 and 0.7 is it all right.

There is a second option also. The second option that is option B what really happens
you put 1000 rupees, you get back 1000 rupees. So, there is 0 gain right. Now, the first
one is you are you probably as you can understand that risk is involved you know either
you lose your money or you gain 1000 rupees. But in the second, you do not lose

anything. Either, you do not gain anything, you get back your 1000 rupees or you gain.

So, in a some sense option B looks better because you are not going to lose anything the
chance is not there right, whereas option A is risky. But then option A, the probability of
gain is higher there is 70 percent chance that you may gain and 30 percent that you lose
all your money. Whereas option B only 20 percent chance of gain, 80 percent you do not

get any gain right, but you get back your money.

Now, you will be investing its thrice not once had it been only once you know you could
simply calculate the expected value of your returns. We will come to expected value little
later. If there was only one year as I said you could evaluate them by calculating one year
returns and coming up with a decision. But what happens you do the same thing three

consecutive years.



So, as you do the same thing three consecutive years, please understand one thing you
have only rupees 1000 to start with right. And at a given point of time, one restriction has
been given to make the problem slightly easier that you know you can make only one

investment at any stage.

Even if you have let us say 2000 rupees, suppose you put 1000 rupees in the first year
you gain another 1000 rupees and you have 2000 rupees, it does not mean next year you
can invest the entire 2000 rupees, no. At any given year, you can invest only one

investment or you may not invest also, is it all right.

So, either you have only three options at any given year, either you invest 1000 in A, or
you invest 1000 in B, or you do not invest is all right, these are the only three options at
any given year right. So, how will you invest your initial rupees 1000 for the first year
and subsequently from the returns for the next 2 years, is it all right for the entire 3 years

so that at the end of 3 years you have the maximum gain. So, this is the problem.
(Refer Slide Time: 07:50)
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Stages and States

Stage
* Investment each year takes place in a Stage
* There are 3 stages for 3 different investments in 3 years.

States

* Amount of funds available for rest of the investment options

* 50,51 = Rs. 1000

+ 52 and 53 will depend on returns obtained which are probabilistic
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Now, what are the stages as you can clearly see that there are three stages first year
investments, second year investments and the third year investments. What are the states
the amount of funds available for the rest of the investment options. So, at the very
beginning in the S 1, you have 1000 rupees. The S 2 and S 3 will depend on returns
obtained which are probabilistic. You may not have 1000 rupees right, you have 1000

you may gain or you may not gain, is it all right. So, depending on whatever it may be



you know S 2 and S 3 values will be different than 1000 right. Or it could be 1000 also if
you have a no gain situation, but then it could be different, is it all right. So, these are the

states.
(Refer Slide Time: 08:45)
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Decisions(x,,)

Decisions in the investment problem are related to the amount of
investments to be made in each year

Year1: x;=0, x;=A(1000 rupees),or  x;=B (1000 rupees)
Year2: x,=0, x,=A(1000 rupees), or  x,=B (1000 rupees)

Year3: x3=0, x3=A(1000 rupees), or  x3=B (1000 rupees)

I NPTELONLINE ™ ® B¢ 9= ¢ fo i@

IITKHARAGPUR CERTIFICATION COURSES

And what are your decisions? Right, the decisions again at any year either you do not
invest. So, x 1 s it could be 0 or x 1 could be A that is putting 1000 rupees in A, because
as | said you can put only 1000 rupees at a given point of time or it could be B let us say

another not another or 1000 rupees.

And the same decisions you can take for all the 3 years provided you have money right.
If you have money you can have the other two options; if you do not have money

obviously you have only one choice that do not invest.



(Refer Slide Time: 09:30)

Investment Options
T esment Oponsesmanot v )
Option A Option B !
Prob.0.3 Prob. 0.7 Prob. 0.8 Prob. 0.2
Return after Loss of Gain of Zero Gain of
one year Rs. 1000 Rs, 1000 Gain Rs. 1000

Return after one year

for amount 10000 0 2000 1000 2000

Optimal Return from
future investments in Fri(0) f1+1(2000) | f41(1000) f1+1(2000)
subsequent stages

However, because of probabilistic returns, we may have an amount other than
Rs. 1000 in stage n. Hence, let S, be the amount invested in Stage n
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Having said that now let us look at you know what are the investment options, and what
could be our optimal returns. So, assuming that you know just simple calculation if we
put for only 1 year to make it understand it very simply, this kind of chart will return.
The option A loss of rupees 1000, gain of rupees 1000 probability is 0.3 and 0.7. Option
B, it could be 0 gain or gain of rupees 1000 with probabilities 0.8 and 0.2. So, in value
terms, return after 1 year it could be for amount sorry not 1000, 1000, it should be 0 or
2000 and 1000 or 2000.

So, optimal return from future investments in subsequent stages, so look here these 0 or
these 2000 or this 1000, you will be putting in the subsequent stages because we are
considering only first year. So, remaining two years, let us say the optimal value that will
get from those subsequent stages is f star n plus 1 with the 0 that you have right. So, here
it should be then f star n plus 1 2000, f star n plus 1 1000, f star n plus 1 2000, because
please recall what I said just few minutes ago that if you invest for only 1 year, then you
can simply take these 0 and 2000, and find an expected value, and come out with your

final return.

But exactly that is what is not happening, what is happening this 0, you will be putting in
the final or these 2000 you will be putting in the subsequent stages. So, the return that
will be coming will be not really 2000, the final return could be f star n plus 1 2000 is it



not, that is the optimal return from future investments in subsequent stages that is what

we have to calculate.

So, that is how this table looks at this point. But there is one more thing to really think
that is see look here we have 1000 rupees, but you really do not have these 1000 rupees
in the subsequent stages. So, it is better not to consider 1000, but really have a value S n
which is the amount invested in stage n right. So, because of probabilistic return you may
not have really rupees 1000 rupees. So, let us have S n be the amount invested in a given
stage. So, if that happens that is we have S n amount of invested let us then redraw this

table.
(Refer Slide Time: 12:38)

_ Investment Options (investment of Rs. 1000)
Option A Option B
Prob.0.3 Prob. 0.7 Prob. 0.8 Prob. 0.2
Return after Loss of Gain of Zero Gain of
one year Rs. 1000 Rs. 1000 Gain Rs. 1000
Return after one year for
amount 5, (8, — 1000) (S, + 1000) (Sa) (8, + 1000)
Optimal Return from , (5, +1000)
futureinvestmentsin || fays (S —1000)) | fo41(52+1000) | Fre1(50) Fant(Snt
subsequent stages
Expeced OPHMAIRENIT | (o3t 0 (S~ 1000 | OB* fug(52)+02* a5 +
from future investments o —
in subsequent stages Q” Fran(Sa t 1””")} 1000)
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So, when you redraw this table then you know you have this investment options in these
manner that is you know here we have the return after one year will be a S n minus 1000
because you know it is a loss of 1000 rupees and S n was the amount. Suppose S n is say
1200 what does it mean S n minus 1000. So, you have put 1000 in the investment, it has
loss, so entire 1000 rupees has gone. But you have 1200, so the remaining 200, so the
remaining 200 will be with you is it all right that is why it is S n minus 1000, I hope you

understand.

And here it will be then S n plus 1000. So, in the option A, if S n amount is invested after

one year, the return will be S n minus 1000; after one year here the return will be S n



plus 1000. In option B case, it will be a S n and S n plus 1000 right. So, these are the

different returns after one year.

Now, after one year; that means, you are from nth stage you know you have now come to
n plus 1 you know n plus 1 stage. So, you will be again making further investment in
subsequent stages what is the optimal return, let us call it f star n plus 1 S n minus 1000
right. So, let us call that you know so what these item this is the return coming from all
the optimal returns from the all the future investments. And the other one is also possible.
The first one is possible with probability 0.3 and the second one is possible with

probability 0.7 right.

Now, the expected optimal return from all the future investments in subsequent stages we
know that you know how we really calculate what is known as the optimal returns, the
expected values. The expected value therefore, will be the 0.3 into you know this one S n
minus 1000 plus 0.7 into S n plus 1000. So, what is this value this value is the expected
optimal return is it all right. The expected optimal return in case of such situations can be

calculated in this manner.

So, what is really expected value, if you really want to understand, let us put it this way
that supposing I have a probabilistic situation and the probability really says that you
know there are let us say three options that you have put 1000 rupees, the return could be
nothing, return could be 500 rupees or return could be 1000 rupees right. So, there are
three possible returns and the there are each are having a probability values. So, let us

say the probability values are equal right, so around 0.333.
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So, what happens what will be the expected value then the expected value, therefore

could be found out as you know 0.333 expected value could be 0.333 into rupees 0 plus
0.333 into rupees 500 plus 0.333 into rupees 1000. Why it is so because you know we
have equal probabilities, and therefore the expected value will be basically 0 plus 500
plus 1000 into you know it should be the 20.

(Refer Slide Time: 17:39)
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So, 0 plus 500 plus 1000 divided by 3 right; So, it should be then 500 rupees, why

because they are all equally likely. So, we can calculate like this. So, if I do like this that



is our expected values, so you know we can therefore obtain such kind of calculations
and find out the expected values out of the thing. So, similar thing has been applied here
that is the expected optimal return from all the future investments can be obtained. Now,

let us see how do I go ahead with such kind of calculation in further.
(Refer Slide Time: 18:30)
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Stage 3 Calculations

Stage Decision: Funds actually invested in Stage 3
53 X3 = 0 X3 = A X3 = B

0< §;< 1000 |Noinvestment Case does not ariseas | Case does not arise as
amount is below Rs. 1000 | amount is below Rs,

1000
§3 21000 No investment Rs. 1000 invested in Rs. 1000 invested in
option A; option B;
Either Rs. 1000 loss with Either zero loss with
prob. 0.3 or prob. 0.8 or

Rs. 1000 gain with Rs. 1000 gain with
prob. 0.7
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So, let us come out with the stage 3. So, what really happens in stage 3. At the final stage
because we know that we usually do what is known as the backward calculations. So, at
the stage 3, we have three possible options. What are the three possible options either we

do not invest or we invest in A or we invest in B.

Now, what are those three possible situations that the I mean two situations that can
happen either we have less than 1000 rupees or we may have more than 1000 rupees
because you see stage three happens after you know we have invested certain money in

the first stage and also invested certain other amount in the second stage.

So, when we do that essentially what we have in the first situation where we have you
know S 3 is less than 1000 obviously, we cannot make any investment is it ok, so that

means, there cannot be any investment because the amount of less than 1000.

So, it does not really matter whether you know you cannot choose any of them, there will
be no investment in this if you have x 3 equal to 0. And x 3 equal to A or x 3 equal to B

case does not arise thus the amount is below rupees 1000. But if S 3 is greater than equal



to 1000, then here again no investment because you have not invested anything, you
have chosen that particular choice. But if x 3 is equal to either A or either B you know
you can either get rupees 1000 loss with 30 percent probability or 1000 gain with 70
probability is it all right. And here either you get 0 loss with probability 0.8 or 1000 gain
with probability 0.2. So, these are the different scenarios that can happen at the stage 3.

(Refer Slide Time: 20:49)

Sta g e 3 ca I c u I ati o n s Net Return** = Expected Optimal Return from

future investments in subsequent stages

Stage Decision: Funds actually invested in Stage 3
S3 x3 = 0 x3 =A x3 =B

0 < S3< 1000 [ Noinvestment Case does not arise as ~ Case does not arise as
So return would be S5 ) amount < Rs. 1000 amount < Rs. 1000

§3 >1000 oinvestment ——  Rs. 1000investedin  Rs. 1000 invested in
So return would @ option A; This is also last  option B; This is also last

stage, so Net Return**;  stage, so Net Return**:

03% 1. ,(S, ~1000) +  08* f.(S,) +
0.7* £, (S, +1000) 0.2* [, (S, +1000)
=0.3%(5, - 1000) + 0.8%(S,) + 02
0.7%(S,, + 1000) 1000)
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Further, if I you know calculate then we see that the second case, the S 3 was you know
what we had. So, what will be the return, the return obviously, will be S 3 because we
have the S 3 amount that has been put and we have made no investment. So, in this case,
you know our S 3 will be our S 3 will be 0, I mean sorry not 0, it will be S 3 whatever
amount S 3 we have had a same amount will be returned. Whereas, if S 3 is greater than
1000 and we have not invested anything again the return should be S 3 only because you
have not invested anything. In these two, the case does not arise, so we do not take

anything.

So, what will happen in this case, where we have you know invested rupees 1000 in this
case, however this is the last stage right. So, what will be the net return, the net return
will be 0.3 into f star n plus 1 S n minus 1000 and 0.7 f star n plus 1 S n plus 1000 plus
1000. And this net return is basically expected optimal return from the future investments
in all subsequent stages. But what are these subsequent stage is here because please

remember this is the last stage. So, in the last stage, there is no subsequent stages right.



So, the written that we are going to get will be this only; that means, this is the final one,

we are not going to have any more subsequent stages.

So, if do not have any more subsequent stages, then this f star n plus 1 S n minus 1000
will be nothing but S n minus 1000. See, this point is very vital to understand. This point
is this is happening only in stage 3, it is not going to happen in subsequent you know

stage 2 or stage 1, stage 3 is the last stage.

We do not have any subsequent stages. So, any amount that we have you know got return
is the full and final return right. We are not going to invest it in any further, is it all right.
So, we can find out the expected value at this stage. And what is that expected value ok.
If you if you calculate can you calculate what will be that expected value that is 0.3 let us

do it here, it should be 0.3 f. So, it will be the 0.3 let us say.

(Refer Slide Time: 24:00)

Stag e 3 Ca I c u I ati o n s Net Return** = Expected Optimal Return from

future investments in subsequent stages

Stage Decision: Funds actually invested in Stage 3
S 3 X3 = 0 x3=A x3=B
0< §;< 1000 i Case does not arise as Case does not arise as

So return would be S5\ amount <Rs, 1000 amount < Rs, 1000

53 21000 investment- Rs. 1000 invested in Rs. 1000 invested in
So return would be Sy option A; This is also the option B; This is also last
last stage, so: stage, so:

Net return** = 0.3(S5 - Net return** = 0.8%(S;) +
1000)  0.7%(S3 + 1000)  0.2%(S; +1000) =
=§3+400 §3+200
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Let us take the pen. So, it will be 0.3 into S 3 plus 0.7 into S 3. So, what is 0.3 into S 3
plus 0.7 into S 3 yeah. So, it will be how much please tell me 0.3 S 3 plus 0.7 S 3, how
much is that that is S 3 itself right. So, that one part of this is that 0.3 into S 3 plus 0.7
into S 3 that is nothing but S 3 that is the first part, is all right. So, however the other part
that is the 0.3 into 1000 is 300 and 0.7 into 1000 that will be your 700 so that means, it
will be minus 300 minus 300 plus 400 plus 700 right.



So, there are two parts. One part is your you know the 0.3 into S 3 plus 0.7 into S 3
which is nothing but S 3 itself. The other part is minus 0.3 into 1000 which is 300 and
minus plus 0.7 into 1000 that is 700 and that value is 400 is it all right. So, you can see
that we can actually calculate the net return in this case that will be S 3 plus 400.

Now, can you can you calculate the similar one for x 3 equal to B? Please understand this
will be 0.8 times S 3 because there is no return. And in the second case, it will be 0.2
times S 3 plus 1000 is it ok. So, when that happens this term will be 0.8 S 3 plus 0.2 S 3
that means, we have S 3 and 0.8 here there is nothing but here 0.2 into 1000, so it will be

200, is it ok.
(Refer Slide Time: 26:43)

Stage 3 Calculations
f3 (S3,%3)
Stage Decision: Funds actually invested in Stage3  Optimal Payoff
53 x3=0 X3=A x3=B x5 f3(83)
0< S5 < 1000 53 : : 0 53
§3 > 1000 $3 $3+400 §3+200 A S3+400
b
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So, that means, if I combine them all what I get what I get is this particular chart that is
at the stage 3 calculation level, we have those you know two options for the stage, one is
that S 3 is between 0 and 1000. In that case if x 3 is equal to 0, because you are making
no investment the S 3 will be returned right. If this happens irrespective of whether S 3 is

between 0 to 1000 or above 1000 right.

So, irrespective of whether S 3 is between less than 1000 or more than 1000, it will be S
3 only. But if x 3 equal to A or x 3 equal to B, you know S 3 less than 1000 we cannot
make any investment. So, those two cases does not arise, I mean they do not exist. But if
S 3 was more than 1000 and we could make an investment, then the return would be S 3

plus 400 or S 3 plus 200 as the case may be, is it all right.



So, the important point that comes what is the optimal pay off then under those two
situations right. So, out of these S 3 plus 400 and S 3 plus 200 we can clearly see that S 3
plus 400 is the higher value, so obviously that is our optimal pay off. And x 3 star will be
A that means, in the third stage it is optimal to go for an investment into A and if we have
more than 1000 rupees right. So, we have more than 1000 rupees, what we should do we
should invest in S 3 all right. We should invest in option A and we get a return of S 3 plus

400 and our option will be A.

But if we had less than 1000 rupees, then we cannot invest any amount, and you know it
will be 0 then. And in that case the our optimal payoff will be S 3 only because at this
stage this one is nothing but S 3 this is so that is how the stage 3 calculations will go.
These values could be really obtained in the earlier stages, I mean subsequent stages that

is stage 2 and stage 1. ah
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Stage 2 Calculations
f 2 (321 x!)
Stage Decision: Funds actually invested in Stage 2
SZ Xy = 0 Xg = A Xy = B
0< S, <1000 Noinvestment Casedoesnotariseas  Case does not arise as
amount < Rs. 1000 amount < Rs. 1000
1000 < 5,< 2000 Noinvestment  Rs. 1000 invested in Rs. 1000 invested in
option A option B;
§, = 2000 No investment  Rs. 1000 invested in Rs. 1000 invested in
option A option B
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You see however one very interesting thing will be important that in stage 2. See in the
stage 2, you know there will be a really three options once again that S 2 could be less
than 1000, S 2 could be less than 2000 but more than 1000 I mean equal to or more, or S
2 could be more than 2000 right more than equal to 2000. And there will be different

scenarios.

But what is very important to know [ mean in S 2 you know in S 2 we cannot really like

in S 3 what we did we had calculated in you know the net return that is 0.3 S 3 minus



1000 S 3 plus 1000 and we obtain that final value these simplification will not be
possible because in that is not the last stage, there will be subsequent stages is it all right.
So, calculations cannot be completed. So, what should be the calculations, and how do
we proceed from there right that we shall see in our next lecture. And we continue this

problem in our next lecture. So, stop here right.

So, thank you very much.



