Selected Topics in Decision Modeling
Prof. Indranil Sengupta
Department of Computer Science and Engineering
Indian Institute of Technology, Kharagpur

Lecture — 29
Quadratic Programming

Right so in our course Selected Topics in Decision Modeling, we are in our 29th
Quadratic Programming. So in these particular lecture you know we are going to see the
how this specific types of problem that is Quadratic Programming problems can actually
be solved by a combination of the (Refer Time: 00:41) conditions and the linear

programming principles right.
(Refer Slide Time: 00:50)
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Quadratic Programming

A Quadratic Programming (QP) problem differs from a linear programing problem
in the objective function.

It contains x, x; and x,x; terms where i # j apart from x,,x; terms

Using matrix notation, a quadratic programming problem can be written as
o 1,

Maximize f(x)= cx—Ex Ox

st Ax<bh; and x20

Where ¢ is row vector, x and b are column vectors, Q and A are matrices.
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So quadratic programming essentially what is this a kind of problem which is looking
very much like a linear programming problem, but with a difference; what is the
difference? The difference is the objective function is quadratic in nature the quadratic in
nature means that it contains x 1 square X i squarer X j square and X i X j comes where i is

not equal to j right.

So the quadratic programming problems essentially therefore, you know in vector form
takes these that maximize f x i1 equal to ¢ x minus half x to the power T Q x this is all
right. So, where ¢ is a rho vector and x and b are column vectors so if ¢ is a column

vector also then we have to w right c transpose x as well this is all right.



So, Q and A are the matrices right; so essentially this is how the matrix form of the
equations, but it will be very clear by taking an example what exactly this form means.
So supposing I have a problem a quadratic problem that is maximize f x equal to 15 x 1

plus 30 x 2 minus 2 x 1 square plus 4 x 1 x 2 minus 4 x 2 whole square.
(Refer Slide Time: 02:18)

- e
An Example of QP

Maximize f(x,,x,)=15x, +30x, —25:12 +4x,x, ‘4sz

X
c=[15 30] x{ '}
X

2

sd X +2x, <30;

Also x,20; x,20; 4 -4
e
In this case
X, 4 -4 x = =
ex-Lrge=pts 30" |-Lpy, | A=[t 2] b=[30]
2 x| 2 —4

X |1 4x, -4x,
=[15 30)] " |-=[v, %]
x| 2 —4x, +8x,

=15x,+30x, w
__--—"-‘- )

p—
* '~ NPTEL ONLINE PP e qEISO OO
IIT KHARAGPUR CERTIFICATION COURSES
B cho 3550118

Subject to x 1 plus 2 x 2 less than equal to 30 x 1 greater than equal to 0 and x 2 greater
than equal to 0. So this a quadratic programming problem; now why it a quadratic
programming problem? Let us understand these; now from the nature of the problem it is
clear that c is 15 30 because it was said that ¢ is a row vector. so ¢ is in this way so ¢ is
15 30; x is a column vector x is 2 variables x 1 and x 2 and supposing this is the form of

Q and this is an a matrix and this is a b matrix this is alright.

Ah Why A matrix is like this; because it is called row vector because there is only 1
constant if we had more constant then it would have looked more like a matrix is all right
because there is only 1 constant so a is A simple form. Now why Q should be like these,
so you see the objective function equal to ¢ x minus half of x transpose Q x that is the

objective function.

So, this is how you evaluate so ¢ is 15 30 this is x 1 x 2 and half x 1 x 2; so that is the
transpose see this is a column vector so we transpose it then write the Q 4 minus 4 minus
4 8 x 1 and x 2. So basically it is a kind of metrics multiplication, so what would be the

matrix multiplication it should be 4 x 1 minus 4 x 2 minus 4 x 1 plus 8 x 2; so that would



be this form and this would be 15 30 x 1 x 2 so 15 x 1 plus 30 x 2. Now this one now
what you can do now see let us do that x 1 x 2 multiplied by 4 x 1 minus 4 x 2 minus 4 x

1 plus 8 x 2.

So, if I multiply then what do I get; first you multiply by x so 4 x 1 minus 4 x 1 x 2 that
is what we get and then by x 2 so again minus 4 x 1 x 2 and plus 8 x 2 whole square. So

this is what we get 4 x 1 square minus 4 x 1 x 2 minus 4 x 1 x 2 plus 8 x 2 whole square.

If I add these two then we get 4 x 1 square minus 8 x 1 x 2 plus 8 x 2 whole square so
this 1s what we get, but then there is a half so if I take half of these term then we get 2 x 1
square that is minus because there is whole minus so plus 4 x 1 x 2 that minus so this
minus plus and then minus of this plus minus of 8 half so 4 so this is the term and then

this is our ¢ X term.

So you see that the original function that is 15 x 1 plus 30 x 2 minus 2 x 1 square plus for
x 1 x 2 minus 4 x 2 that would be can be written in this form. Now how to really get
from here to here see these 15 and 30 is very clear, this 4 minus 4 minus 4 and 8 you can
see that this is minus so this is a minus here so these 2 so that minus should be this 2
should be double of that and this 4 should be double of that and this 4 should be divided

4 and 4 here in the minus form all right.

So, it is not really very difficult to really understand that how you can put such kind of
things into these formats is it all right so essentially that is how we can really put the
quadratic function problems into similar formats right. So we understood that why it is
called a quadratic programming problem right; so in simple terms you must understand
that such problems are have being an x 1 square terms x 2 square terms and x 1 x 2 terms

so and there is an inequality constant also.

Such inequality constant if this problem there is 1 in another problem there could be
more than 1. So what exactly we do so if we have to solve them first you see this is a
maximization problem this all the constants are less than equal to 0 and the unknowns
are greater than equal to 0. So this is in the standard form so these standard form is very
important that point has to be remembered that we must have the equation in standard

form so that we can apply the what is known as the KKT conditions is it all right.



(Refer Slide Time: 08:22)
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KKT Condition for the QP

KKT conditions are as follows: Maximize f(x,,x,)
1(j=1). 15-4x +4x, -4, <0 =15x, +30x, - 2x +4x,x, ~4x;
2j=1). x (15-4x, +4x,-1,)=0 st x+2x, <30;
1(j=2). 30+dx,-8x,~2u, <0 Also x, 20; x,20;

e e —————————e s

2j=2). x,(30+4x, - 8x, 2u)=0

3 xl£2x2—3050 ) L (o) Vo
5. 20, x,20 .Tla'

6. w20 % b ‘5{ 7) ;ap"l
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So you remember that to solve NLP problems with inequality constraint we have to first
put the problem in the standard form so if it is a problem of minimization we have to
make it a maximization problem how; minimize f x is actually maximize minus f x.
Supposing these conditions are not less than equal to 30 suppose greater than equal to 30

then you can multiply both sides by minus and you can make it less than equal to 30.

Suppose the variable is not greater than equal to 0 the variable is like in a slightly
different form again we can change them by suitably modifying the variables let us say
by say suppose x 1 is less than equal to 0 then you can take another variable say y 1
which is equal to minus x 1 so if x 1 is less than equal to 0 then y 1 will be greater than
equal to 0 and then replace x 1 by y 1 everywhere. So we have do some transformation to

really put the problem in the standard form.

Luckily, fortunately this particular problem is in the standard form. So if we have to take
KKT conditions then what we have to do we have to really write the Lagrangian function
first; the Lagrangian function for these would be L x 1 x 2 and u 1 so you could have
written lambda 1 also no issue; so it will be 15 x 1 plus 30 x 2 minus 2 x 1 whole square

plus 4 x 1 x 2 minus 4 x 2 whole square plus sorry minus u 1 into x 1 plus 2 x 2 minus

30.

So, this will be our function so what we have to do we have then obtain del L del x 1

equal to 0 del L del x 2 equal to at least we have to obtain these del L del x naught equal



to 0 really we have to obtain del L del x 2 and del L del u 1 so we have to obtain them,
because they will be 0 if we have equality constraint in this case there are not equality

constraints we cannot equate to 0.

So, let us take the differentiation first with respect to x 1; so what we get 15 then nothing
here minus 4 x 1 plus 4 x 2 so this time is over and here minus u 1; so can you see that
this will be our del L del x 1. Similarly let us take del L del x 2, so if you take with
respect to x 2 then we get 30 x 2 so we get 30 then nothing here plus 4 x 1 x 2 will take
differentiation so we we get 4 x 1 so this is here and then here this will be 8 x 2 minus

minus 8 x 2 and here minus 2 u 1.

So you see this would be our del L del x 2 right. Lastly we have to take del L del u 1 so
what will be del L del u 1 so this term nothing so it will be a x 1 plus 2 x 2 minus 30
actually minus of that so since the original condition basically we shall get right. So that
x 1 plus 2 x 2 minus 30 less than equal to O that is the 3 terms right. So basically the
KKT condition says that these terms these differentiation should be less than equal to 0
additionally x 1 multiplied by these the differentiation equal to 0 x 2 multiplied by these
equal to 0 and u 1 multiplied by this del L del u 1 will be eqlual to 0 right.

(Refer Slide Time: 13:12)
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KKT Condition for the QP

KKT conditions are as follows: Maximize f(x,,x,)
1(j=1). 15-4x +4x,-u <0 / =15x, +30x, -2x} +4x,x, -4x)
2= xl(I5—4xl+4x2—u1):0‘)/ Sbo X +2x <30;
1(j=2). 30+4x,-8x,-2u,<0 v Also x, 20; x,20;

2MER" x2(30+4x178x2—2u]):0‘)(/ o e
3 X +2x,-30<0 L= [lenhrllﬁ-uhh—ul
~30
4. ny (%, +2x,-30) =0 W/ +u(hrin ;L)
5. 2,20, 5, > 00 % ¢o; %—403? 40
CLO N oL
6. u >0 a“ ! &nku]__:‘o
i %lg5 V) X;an,()) o
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So that is essentially what we do so let us lets repeat what we did; what we did is that
first we formulate L L equal to 15 x 1 plus 30 x 2 minus 2 x 1 square plus 4 x 1 x 2

minus 4 x 2 whole square plus u 1 times x 1 plus 2 x 2 minus 30 then I get del L del x 1



equal to less than equal to 0 del L del x 2 less than equal to 0 del L del lambda or del u 1

less than equal to 0 so these are our these constraints right.

And additional constant is x into x 1 into del L del x 1 equal to 0 x 2 into del L del x 2
equal to 0 and u 1 into del L del u 1 equal to 0. So those are these constraints so these are
the 6 constraints that we have already seen and other then that all these terms x 1 should
be greater than equal to 0, x 2 should be greater than equal to 0 and u 1 should be greater

than equal to 0; so these are our KKT conditions right.

So this is gives you a quick method or how to really find the KKT conditions for all such
problems basically you combine the equivalent of the Lagrangian function make it
difference partial differentiation and those partial difference should be less than equal to
0 and additionally the corresponding variable into the differentiation should be O right.
So, these are the 6 conditions apart from the non negativity criteria so we get the KKT

conditions.
(Refer Slide Time: 15:27)

KKT Condition for the QP
Maximize f(x,,x,)=15x, +30x, - 2 +4x,x, ~4x;  Now, if we give specific attention to
st x+2x,<30; Also x,20; x,20; the following constraints only:
KKT conditions are as follows: I(j=1). 15-4x +4x,-u <0
I(j=1). 15-4x +4x,-n <0 1{j=2) 30+dx -8x,-2u <0
2j=1). x (15-4x +dx,-n)=0 3 X 42 -30<0
1(j=2). 30+4x -8x,-2u, <0 5 xp20, %20
2j=2). x,(30+dx,-8x,-2u)=0
(j=2) \1( +4x, -8x, rl,) 6. 0 20
3. X, +2x,-30<0
4 i, ( X+ 2, - 3()) —o Remember, from constraints 2 and 4, we have:
5 P If x; # 0 then constraint 1 turns to equality forj=1and 2.
-6- : ; 0’ o And, if 1; # 0 then constraint 3 turns to equalit

u 2
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Now once we get the KKT conditions now, see very interesting thing happens. Now out
of these conditions let us forget about those equality constraints for the time being right

those duel constraints let us forget for the time being.

Let us only look at the less than equal to constraints and let us give only attention to

those problems only. So what we get we really get then 15 minus 4 x 1 plus 4 x 2 minus



u 1 less than equal to 0 then the second one 30 plus 4 x 1 minus 8 x 2 minus 2 u 1 equal
to 0 x 1 plus 2 x 2 minus 30 less than equal to 0 and x 1 x 2 u 1 greater than equal to 0.
So if you really look at the constraints 2 and 4 something interesting you get, that if x j is

not equal to 0 then the constraint turns to equality.

Suppose if x 1 equal to not 0 then; obviously, this must be 0; that means, the constraint
turns to equality is it all right so similarly if u 1 equal to 0 then the fourth condition
satisfied, but if u 1 not equal to 0 then this constraint 3 turns to equality. Once again if u
1 not equal to 0, 3 turns to equality if x 1 not equal to 0 1 this first 1 turns to equality if x
2 not equal to O then this 1 turns to equality is it all right. So this is the short form so
basically then we shall workout with only this 5 conditions is it all right; so let us see

exactly what are these 5 conditions and what is their significance.

(Refer Slide Time: 17:30)

] KKT Condition for the QP

Maximize f(x,,x,)=15x, +30x,-2x] +4x,.x, ~4x;  Hence, if we add slack variables y;,
st X +2x,<30; Also x,>0; x,>0; ¥2, and v to make constraints

KKT conditions, we consider, are as follows: 1{j=1), 2(j=2), and 3 tum to equality,

. aqeile
1(j=1). 15-4x, +4x,- u1<0£-*"§“¥0 Then we have,

1(j=2). 30+4x, -8x,-2u <0 M"‘ﬁ
3. X +2x,-30<0 X4y 0y, 2wy * vy =0 Wﬁh‘o
5, x, 20, x,20 ) - Ml,\rq‘ul_-‘llli-‘h-o
6. >0 7R PRI £ ke W +47=0

Remember, from constraints 2 and 4, we have:
If x; # 0 then constraint 1 turns to equality forj=1a
And, if u; # 0 then constraint 3 turns to equality

=0
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So, we find that the significance will really be like this, that is in this case you know we
have this KKT conditions this are the [vocalized minus noise] our most 5 conditions so
remember that from constraint 2 and 4 this is the same thing that we have again written if
x j not equal to 0 constraint 1 turns to equality for j equal to 1 and two; that means, both
this 1 condition turns to equality right and constraint 3 turns to equality if u 1 not equal
to O is it all right. So these are some of the things that we actually have in this particular

situation [vocalized minus noise].



So, what we can do we can now add some slack variables thatis y 1 y 2 and v 1 to make
those 3 constraints to equality is it all right. So let us see exactly how they look like; so
you see we have this constraint so if we add some slack then we have 15 minus 4 x 1
plus 4 x 2 minus u 1 plus y 1 equal to 0 30 plus 4 x 1 minus 8§ x 2 minus 2 u 1 plus y 2
equal to 0 x 1 plus 2 x 2 minus 30 plus v 1 equal to 0; so what we have we done here we
have added some because they are less than equal to 0 so if we add some quantity that

quantity could be our slack variables.

So, in this case we have had 3 slack variables that is y 1 y 2 and v 1 so if you add those
slack variables then we shall have is equal to 0, but something very interesting that look
here that these constraint turns to equality if x 1 not equal to 0 again from here turns to
equality if y 1 equal to 0; so look at carefully see if y 1 equal to 0; this is turns to equality
and if x 1 not equal to 0 then it turns to equality is it all right so if x 1 not equal to 0 then
y 1 equal to 0 can you say this because in both the cases if y 1 equal to 0 this turns to
equality if x 1 not equal to O then it turns to equality; so therefore, if x 1 not equal to 0

then y 1 should be 0 is it all right.

But if you look at the other way round if y 1 not equal to 0 if y 1 not equal to 0 then this
equation has not turn to equality; that means, this is valid then what will happen about x
1 because you see we had a constraint you know where this part multiplied by x 1 equal
to 0. So if this is not 0 then x 1 must be 0 so; that means, if y 1 not equal to 0 then x 1
must be 0 is it all right so this gives an interesting thing that you know this fact and this

fact when you combine then we get x 1 star y 1 should be equal to 0 is it all right.

So, once again let us repeat exactly what we said that look here this 15 minus 4 x 1 plus
4 x 2 minus u 1 is less than equal to O is it all right. If I add a slack variable y 1 then this
term becomes 0. Now this will turn to equality if y 1 equal to 0 and this will turn to
equality if x 1 not equal to 0 that we already seen so; that means, if x 1 not equal to 0
then y 1 equal to 0, but in if y 1 not equal to 0 then this does not turn to equality, but then
x 1 multiplied by this portion is 0 that was a constraint number 2; so from these 2 facts
you know if we combine that is x 1 not equal to 0 then y 1 equal to 0 and if y 1 not equal

to 0 then x 1 equal to 0 we get x 1 star y 1 equal to 0.



And similar logic can be given between x 2 and y 2 from the second equation and u 1
and v 1 for the third equation; so that is x 1 star y 1 equal to x 2 star y 2 equal to u 1 star

v 1 equal to 0 is it all right. So this is exactly what we get.
(Refer Slide Time: 23:25)
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KKT Condition for QP

Adding slack variables y;, ¥, and v; to conditions 1(j=1), 1(j=2) & 3, we get:

I(j=1). —dx +dx,-u +y, =_15
1(j=2). 4x-8x,-2u +y, =-30
B x +2x, +v, = 30

* Now, from condition 2(j=1), we can write either x;=0or y;=0 i.e. x;*y; =0
+ Similarly, for condition 2(j=2), either x,=00r y,=0 i.e. x;*y, =0
+ And for condition 4, either uy=0o0rv4=0 i.e. u;*v; =0

* Combining all, we geh@y_lr_xz*—yz*r_u@ A complementary Constraint.
* xqand yq, X, and y, and'il; and v, are called complementary variables
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And let us see how it combines; so the KKT conditions for quadratic programming by
adding slack variables y 1 y 2 and v 1 the equations then become you know what we did
is we have taken these 15 on the other side and then minus 4 x 1 plus 4 x 2 minus u 1
plus y 1 that y 1 is a slack variable equal to minus 15 and 4 x 1 minus 8 x 2 minus 2 u 1

plus y 2 equal to minus 30 and x 1 plus 2 x 2 plus new 1 equal to 30.

So, now from the conditions 2 we can write x 1 equal to 0 or y 1 equal to 0 already we
have seen the logic; so x 1 star y 1 equal to 0. Similarly for condition to either x 2 equal
to 0 or y 2 equal to 0 so x 2 star y 2 equal to 0 and for condition 4 either u 1 equal to 0 or
v 1 equal to 0, so u I star v 1 equal to 0. We can very interestingly combine them all and
you know we can get what is known as a complementary constant constraint in this way

thatis x 1 star y 1 plus x 2 star y 2 plus u 1 star v 1 equal to 0.

So, these can be called as complementary constraint right why it is happening look here
that either x 1 equal to 0 or y 1 equal to O either x 2 equal to 0 or y 2 equal to O either u 1
equal to 0 or v 1 equal to 0 so either of them will be 0 so; that means, if you know that

whole total of these has to be 0 right. So you know that this particular constant with then



ensure that you know this would actually happensox 1 andy 1, x 2 andy 2 and u 1 and

v 1 are called complementary variables is it alright.

So, precisely that is how we can really create a simplex table out of this situation let us
see how; so we can again slightly reformulate this that you know this is this are your
original equations; so was just remember that this first two we had negative value we
know for simplex algorithm you must have positive values everywhere so you can again
make minus equal to plus and then we can re write them as 4 x 1 minus 4 x 2 plus u 1
minus y 1 equal to 154 x 1 minus 4 x 1 plus 8 x 2 plus 2 u 1 minus y 2 equal to 30 and

rest of the constraints as they are apart and adding the complementary condition.

(Refer Slide Time: 26:15)
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KKT Condition for QP

Therefore, we can get the convenient form of Linear Constraints as mentioned
below except the complementary condition.

4x, —4x, tu -y, =15 Original Equations

—Ax +8x, +2u -~y =30 i;j i ;j _:::j::::;;f y‘+ » :Z
R +y, =30 & % +2%, ty o= 30
x, 20,x,20, 4 20,

3, 20,020, v, 20

X)Xy, +uy, =0
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So, this is how we can actually get a set of linear constraints that we have to solve right.
Now really how to solve them is we let us take two you know artificial variables z 1 and
z 2 really to get what is known as the canonical form so this is how an Ip can be
constructed that is minimize z equal to z 1 plus z 2 subject to 4 x 1 minus 4 x 2 plusu 1
minus y 1 plus z 1 equal to 15 and these plus z 2 equal to 30 and this will be therefore, 30

and all these variables along with this complementary condition.



(Refer Slide Time: 27:20)
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Modified Simplex Formulation

Introducing artificial variables, z; and z,, we can specify a Modified Simplex
Formulation of the problem (except the complementary condition).

Minimize Z =z, +z, Before Adding Artificial
Variables
4x —dx, +u -y +3 =15 Ty _—
—4x +8x,+2u -y, +z,=130 —4x, +8x, 42, -y, =30
X, +2x, +y, =30 x,+2x, +v, =30

x,20,x,20,u 20,y 20,p,20,v 20, x, 20, %, 20, 1,20,
2 20,2,20 320,520,920

o’ X)X, gy, =0
XXy, =0
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So, this is nothing but a linear programming problem and can be solved as an usual
minimization problem; so moment you can throughout the artificial variables from the
bases the solution can be obtained right. So solution of this is really not in our interest
because we know how to solve linear programming problems the essential idea is that
how the quadratic problems with the help of KKT conditions can actually be translated
into a set of linear programming problems because linear programming problems are
easy to solve; so quadratic programming problems can actually be having a modified

simplex formulation and that can be easily solved right.
(Refer Slide Time: 28:41)

Nl
Modified Simplex Method

Basic Features:
1. Constraints are linear in nature except the complimentary condition.

2. Complementary constraint implies that both the complementary variables are
not permissible as basic variables.

Restricted Entry Rule: During the selection basic entering variable, a variable
will not be chosen if its complementary variable is already a basic variable.

Choice should be made from other non basic variables.
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This particular problem is solved in the Hillier and Lieberman book; so what is really
happening we now have linear constants along with those complementary variables so
the idea is both cannot be coming to basic variable so we have a restricted entry rule
during the selection of basic entering variable and variable will be not be chosen if it is
complementary variable is already a basic variable. So, I should be made from other non

basic variables.
(Refer Slide Time: 29:09)
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Modified Simplex Method

Iteration 0

Basic Right

Variable | Eq. | Z | xy X W p V2 nw Z; | Side
Z 0) | =1 0 -4 -3 1 1 0 0 0] -45
b2 Ml ol _4[=4] 1 00 1 0] 15
L |@| of|-4]8 2 o -1 o o 1] 3
Vi G o] 1[2] 0 0 0 1 0 0 30

Source: Hillier and Lieberman book
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So we have from Hillier Lieberman book this is how we have the modified simplex
method formulation and usual simplex rules can be used we are not going deep into it,
but you know if you form really follow the basic simplex procedure so this is stable 0

then table 1 then we have table 2.



(Refer Slide Time: 29:31)
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Modified Simplex Method

Iteration 1
Basic Right
Varlable (Eq. | Z | x, x u p Y2 w1y I | Side
Z ol-1] -2 0 =2 1 % 0 0 % -30
Z )] 0 2 0 2. =1 f% 0 1 % 30
1] 1 1 1 3
X (2) 0 —7 1 E 0 —g 0 0 E 33
o 1 1 1 1
¥ (3) 0 2l 0 ] 0 ) 1 0 o7 22 5

Source: Hillier and Lieberman book
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(Refer Slide Time: 29:33)
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Modified Simplex Method

lteration 2
Basic Right
Varlable | Eq. | Z | xy X2 m p y2 oL I | Side
z lola1] o o % 1 % 10 % 77;7
n (M| off 0 o -52~ =1 -% =1 1 % 7;
X 2 0o 0 1 % 0 _1]_6 17 0 % 9%
n @G| ol 1 o0 —% 0 % % 0 —% 1117

Source: Hillier and Lieberman book
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I
Modified Simplex Method

Iteration 3
Basic Right
Varlable [Eq. | Z | xy x2 wm n y2 w5y 1z | Slde
z © | -1 0 0 0 0 0 0 1 1 0
2 3 2 2 3
lh (]) 0 0 0 1 —g —ﬁ —g g W 3
1 1 3 1 1
1 1 2 1 1| &
X (3) 0 1 0 0 —Ta E E 0 —ﬁ 12

Source: Hillier and Lieberman book
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And at the 3rd table the solution is found the artificial variables are thrown out and we
have x 1 equal to 12 and x 2 equal to 9 as the optimal solution right. So we stop here and
in our next lecture we shall see some real examples of Lagrange’s Lagrangian multipliers

and KKT conditions right so

Thank you very much.



