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Lecture - 27
Constrained NLP: KKT Conditions

So, good morning in our course Selected Topics in Decision Modeling today we are in
our 27th lecture that is Constrained Non-linear Programming: KKT Conditions that is

Karush-Kuhn-Tucker conditions.
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NLPs with Inequality Constraints

Basic Features:

1. Objective function can be linear or non-linear.

2. Constraints can also be linear or non-linear.

3. Constraints can be of any type i.e. inequality or equality.

A General Form:
Maximize f (x) ]
subject to hi(x) Sbl. = (1, 2y ]
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So, we have seen that, how to solve non-linear programming problem with equality
constraints in our last class. There we had use Lagrange’s multipliers and differentiated
the function, to find out conditions for optimality. Whereas, for inequality constraints
Lagrange’s multiplier cannot be utilized, we need to go for a little more involved

calculations with the help of KKT conditions.

So, some of the basic features the objective function can be linear or non-linear,
constraints can also be linear or non-linear and constraints can be of any type that is
inequality or equality. If you recall I have told in our last class that the Lagrange’s

multiplier is a special case of KKT conditions.

So, at some other time I will also show you that how it is really happening. So, you see
any linear programming problem can be put in maximization general form. If it is not
happening then we must ensure how to do it is alright. So, the first of all let me just tell
its right in the beginning that all the conditions and all the discussions that we are going
to have, we shall you know assume the programming problem the non-linear
programming problem is available in the general form, that is maximized f which is a

function of x really speaking x is having several variables x 1, x 2 to x n.

And subject to conditions h i x less than equal to b i, you know where i is 1 2 m is it

alright. So, that is the general form that we are going to use for all the KKT conditions.
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Karush-Kuhn-Tucker (KKT) Conditions

* For Constrained NLP, KKT conditions satisfy only the necessary
conditions for optimality.

* The sufficient conditions for maximization problem will be that:
* Objective function f(x) should be concave and

* Each constraint g (x) should be convex.

-
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Now, Karush-Kuhn-Tucker conditions or in short KKT conditions, where you know

obtained by Kuhn-Tucker, but then Karush independently obtain them actually earlier
right in his thesis work. So, that is the reason why these conditions and known as
Karush-Kuhn-Tucker conditions. But just remember this that these conditions they are
not the only conditions required for optimality, infant there only the necessary conditions

right.

So, KKT conditions are the necessary conditions for the NLP problem, the sufficiency
condition is still you know the for the maximization problem the fx should be concave
and each constrain should be convex is it alright. So, you just recall our discussions that
for maximization, but you require the objective function should be concave and the

constraints should be convex.

Now, sometimes we have linear constraints, the linear constraints are both convex and
concave at the same time. So, if I have linear objective function, then automatically we
can assume the objective function to be concave or if we have constraints some of the
constraints a linear, than those linear constraints can be also assume to be convex.
Because linear constraints or objective functions at are both concave and convex at the

same time.

But if it is non-linear, then the concavity has to be seen, either by the nature of the plot or

by obtaining the second differential that is you know in when multiple variables are



involved, then obtaining the Hessian matrix. So, we will see that in due course of time

right.
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Karush-Kuhn-Tucker (KKT) Conditions

KKT conditions provide a general approach in solving constrained nonlinear
prablems.

Theorem: Assume that f(x), g,(x), &,(X)y s £, (%) are differentiable

functions satisfying certain regularity condition.

Then X' = (xl 0 x;, o) x") can be an optimal solution for the NLP
problem only if, there exist m numbers &, #,, ..., 4, suchthatall the

following KKT conditions are satisfied.
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So, let us look at the KKT conditions. So, first of all when we are solving in a general
approach to constrained non-linear problems, let us assume that we have certain
functions that is f x gi x g 1 x g 2 x to g m x they are all differentiable functions and
having certain regularity conditions as well. Then the x star which is a combination of n
unknown variables or decision variables, can be an optimal solution for the NLP
problem, only if they are exist m number of multipliers u 1 to u m such that a number of

KKT conditions are satisfied.

So, what are the things that we said? Just imagine you know just remember that the our
original problem was maximizing f x subject to number of conditions those g i x less
than equal to b i. So, they all should be differentiable that is first requirement and you
know they are exist certain multipliers that is u 1 to u m, you know along with them we
will have those KKT conditions which must be satisfied for x star to become optimal

right. So, these are the certain preconditions now let us look at the KKT conditions.
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Karush-Kuhn-Tucker (KKT) Conditions

KKT conditions are as follows:

at x= x*,forj =1,2, 0.

af m ag " y 4
2 (x]=—=-)Yu—="|=0 atx=x,forj=1,2..,n.

. v )
3. g(x')-b<0 Jor i=1,2..,m. m % ;.50
5 QM

6
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So, the first condition as you can see is del f del x j minus this sum over all the u is i
mean each this sum is taken over each of the constraints u i del j i del x j less than equal

to 0 that the first condition valid at the optimal point and for each of the x variables.

So, this is more like the differential condition, but the condition you see we have you
know the objective function and we also have a series of constraints. So, if I multiply
those constraints by our multiplier, that is the u 1 s. So, each safest constraint multiply by
u 1, second multiply by u 2, third by u 3 etcetera etcetera and then we differentiate you

know by taking appropriately that is very important the negative sign.

These negative sign of combination usually is used for maximization problem sometimes
plus is used for minimization, but we can generalize with negative also we will have
some discussion later. The second condition is just the first part whatever the first
condition left hand side you see the same portions. So, if you see the first part, see this is

the LHS of the first condition.

So, this is the LHS of the first condition. So, that multiplied by x j star is it alright. So,
the LHS whatever the differential part you get for the first condition, if you multiplied by
x j star that should be O that is the second condition. That means, either these first
constraint is equality or x j equal to 0, x j star equal to 0. So, what that second condition
says is that, either the first condition is an equality or the corresponding x variable that is

x j star should be equal to 0 is it alright that is the second condition says. The third



condition is again very straight forward because we see that you know g i x is less than
equal to b i that is our specific constraint. So, it is the same constraint written in a
another form. So, really the third constraint is nothing new, because the original

constraint we have is g i say x 1 less than equal to b 1.

So, the same constraint, we have written in this form. So, this is the constraint itself and
at x 1 equal to x I star at x 1 equal to x 1 star these should be star. So, see this was our
original constraint. So, the same original constraint has been rewritten in these form. So,
that is our third constraint. So, you can understand that although they look you know
rather big, but really speaking now the constraints are very simple in fact, the first one is

nothing, but the differentiation, the differentiation should be less than equal to 0.

The second condition is either the LHS of the first condition that becomes 0 that means,
del f del x are j should be equal to these term or the corresponding x variables should be
0 and the third one is nothing, but the constraints the corresponding constraints

themselves right.
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Karush-Kuhn-Tucker (KKT) Conditions

KKT conditions are as follows (continued):

4 ulg(x)-b]=0 for i=1,2,..,m.
5 x.20 for j=1,2yus1.

L0
_ N0
6. u20 Jor i=12,..,m. @:\w\ % )”ﬂ‘]/
G
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So, we have seen those first 3 conditions let us see the last few conditions. So, see like
we said in the case of the constraints, the differentiation. So, our original constraints has
been rewritten as gi x star minus b less than equal to 0 so, b i. So, that is that is has been
written. So, again so, multiply by the corresponding multiplier multiply by the

corresponding multiplier should be equal to 0. So, that is the fourth condition.



So, once again and fifth and sixth condition should be the all the multiplier should be
greater than equal to 0, and all the decision variable at the optimal point should be also
greater than equal to 0. So, these are our six KKT conditions. So, just look at them once

again you know the if you if you if you really see, then the yeah.
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Karush-Kuhn-Tucker (KKT) Conditions

Solve the following NLP:

of dg g,
Maximize f(x,,x,) E*" E*M E <0 .u1(a)
Subject to

¥ % B )
gl(xvxz)g b| 6x2 6x2 “6x2

&(x,x,)< b, ¥ oo 5
og, 0,

Fx,x,), 8,(x,%,), &, (x,,x,) are differentiable, (E_ U] 6__ o | 0 ﬁ-@(a)

ey ISE
x =(x,X,) canbean optimal solution for the o \’JQ
NLP problem if and only if there existu,, u, X, [—— ‘Lllk ﬂ\/ b)
’ A% 2 !\:‘
W

such that all the KKT conditions are satisfied.
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So, this is these are the KKT conditions, the first condition is the differential partial
differentiation with respect to each variable. So, we had n unknown variable each
variable should be taken one at a time. The first part is the objective function part, the
second part is the individual constraints multiplied by the multiplier and then taking the
negative of the you know the partial differentiation. The second constraint is the LHS of

the first part should be either 0 or the corresponding decision variables should be 0.

The third constraint is the original you know the constraint itself written in another form,
the fourth constraint is either the you know it becomes equality. The constraint become
equality or the corresponding Lagrange the multiplier become equality and the fifth and
sixth conditions are basically you know non-negativity constraints both for the decision

variables and for the multipliers is it alright.

So, this is how we begin with the KKT conditions, these are the six KKT conditions. So,
for improving our understanding let us look at a particular problem very simple one,
simplified version of the KKT conditions once again. So, let us say we have a 2 variable

problem maximize f x 1 x to. So, a function which is having f x 1 x 2 and subject to 2



constraints only that is g 1 x 1 x 2, in short we can also write these thing as this that
maximize f x subject to g 1 x less than equal to b 1 and g 2 x less than equal to b 2. So,

that is all is our problem very simple problem we take.

Now, the condition that is required is all the 3 functions that is fx, g 1 x and g 2 x should
be differentiable that is the requirement. Now x star equal to x 1 star x 2 star can be an
optimal solution for the NLP problem, if and only if they are exist u 1, u 2 2 multipliers
such that they are actual equivalent to Lagrange’s multipliers. So, such that all the KKT

conditions are satisfied is it alright. So, this is the requirement.

So, let us see once again what exactly is you know this conditions are essentially. So,
first condition you see suppose I write a function a let us say total you know the function

the combination function.
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Karush-Kuhn-Tucker (KKT) Conditions

Solve the following NLP:

Maximize f(x,,.x,)

Subject to .4ﬁ‘i“ % %, 1(b)
& (x,x,)< b, S(® (@. ax, lﬁxg / o, <0

gl(xl’x2) = bZ

N7 (o w o
: : | L B B |
Flx,x) g(x,x,), ,(x,x,) aredifferentiable. x](b‘x, n F u, axll—() w2(2)
x =(x/, x;) can be an optimal solution for the
NLP ;obl;am if and only if there existu,, u o 1—!1%—11 % =0 2(b)
p y 19 ¥ 2 OX'Z 1 (‘sz 2(.))‘.2

such that all the KKT conditions are satisfied.
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So, let us call it combined function. The combined is f x minusu 1 g 1 x minusu 2 g2 x.

So, what is this combine function? This combined function is obtained by combining the
function f x along with the 2 constraints g 1 x less than equal to b 1 and g 2 x less than
equal to b 2. So, if I combined them then what you get is, fx minusu 1 g1 x minusu2 g
2 x. So, now you see the first constraint is nothing, but the differentiation of this function
with respect to x 1 and with respect to x 2. So, please differentiate these with respect to x

1 what do you get? Del f, del x 1 minusu 1 del g 1 del x 1 minus u 2 del g 2 del x 1.



So, precisely that is what is written here g 1 is nothing, but g 1 x g 2 is nothing, but g 2 x.
So, that should be less than equal to 0 that is the first condition. So, similarly the second
condition is again the differentiation of the combined function, that is del f del x 2 minus

uldel g1 delx2minusu?2del g2 del x 2 less than equal to 0.

So, that is the second condition of the first condition second part the second condition
again will be the either you know these partial differentiation of the combined function
should be equal to 0 or the corresponding optimal variable that the at the optimal point.
So, either the equation becomes equality or the variable corresponding variable is 0,

right.

So, either these equal to 0 right this term is O or the corresponding decision variable
equal to 0 same thing holds for x 2 also. So, I hope the first two conditions which are the
most important KKT conditions you have understood clearly is it alright. So, if you have
understood these two conditions clearly, let us see the remaining conditions the

remaining conditions are again.

(Refer Slide Time: 19:14)

] Karush-Kuhn-Tucker (KKT) Conditions

Solve the following NLP: g(x,x))=b <0 ..3(a)

Q
- L
Mazimie f(3,,) M0 g (xx)-h <0 ...3(b)
Subject to b"\‘*" 5 AL
g(x,x)< b Q\m@fu ul|:gl(x1’x2)_b1:|:0 ---- 4()
£,(x,%,)< b, [ 8(6,%) =5, =0 .d(b)
f(x,x,), 8 (x,x,), 2,(x,x,) are differentiable. T )
X =(x, X,) can be an optimal solution for the 50 5(b)
NLP problem if and only if there exist u,, u,
" o %0 - 6l8)
such that all the KKT conditions are satisfied. u
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'~ NPTEL ONLINE
IITKHARAGPUR CERTIFICATION COURSES

For the same problem you know how the third condition is nothing, but the constraint
itself. The constraint itself that is g 1 x 1 x 2 or we can write g 1 x less than equal to 0

and g 2 x 1 x 2 minus b 2 less than equal to 0 at the optimal point.



So, the star we can write star sometimes, but to you know make simply see for
simplification, we may not write star in between calculations, but we should know that
we are calculating the variable at the optimal point because all these KKT conditions are
true not always, but at the point of optimality is it alright. So, that is the third condition
and the fourth condition is either these constraints become equality or the corresponding
multiplier becomes 0 is it alright. So, that is what is essentially they say they the these

are the fourth conditions.

The fifth conditions are the at the optimal point the variables should be greater than equal
to 0 the sixth condition has not come properly. So, that should means u 1 should be

greater than equal to 0 and u 2 should be greater than equal to O right.

So, these are the sixth conditions. So, this is how you can see that how the at the optimal
point, the necessary conditions are that the KKT conditions must hold right. So, you
understood so, once again that we are having non-linear programming problem with you
know inequality constraints, which also includes the equality constraints also. In fact,
equality constraints are a special case in case of equality constraints really see what

happens.

These automatically it becomes 0. So, if these becomes 0 so, it is not really necessary
that u 1 and u 2 to become 0 also and the first constraints then become trivial is it alright.
So, we will discuss it some other time now let us look at a particular problem and see
how optimal solution can be obtained for a particular problem by making use of the KKT

conditions right.
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NLP with Inequality Constraints: Example 1

A manufacture uses a raw material to produce Product A and Product B. Cost of
producing A and B are INR 30/kg and INR 50/kg respectively. Cost of the raw material
is INR 100/kg and maximum available raw material is 40 kg. Selling price of each kg of
A and B follow the below given price formula.

* Selling price of A =200 - 2*q(A)
* Selling Price of B = 250 - 3*q(B)

Determine the optimal quantity of Product A and Product B to be produced for
maximization of profit.
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So, let us take these problem; manufacturer uses a raw material produced product A and
product B right. Now for producing this product A and product B first of all there is a
cost, the cost is 30 rupees per kg for A and 50 rupees per kg for B. Now the cost of raw

material is rupees 100 per kg and maximum available raw material is 40 kg right.

The selling price of each kg of A and B follow the given price formula what is the price
formula. The selling price of A is 200 minus 2 into quantity of A and selling price of B is
250 minus 3 into quantity of B. So, determine the optimal quantity of product A and

product B to be produced for maximization of profit right.

So, these looks like a simple optimization problem, but there is a catch the selling price
is not linear. I mean its linear now, but when you convert it to objective function then it

will become non-linear right. So, let us see how to formulate the problem first.
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NLPs with Inequality Constraints: Example 1

Decision Variables
Cost of producing A: INR 30/kg

X, : Amount of Product A in kg Cost of producing B: INR 50/kg
Cost of Raw Material: INR 100/kg

Maximum available raw material: 40 kg.

Selling price of A = 200 - 2*qg(A)

Selling Price of B = 250 - 3*q(B)

Profit = Quantity x Selling Price — Cost Determine optimal quantity of Product A
= x1(200 = le) + x2(250 = 3x2) and Product B for maximization of profit.

- 30x, 50X, - 100X,
= 170x, - 2X2 +200, - 3X2 - 100,

x, : Amount of Product B in kg

x, : Amount of Raw Material used
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So, these are the decision variable, suppose x 1 is the amount of product A to be
produced in kg, x 2 is the amount of product B to be produced in kg and x 3 is the
amount of raw material used is alright. So, what is the profit equation? Profit will be
quantity into selling price minus cost is alright. So, what is the quantity? Quantity is x 1
and x 2 what is the selling price? 200 minus 2 into quantity, that is 200 minus 2 x 1 and

here 250 minus 3 x 2 right.

So, that will be the quantity into selling price and what is the cost? Cost is 30 50 and 100.
So, 30 x 1, 50 x 2, 100 x 3 is it alright. So, that is the thing that the therefore, you can
simplify. So, you see this is 200 x 1 minus 30 x 1. So, 170 x 1, 250 x 2 minus 50 x 2 so
200 x 2 and minus 2 x square minus 3 x 2 square minus 100 x 3. So, this is our objective
function right. So, first part is done. So, we have obtained the profit, but there are some

constraints also right

So, what is the constraint? Constraint is very clear that the 2 product x 1 and x 2 should
not be the sum of these should not be more than the raw material available because that
is a constraint, you cannot produce without the raw material. So, let us see what is that

constraints here. So, let us see that.



(Refer Slide Time: 25:24)

N—

LPs with Inequality Constraints: Example 1

Objective Function Cost of producing A: INR 30/kg
Cost of producing B: INR 50/kg
Tmt Cost of Raw Material: INR 100/k;
Maximize f(x,,X,,X,) Ve

Maximum available raw material: 40 kg.

Selling price of A =200 - 2*q(A)
Selling Price of B = 250 - 3*q(B)

=170x, - lez +200x, —3sz ~100x,

Constraints / Determine optimal quantity of Product A
/ \91 and Product B for maximization of profit.
) ie. (6 3, - X S@
A : Decision Variables:
X3 X2 Amount of Product A in kg
% 20, X, 20, X% >0 Xz: Amount of Product B in kg

¥1: Amount of Raw Material in kg
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See the constraint therefore, will be x 1 plus x 2 less than equal to x x 3 why because this
is the first product this is the second product. So, if you add them that should be less than
the raw material that is the quantity x 3. So, these kind be reformulated as x 1 plus x 2

minus x 3 less than equal to 0.

So, see this side is the variables and this side because x 3 is not b i. So, b I has to be a
constraint right cannot be a variable. So, since here we have a variable called x 3 so;
obviously, should be put as x 1 plus x 2 minus x 3 less than equal to 0. So, these 0 is like

bi. So, this is our b i, these are the variables right.

So, that is what we have that the first constraint. Now, the second constraint is also there
that is x 3 should be less than 40, because that is the total amount if you look at the
problem that is the total amount that is available and obviously, since it is a real problem

x 1, x 2, x 3 all should be greater than equal to 0.

So, that is our starting point we have an objective function that is f x 1, x 2, x 3 and
maximize 170 x 1 minus 2 x 1 square plus 200 x 2 minus 3 x 2 square minus 100 x 3 and
these are our constraints right. So, the first question is how do we go ahead solving the
problem. But before even that we should see that if we take the KKT conditions now, the
KKT conditions will really provide the necessary conditions. The sufficient condition

should be we have to ensure that the function is concave.



Now, incidentally we these function is concave, but then can we take the hessian matrix
and find out whether the matrix is really concave I mean this objective function is really

concave no problem about constraints because constraints are all linear.

So, all of them are linear constraints. So, with linear constraints automatically they are

convex so, no issue there.
(Refer Slide Time: 28:03)
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NLPs with Inequality Constraints: Example 1

* Qbjective function is the sum of concave functions.

* Second order differentiation is found to be negative i.e. it proves
concavity.

* Constraints are linear. Therefore, can be taken as convex.

* Therefore, if some solution could be found to satisfy all the KKT
conditions, then the resulting solution will be optimal as is satisfies both
necessary and sufficient conditions.
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So, let us see how we can see that these are concave. So, objective function is the sum of
concave functions. So, if they are automatically the second order differentiation would be
negative, that is it proves concavity. Constraints are linear so, therefore, they can be

taken as convex.

Therefore, if some solution could be found to satisfy all the KKT conditions in the

resulting solution will be optimal, as it satisfies both necessary and sufficient conditions.
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Example 1: Checking Concavity of Obj. Fn.

Max f(x1,%y,%3) = x1(200 — 2x1) + x,(250 — 3x3) — 30x; — 50, — 100x;
ie. Max f(xy, x5, %3) = 170%; - 2x,% + 200x, — 3x,% - 100x,

Vi) =5 - )= ((170-4x) (200-6x) (-100))

dxy dx; 0xy

#oF
61’12 axldxz 311313 _4 0 0
‘ oo | o ?r |,
Hessian Matrix H = prm o v 0 -6 0
*f af | |0 0 0
31361‘1 ﬂx:BxZ 0132
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So, let us look at the Hessian matrix. So, you see this is our function right that is the total
function this is the simplified the function, 170 x 1 minus 2 x square plus 200 x 2, minus
3 x 2 square minus 100 x 3. So, the gradient will be del fdel x 1 del f del x 2 del f del x
three. So, what should be? With respect to x 1 if you differentiate you get 170 minus 4 x
1. With respect to x 2 200 minus 6 x 2, and with respect to x 3 minus 100. So, this is our

gradient. So, we got the gradient.

Next will be the hessian matrix. Now, you see since they are pure terms of x 1 x 2. So, all
these terms you know they will be 0. So, all of them are 0. So, with respect to these del
square f del x 1 square, that becomes minus 4. Del x d square f del x 2 square that
becomes minus 6 and since there is no term this will become 0. So, this is our Hessian

matrix right.
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Example 1: Checking Concavity of Obj. Fn.

RN (@+2) 5 (6+A)sA=0
0 -6 0[-10 4 0]=0
o o ol lo o 2 So we will have 3 different values for lambda.
The values will be the following:
—4—]L 0 0 Al=—4;lz= —6; ,13=0
0 -6-4 0 [=0
0 0 0-1 As all the eigenvalues are found to be <=0,

the Hessian matrix is then ‘Negative Semidefinite’,

Solving this using the following equation,
Hence, The function will return Maximum value,

(-4-)[(-6-1)*(0-1)]=0
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So, we obtain the Hessian matrix now, we take the eigenvalue by making use of
characteristic equation and this is eigenvalue equation and very simple this one, it comes
to you know these kind of equations that is 4 plus lambda plus star 6 plus lambda star
lambda equal to 0.

So, 3 different values of lambda could be minus 4 minus 6 and 0. So, all the eigenvalues
are less than equal to 0. So, what is our conclusion? The conclusion is the Hessian matrix
is negative semidefinite because one of the term is 0. So, automatically since the
eigenvalues are negative only one is 0. So, we can say the function is concave and we

can have maximum value out of these is alright.

So, I will stop here in our next lecture we continue the discussion on KKT conditions

specifically, the problem that we are doing we shall complete the one.



