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Lecture - 25
Numerical Methods for Unconstrained NLP

So, for our course Selected Topics in Decision Modeling, today we are in our 25th
lecture. So, if you recall we were discussing non-linear programming right. So, today we

are going to discuss the Numerical Methods for Unconstrained NLP.

So, now the numerical methods for unconstrained NLP you know you have seen that
there are several methods in which we actually solve non-linear programming problems.

So, let us see where the numerical methods actually come in.
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Single Variable Unconstrained NLP:

Necessary and Sufficient Conditions

For a single variable differentiable function f(x), for global optimal solution x
=x*, necessary and sufficient conditions are:

Necessary Condition Single Variable Unconstraint NLP:
df Maximize f(x)=12x-3x" - 2x°
—=0atx=x"

dx * Non-linear Objective function
sufficient Condition * No functional constraints.

./ 0 for Maximizati a > 0 for Minimization

— = Z

P < 0 for Maximization dx?
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So, see if we have let us say single variable unconstrained non-linear programming
problem, say we have a single variable differentiable function f x, and to find out the

global optimal solution x equal to x star, we have the necessary and sufficient conditions.

So, you know the we take the first derivative put it equal to 0 at the given point that is the
optimal point, but that alone is not sufficient no that is necessary condition. The

additional constraint that we have to check for sufficiency, is whether the second



derivative value is I it is less than O that is for maximization and greater than O for

minimization. So, this is the simple thing that we have already seen.
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Bisection Method for Maximization

Intialization: Select €, find an initial X and X Step3: If ;‘_fs D
X

. . I _ —
b SRS Step4:Selectanew x' = (x + X)/2

Iterate steps until stopping rule is satisfied

df

Step 1: Evaluate — qgtx = x’
dx

Stopping rule
If x —x<2¢ie x'iswithineof x’

df Step 5: Else Continue
Step 2: If o >0, resetz =y
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Then sometimes if the second derivative is difficult to obtain and also the first derivative
is available, but you know not easy to solve, then we have a method called the bisection
method and we have discussed it that method basically meant that we take 2 values x you
know underline and x bar. And you know they should be between 2 extremes. So, that
the extreme point lies in between that you have to ensure that these are the two extreme

points one on one side and the other on the other side.

Then through the method of bisection and by evaluating the gradient and really noting
whether the gradient is on one side or the other based on which we keep you know the
averaging those two values and looking at which side it is on and then reducing the

search space and finally, obtaining the extreme point. So, that was the bisection method.
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Multi-Variable Unconstrained NLP
Necessary Condition  Gradient Vf(x") = (56_1{1' :—xfz, 1 b g)=o at x=x*

If f(x) reaches the extreme point (in terms of maximum or minimum) at x=x"
and, if, first order partial derivative of f(x) is also found at x*, then,

Of (x")/0x; = 0f (x")/0x; = 0f (x')/0x3 = ... = Of(x")/0x, = 0
Sufficient Condition

Hessian Matrix : Matrix of second order partial derivatives

* Itis relative minimum, if he Hessian Matrix is positive definite at the extreme point.
* It is relative maximum, if the Hessian Matrix is negative definite at the extreme point.
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But moment we had multivariable then you know it is not easy to obtain the first or
second differential, that time we had two more concepts we have introduced that was the

concept of gradient and the concept of Hessian matrix.

The concept of gradient is actually these are all first order partial derivatives, we equate
them to O at the x star, which is our maximum or minimum that is an extreme point. But
then additional the sufficient condition is that, the second order partial derivative that is
the Hessian matrix, you know that matrix should be positive definite for the relative

minimum and negative definite for relative maximum is it alright.

So, when will take that Hessian matrix and we find the eigen values, they will actually
determine the you know the positive definiteness or the negative definiteness of the

matrix.

So, this far we have already seen.
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Gradient Search Procedure for Unconstrained NLP

Initialization: Select &, and any initial trial solution x'. Choose the stopping rule first.
Iteration:
1 x'=x'+t'Vf(x) where t"is the positive value of t that maximizes f(x' +t Vf(x'))

2. Express f(x'+tVf(x)), asafunction of tby setting

SN, of o
X =% +t(a)_’ forj=1,2, e, , N

X=X

And then substituting these expressions into f(x).

Stopping Rule:‘;;j <& forj=1,2,3,..n where s asmall tolerance
/)

If so, stop with current x = x' as approx. optimal solution. Else, perform another iteration.

&

NPTEL ONLINE A

! ‘w9 ER RN
T KHARAGPUR CERTIFICATION COURSES el “

Now, there was another very important method that was the gradient search procedure,

they are the real advantage is that we really do not need the second that is the Hessian
matrix to be computed. So, if we know the concavity or convexity of the you know the
function as the case may be, concavity for maximization then you know we take the
iterative step that, x dash equal to x dash plus t star the gradient of the function at the
given point. And you know keep finding that starting from a point x, I mean trial solution

x dash you know move towards the gradient.

The essential idea is that if we are having a maximization problem, then as you move on
the gradient should go up right; with increasing gradient that means, the increasing
function value move towards the extreme point and keep modifying your trial solution
till you reach almost at the extreme point. So, that was the gradient search procedure is

all right.
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Numerical Methods

* Itis seen that, both for single- and multi-variable unconstrained non-linear
programming, it is difficult to solve the decision variables after equating the
gradient to zero.

* Numerical methods are used in this context.

* We shall use the following two Numerical methods:

* Newton’s Method
* Regula-Falsi

' NPTEL ONLINE ‘HPL P eTs Lt BD

IITKHARAGPUR CERTIFICATION COURSES

Now, sometimes we have what is known as the numerical methods also. So, supposing
we equate the f dash x that is the first order derivative to 0, but then it may not be easy to
solve that particular resulting equation because it may be having higher order terms right.
So, what we can do? We can make use of numerical methods. So, in these particular
lecture we are going to discuss two such methods; the Newton’s method and the Regula-

Falsi right.

Once again why do we need this numerical methods, this numerical methods are required
to solve unconstrained non-linear programming problems, particularly when we equate
the gradient to zero, but then the resulting equation is of higher order and you know we

need to it is difficult to solve directly. So, let us see the procedure.
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Newton’s Method

* Newton’s method considers first derivative of the function, i.e. f'(x) as a straight line

k+1

ata point % and obtains the next point at x*™*, where k is the current iteration.

K+l _ i f’(xk)

* lterativestep: X =X - 7T
f(xY)

* Iterative procedure goes on till the new point is sufficiently close to optimal point x*

d 2
rw=2 p-tt

* It must be ensured that f(x**1) < f(x*) while finding a minima and f(x**1) > f(x*)

while finding a maxima.
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So, really the procedure is like this that, we consider the first derivative of the function
that is f dash x f dash x as a straight line, at a given point x k and then obtain the next
point at x k plus 1 where k is the current iteration. So, what we need to do? We need to
find out the first derivative and we need to find out the second derivative at that point
this is all right. So, we take a trial point x dash k, and then find out the first derivative
and the second derivative and you know these two are helping us to iterate from a given

point to the next point.

So, that is that is the Newton method and then we have x k plus 1 value you know and x
k plus 1 equal to x k minus f dash k x k by f double dash x dash k where f dash x is our
first derivative and f double dash x is the second derivative right. So, that is the first
process iterative procedure and what we should ensure? We really should ensure that the
function value is really decreasing, if we are finding a minima and function value is

increasing if you are find a maxima.

So, it may so, happen that you know if it is not happening obviously, the process has

come to a point where it is not helping anymore right. So, that is the Newton’s method.



(Refer Slide Time: 08:41)

Nl
Newton’s Method - Graphical lllustration

Wy

f'(x) is approximated as a Q

straight line at the current
point x* and a new point
x**Lis obtained on this
straightHie

Tangent of f'(x) at x*

Hence, We have
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Now, let us see an example or before that let us look at the how exactly it is happening.
So, supposing we plot a f dash x. So, you know this side is x and this side is the function.
So, see this side is our x and this side is our function, that is f dash x right. So, let us say
this is our plot now assuming just arbitrarily so, that let us say this is where our x star

that is the optimal point lies.

So, what happens you know if | take a given point say what is this point? This point is
our x k that is our trial point. So, actually this is our x k value at this point because this

side is X. So, this is our x k value.

Now, if I take the gradient you know tangent of this f dash x and then take the slope that
is nothing, but f double dash x k is it not? Because that is the second derivative because
this line is first derivative f dash x, and if we take it slope at a given point x k ah;
obviously, that should be our second derivative. So, that is the equation written here that

is f double dash x k is f dash x k my x k minus x k plus 1 you know.

So, this is our new point x k plus 1. So, this side is you know what is this value x k minus
x k plus 1 and this side is our f dash, because this is f dash value at this point this much is
our f dash x k value that is the functional value. So, this is can be the way by which we

can define the f double dash x k.



So, a little manipulation you know you can find out that x k plus 1 because x k minus x k
plus 1, take it that side is f dash x k by a double dash x k and then just rearrange the
terms and then we get the new iteration value is the old iteration value minus first

derivative by second derivative at that point is it alright.

So, I hope you understood the method how exactly this Newton’s method really works.
So, if you have understood the method, then let us go ahead and solve problem and then

see how exactly it works.
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Newton’s Method - Example

Solve the following problem numerically by Newton’s Method.

Maximize f(x) = 12x - 3x* - 2x° .Fm SRTIRITTY

d 2 :
fi(x)= i 12(1 - 2% - %) f(x) = 2L = ~36x2 - 60x*
dx L
To satisfy Necessary Condition,we should hm;re
* Finding value of x is difficult analytically! @

* We can follow Newton’s Method - a numerical method
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So, here is our problem that solve numerically the optimal point, suppose we have
maximize f x 12 x minus 3 x to the power 4 minus 2 x to the power 6. So, at a given
point if I take the derivatives, that is the first and the second derivative what will be our
first derivative? The first derivative will be you know equal to f dash x if you take then

12 x it should be 12 minus 3 x to the power 4.

So, 12 x 2 cube, 2 x 6 minus 12 x to the power 5 is it alright. So, the same thing is
written here, 12 into 1 minus X cube minus x 5. So, if this is our first derivative what will
be our second derivative? Look here minus 12 x cube so, minus 36 x square and minus
60 x to the power 4 alright. So, that is how we have found the first derivative and the

second derivative.



Now, to satisfy the necessary condition, we have to put f dash x equal to 0 right so, that
should be our extreme point. Now in the question is that this particular value is not easy
to find out, what should be the value of x at this point because we have put it equal to 0.

So, finding the value of x is difficult analytically.

So, that is where we are trying to find out through Newton’s method the numerical
method. Not only that we have to ensure see one thing is ensured already that the this
one is a negative quantity. Can you see that? That whatever be the value of x x the x
square and x to the power 4, they are positive so, since we have minus 36 X square minus

60 x to the power 4. So, these has to be a negative quantity.

So, since the second derivative is negative, that actually ensures the concavity of the
curve; that means, we have an extreme point which is a maxima alright. So, that we have
already ensured. So, after we have ensured that, now the question is that what is the

value of x if I put f dash x equal to 0 that is our real challenge now.
Now, let us see how it actually happens.

(Refer Slide Time: 14:33)

Newton's Method - Example

Solving by Newton's Method Maximize f(x) = 12x — 3x* - 2x5
Let us assume a starting solutlon. For this valu.
d
f(n)‘dl— 12(1- %% - x,%) = -12 f”(x1)-—f -36x,% - 60x,* = -96
]
Hence, Next iteration Xy =X - f (xl)
value x; will be: (%)
24I-F-1) | 2,117
=X, = 1- z T 8- 3
—36*12—60*]‘1 :
= For this valug f(x) =7.844
11
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So, what we do we find the first derivative at this point which is 12 into 1 minus x 1
cube, minus x 1 to the power 5. So, it comes to minus 12 right and what is f double dash
x 1? So, it will be minus 96 for a given point. See we started an arbitrary point x 1 equal

to 1 right. So, suppose we arbitrarily start at a given point, now for that particular point



the f x value is a went the question is why do we start with 1? Because first of all we see
that by putting 1 we at least get a positive value and if we by looking at the nature of the
function, if I would have put 2 ah; obviously, the value would have been negative. So,

we have to have a good starting point that is an important thing to begin with.

Now, we find the first derivative and we find the second derivative and then we can
iterate and find out the next value of x 2, which comes to 1 minus you know the f dash x
by f double dash x. So, that is equal to 1 minus minus 12 by minus 96. So, 1 minus 1 by
8 equal to 7 by 8 right. So, that is what you get and which is 0.875.

So, this is our next iteration look here if you put 0.875, then our f x value comes to 7.844
right slightly better value is obtained. So, from a value of f x equal to 7, we have now

come to 7.844. So, that leads us for our next iteration.

(Refer Slide Time: 16:39)

Newton’s Method - Example

Maximize f(x) = 12x - 3x* - 225, We hav For this valugf (x) = 7.844
! d i dz
f) =L = 12(1- 1% - 1,5) = () =k = =36x,% - 60x,* =(62.733

!
Hence, Next iteration y = y - f (x,)
value x; will be: (R ()

12%(0.875-0.875° - 0.875°)

= x,=0875- 5 7
e -36*%0.875"-60*0.875
= {r, = 0.840 Farthisvalu@
12
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So, again we move ahead now, this time we have taken our next value x 2 is 0.875 if you
recall our functional value was 7.844. So, again if we actually obtain at this point the first
derivative and the second derivative, the first derivative comes to minus 2.194 and

second derivative comes to minus 62.733 by putting the x 2 value.

So, again by the similar computation, x 3 comes to 0.840 right. So, that is our next
iteration value and what is the functional value here? That becomes 7.884 right. So, from

7.844 we have improved it further to 7.884.
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Newton’s Method - Example
EXCEL Solution for the problem: Maximize f(x) = 12x — 3x* — 245;

lteration  x f'x)  f"(x)  f(x) Newx

1 1/ |12/ |9 7 0.875

2 0.875 //|-2.19397.1-62.7334 |7.84386 |0.8400
3 0.8400 /|-0.13099/-55.2739 |7.88379 |0.83763
4 0.83763 //-0.00056./-54.7950 |7.883946 |0.83762

Hence, we have: * = 0.83763;/ ( f(x*) =7.883946
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Let us move further at the next iteration, now we have used what is known as the an
excel sheet and what we did we actually put those values and you know use that same
iteratively similar calculations. So, we just copied number of times, the x obtained from
the first becomes the x for the second and x for the second becomes x for the third, for
the third whatever comes out at the end goes for fourth like this like this. So, that is how

it progresses.

So, initially we start with a value of 1, then 0.875 then 0.84 up to this point we have seen
and then further if you go, we get 0.83764 and subsequent look at the f dash x value. So,
you know it starts from minus 12 to minus 2.19 something, minus 0 point 1 3 and finally,
minus 0. 000. So, you see with subsequent iteration the first derivative is nearing as 0

value is alright.

So, you know it x is also slowly merging to a given value. So, may be after these many
iterations probably we can say that for this value that is 0.83763 you know probably is a
good approximation for the fx value of 7.83946, then iterate further, but we have to see

whether we are really improving is alright. So, that is the Newton’s method.
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Newton’s Method - Another Example

1
Solve numerically by Newton's Method  Maximize f(x) = 7' + x* - 4x

U df 3 11 dzf z
fﬁ)—a—x +2x—4 f'(x)=25=3x"+2

To satisfy Necessary Condition,we should have

* Finding value of x is difficult analytically!

+ We can follow Newton's Method - a numerical method
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So, to have a review of what exactly we have done let us take another problem and
quickly see supposing we have to solve numerical by Newton’s method maximize fx
equal to 1 by 4 x to the power 4 plus x square minus 4 X, again take the first derivative
and the second derivative. So, the first derivative f dash x equal to you know df d x is x

cube plus 2 x minus 4, and the second derivative become 3 x square plus 2.

So, that was the first and the second derivative and after obtaining that, you know the
necessary condition the first derivative should be equal to O that is the necessary
condition. So, again it is difficult to solve it. So, we follow what is known as a numerical

method. So, what is that numerical method?
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Newton'’s Method

Solving by Newton's Method

1
Minimize f(x) = 1:{“ +2f -4

Let us assume a starting solution x; =1; For this value f(x) =~2.75

T I R B
f(x1)—dx-x +2x-4=-1

Hence, Next iteration
value x; will be:

2
fla)=Tt=3P+2=5

S'(x)
f'(x)

1

) =

= x,=1-—

:> For this value f
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Once again let us see that by Newton’s method in the first iteration, what we do we

evaluate the f dash x let say again we start with a value from 1 and fx is minus 2.75 and

here you know this was the minimization function. So, we find that the new value of x 2

comes out to be 1.2 right and functional value from minus 2.75 goes down to minus

2.8416 alright that is the first iteration.
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Newton'’s Method

Solving by Newton's Method

Next solution x,=1.2; Forth

1
Minimize f(x) = Zx‘ +x% —4x

is value f(x) = -2.8416

fl) =5 =23+ 2x-4=0.128 [/ = =32 422632
Hence, Next iteration e J'(x,)
value x; will be: S f"(x,)
-0.128
= -
6.32
= x, =1.1797
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For this value f(x) = -2.84391
1

6

RN
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Then subsequently using this value we move to the second iteration and again we

compute the first derivative and the second derivative and when you take the ratio, then



we get 1.1797. And the functional value move up move down from minus 2.8416 to
minus 2.843910ok.
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Newton'’s Method

EXCEL Solution for the problem: ~ Minimize f(x) = }fx‘ +x% - 4x

lteration  x flx)  f"(x)  f(x) Newx

VR 5 215 |12

2 12 / |0128 [632 [-28416 |1.1797
3 1.1797 /| 0.001469 | 6.175409 | -2.84201 | 1.1795
4 1.1795 /(15607 ) 6173724 -2.84291 | 1.1795
Hence, we have: ‘f(x*) =-2.84291
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So, that is the second and again using excel we have tabulated the value moves from 1 to

you know 1 to 1.2 1.1797 and 1.1795 is alright.
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Regula-Falsi Method

+ The method considers f'(x) as a straight line and interpolates to find x for f'(x) = 0.

* It does not require calculation of 2" derivative.

* It requires initial knowledge of two points a and b bounding the solution. For this two
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So, at that level look at the f dash value is almost 0 right nearly almost 0. So, that is how

we find our optimal solution that is x star equal to 1.1797 and fx equal to fx star equal to



minus 2.84291 is alright. So, this is a kind of method through which we can find out the

functional value you know the extreme value by the method of iteration.

Now, see the other method which is known as the Regula-Falsi method. So, again this is
another method where the g dash x the first derivative is considered as a straight line is
alright as a straight line and the interpolation is made use of to find the value of x at for f

dash x equal to 0.

The advantages with there is no need to calculate the second derivative right, but then we
need to have 2 starting point a and b, such that the f dash a is negative and f dash b
should be positive. So, see there is a function f dash x for a value of a, the value is
negative for value of b f dash x is positive. So obviously, f dash equal to 0 should be

somewhere in between so, that we can interpolate between them.

So, this is the interpolation equation that we have that x equal to b minus f dash b, b
minus a f dash b minus f dash a right. So, if you do a little bit of manipulation you know
it will be like this, x equal to f dash b minus f dash a and on top what you have? B into f
dash b that is the first term minus b into f dash a that is the second term and then if you
again see here then first term is b into f dash b and the second term is you know I am

writing it here plus a into f dash b alright.

So, look here these b f dash b and b f dash b they cut each other. So, what is remaining? a
into f dash b minus b into f dash a, by f dash b minus f dash a. So, if I put it here that is
how we get that from the interpolation equation we have been able to find an expression
that is x equal to a f dash b, minus b f dash a by f dash b minus f dash a. So, is nothing

you just calculate this you will get here is alright.

So, now the question is that resulting x does the iterative value, you compute and then
see whether it is negative or positive. If it is a negative value then replace the x a by x
because a is the negative. So, a should be now replaced by x. So, it is like this. So,
suppose there is a line, suppose this value is O this is a and this is b, a is negative b is
positive alright. Now, what happens suppose we get x here so, if we get x here npw x
will become a. So, this will become a. So, this is our new a, but on the contrary suppose

this is a and this is b and we get x here, and x will be our new b this is alright.



So, now the iteration should be here or in this case it should be here. So, like these you
know with every subsequent iteration, you are nearing the point that is the 0 point which
you are trying to find out. So, that is the iterative method in the Regula-Falsi fine. So,

now, that we know what it is let us see an example.
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egula-Falsi Method: Example

Find out root (up to 3 iteration) between (2,3) of f'(x)=x*-2x-5=0
S

M) =43 — 2% 8 g=? -

fl)=x"-2x-5; a=2andb=3 :af'(h)fhf'(a)

fl(2)=-1: Negatwe and f'(3) = 16: Positive f(b)= f'(a)

Now, Wi f d, t 1t 8; i M

low, We find, new iteration-salytion

we find f'(2.058) %@ﬁ 2 [6 N ((2[))

Hence, Next iteration should be betweerzr X 16-(-1)

a=2058;and b=3 =2.058%/

N
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So, let us take an example that f dash x equal to x cube minus 2 x minus 5 equal to 0 we
take 2 points 2 and 3 arbitrarily knowing that, if I put 2 we get 2 to the power 3 is 8,
minus 4, minus 5. So, we know f dash 2 equal to minus 1 and if I put 3, then x 3 to the
power 3 is 27 minus 6, minus 5. So, we get f dash 3 equal to 16. So, 1 is negative and the
other is positive. So, we have one value on negative another value on the positive side
and then we iterate what is the iteration state? X 1 is a f dash b b f dash a by f dash b

minus f dash a.

So, we already found f dash 2 and f dash 3. So, 2 into this minus 3 into this and please
note that the function itself is f dash x. So, we there is no need to differentiation because
that was the function itself right. So, we find equal to 2.058 and the new value for the
function f dash 2.058 is a negative number. So, since you know as I say in the scale this

side is somewhere in between.

So, this is negative, this is positive, this is a, this is b. So, we get an ex which is negative

so; that means, now this should be our new a fine that should be our new a. So, what is



our new a going to be? It should be 2.058 right. So, then we should iterate between 2.058
and 3 right.
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- SRR
Regula-Falsi Method: Example

Find out root (up to 3 iteration) between (2, 3) of f'(x) =x*-2x-5=0

fl®)=x*-2x-5; a=2058andb=3 af '(b) - bf'(a)
£/(2.058) = ~0.39962 (~ve) and f'3) =16 (4e) | ()= 1'(@)
2/'(3)-3/'(2.058)
Now, We find, new iteration solution x; = 2.081 T f'0)- £1(2.058)
we find f'(2.081) = —0.1501 2',, l6- 3',, (-0.399)

Hence, Next iteration should be between 16 -(-0.399)
a=2.081and b=3 =2.081
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So, again we do that. So, again same thing we find f dash 2.058 which is again negative
and f dash 3 is positive. So, we find again through that at the next iteration we find x 2
value is 2.081 and when you put that we find a another negative value. So, that should be

our new a is it alright.

So, once again we followed this is nothing, but the second iteration and at the second

iteration by following similar procedure, we found a is 2.081 and b equal to 3.
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Regula-Falsi Method: Example
Find out root (up to 3 iteration) between (2,3) of f'(x)=x*-2x-5=0
flx)=x*-2x-5 a=2.08Landb=3 N af:(b) bf'(a)
£(2.081) = -0.1501 (~ve) and f(3) = 16 (+ve) S (0)-1'(a)
_2£'(3)-3/(2.081)

Now, We find, new iteration solution x; = 2.089 1'63)- £'(2.081)
we find f'(2.089) = —0.06177

_2*16-3*(=0.15)
Hence, after three iterations, we have 16 - (-0.15)
X =2.089; and f(x) = ~0.06177 =2.089 :
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Let us move further at the next iteration, again we put 2.081 we find minus 0.1501 and
that equal to 16 and again the computation shows 2.089. So, the new value is minus 0
0.06177. So, that is what we get after 3 iterations the x equal to 2.089 and f dash x equal
to minus 0.06177 is it alright.

So, that is how the Regula-Falsi method calculates the f dash x equal to O it is all and
finds the optimal point is it alright. So, we have seen the numerical methods for

unconstrained optimization in this particular lecture right.

Thank you very much.



