Selected Topics in Decision Modeling
Prof. Biswajit Mahanty
Department of Industrial and Systems Engineering
Indian Institute of Technology, Kharagpur

Lecture - 22
Single-Variable Unconstrained Optimization

So, in over course Selected Topics in Decision Modeling, now we are into our 22 lecture,
that is Single-Variable Unconstrained Optimization problems these essentially the non-
linear programming problems we are discussing. So, within that we are now discussing

the single variable unconstrained optimization problems.
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Unconstrained Optimization

* Objective function is nonlinear.
* There are no functional constraints.

Example:
Single Variable: Maximize f(x) Sinilt oo

Multi Variable: Maximize f(x,,x,,x,)= ¥ +x,(1-x,)+x] - x,x,

+xi+x,  lyle Unids
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Now, a unconstrained optimization problem in the context of non-linear programming
we might have the objective functions is non-linear and there are no functional
constraints. So, that is the essential definition of unconstrained optimization that there is

you know non-linear objective function, but there is no functional constraint.

So, it could be single variable or it could be multiple variable so, you can see in the first
case we have a case where we have maximize f x equal to 12 x minus 3 x to the power 4
minus 2 x to the power 6. So, we have only one variable so, since there is only one
variable we call it the single variable problem. On the other hand the second example
you can see the objective function is x 1 square plus x 1 into 1 minus x 2 plus x 2 square

minus X 2 X 3 plus x 3 square plus x 3.



So, you can easily see that there are multiple variables. Now, multiple variables problems
are a little a more complex then the single variable problems. In this particular lecture we

are mainly discussing the single variable problems only right.
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Necessary and Sufficient Conditions

For a given single variable differentiable function f(x), x = x* will be an
optimal solution (global) if necessary and sufficient conditions are met.

Necessary Condition
df

—=0atx=x"
dx

Sufficient Condition

or Maximization
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So, in the single variable problems for a given single variable differentiable functions f x
x equal to x star will be an optimal solution if necessary and sufficient conditions are met

right.

So, that is what we are discussing here that is, we have let us see a function maximize z
equal to f x all right. So, what is the necessary condition necessary condition will be df
dx equal to 0 at x equal to x star, but we cannot call x star as optimal until and unless it
also satisfies the sufficient condition; that means, the condition of sufficiency that the
second derivative should be negative right the second derivative should be negative. So,

this is what happens in case of maximization problem.

What will be there for the minimization problem, the minimization problem everything
else is similar the necessary conditions is again the first derivative should be O at the
point of optimality, but additionally there should be the second derivative should be
greater than equal to 0. So, second derivative less than equal to 0 for maximization
second derivative greater than equal to 0 for minimization right so, this is was we have to

do right, we have to find out.



The problem really comes when we might be able to find out the derivative values, but
from the derivative values which may not be possible to find the value of the variable
decision variable very easily, because higher order equations are really involved so, that

is where the problem comes.
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One-dimensional Search Procedure

* Many a time, first order differentiation can not be solved analytically.
s
Maximize f(x) = 12x - 3x* — 2x0 ‘ M. W) = 12x =22

—— . 40
al

dZ
12(1 - x* - 2% #: =-36x% - 60x* <0

df

H:

To satisfy Necessary Condition, we should have: 2(1 - x* -

* Finding value of x s difficult analytically! -4
g Y 0

procedure
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So, simple problems are easy, but difficult problems let us look at some of these things
before we solve these problem. Let us take a very simple problem suppose I have only
these problems to solve that is let us say maximize supposing I have this problem to
solve that is maximize f x equal to 12 minus 2 x square right. So, only this problem to

solve now we find what is it is say 12 x.

So, maximize f x equal to 12 x minus 2 x square only this much nothing else. So, if [ am
solving only this much and not the problem that is given here then if I find the first
derivative df x dx then we find is equal to 12 minus 4 x. So, when I put equal to 0 I can
easily find x equal to 3, what is the second derivative second derivative d square f x by

dx square equal to minus 4 we can see that this is negative.

So, since it is negative so; that means, the original function is concave objective function
was concave and therefore, the x equal to 3 is our optimal solution alright. So, once again
look what we have done we have a problem maximize f x equal to 12 x minus 2 x square
we took the first derivative and we got 12 minus 4 x we put the equal to 0 and we got the

x star equal to 3.



So, when we got x star equal to 3 that is over optimal solution for maximization because
the second derivative is equal to minus 4 which is negative there is no difficulty here
alright. So, this simple example is very easy which are solve and there is no con
confusion what is waiver, but what happens in this problem, let us see now see maximize

f x equals to 12 x minus 3 x to the power 4 minus 2 x to the power 6.

So, if we take first derivative we see the first derivative is 12 minus 36 x cube minus 24
you know x 5 right. So, we see sorry 12 into yeah. So, minus 2 x 6 so, minus 12 x 5 so,

this can we shown as df dx equal to the first derivative 12 into 1 minus x cube minus x 5.
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One-dimensional Search Procedure

* Many a time, first order differentiation can not be solved analytically.

Maximize f(x) = 12x — 3x* — 2x6

’ 20 dunshit
d f Maw
—36x -60xY<0 'S
To satisfy Necessary Condition, we should have: 2(1
* Finding value of x is difficult analytically! ! @
+ We need to follow Bisection Method = an One-dimensional search
procedure
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So, this is very easy to verify that that is our first derivative, if you take the second
derivative that we minus 36 x square minus 60 x to the power 4 alright. Now, second
derivative is less than equal to 0 y because put any value of x, so, x square will be
positive term and x to the power 4 will be also a positive term. So, this is multiplied by a
negative number and here also multiplied by a negative number. So, whole total must be

negative so; that means, the second derivative is negative.

So, it is conclusively seen that the second derivative is negative. So, we have no problem
here the second derivative is negative, but what about the first derivative we have to put
the first derivative equal to O that is our necessary conditions. So, to satisfy the necessary

condition we should have the first derivative equal to 0.



So, if you put that first derivative equal to 0 which essentially means that 1 minus x cube
minus x 5 equal to 0, now this is not going to be easy to solve this because you would not
be able to factorize it. So, easily this particular problem may not be so difficult because
you know equal to 1 equal to x cube plus x 5. So, you can take x cube common and all
those things you can try, but then let us not the usual thing because you may have
different co-efficients for another problem we should really find method where such

problems can be solved all the time not for a given problem.

So, one can see that finding value of x is very difficulty here in an analytical manner. So,
therefore, there are such an procedure which can be called as one dimensional search
procedure several methods are there we discuss one method that is bi section method. So,
how do we find out the solution for such problems in it is simple manner by an iterative

procedure.
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One Dimensional Search Procedure

Let x" be the optimal solution Slrpe

¥
We have for a maximization problem: f@®) YW |
, Concave
df

>0 ifx<x* » ‘Fugction ' e
2\

L a7 |-
@ if x=x" T
X
xk
if x> x*
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So, what we can do you see this is how we gain, supposing a x star is optimum solution
and we are really solving a maximization problem, for minimization problem it will be
slightly different, for a maximization problem you can see the function is concave. So, if

the function is concave you can see that this is where the, you know is our optimal point.

So, this is the optimal point so, the before the optimal point so, this side is x is less than x
star and this side is x is greater than x star is it know. So, what is your basic concept

about suppose I make a small chart x less than x star x equal to x star and x greater than x



star. So, these are the 3 regions and now what is your comment on the slope so, this side

it is increasing slope.

So, we can we say that is slope is positive this is the point which is the settled point at the
between point so, slope is 0 and here it is falling. So, slope is negative now we know that
df by dx is nothing, but slope alright. So, same thing is noted here you know this if x is
less than equal to x star then the slope is positive, if x is equal to x star slope is 0 if x is
greater than x star slope is less than equal to 0. So, this is very easy to understand that

essentially that is what we have written here right.

So, what we do is basically, suppose we do not know the function, but we take 2.0
suppose we take 1.0 here and 1.0 here is alright and then you know this where from we
get these 2.0 it is not that these 2 points has to be exactly on the both sides, but we
should be able to find 2 points which we know very very much with certainty that one is
on this side, other on the other side that we should know, if we know then what we do we

take the average supposing the average is here right.

Now, for that average we find out this slope or the gradient, then we imply checked that
is this slope negative or if the slope positive supposing we know the slope is negative
suppose this is our original point a and this is the original point b, then if is see the slope
is still positive then we discard this a and called this as a is alright then again we take

average and supposing we get another point suppose here.

So, then that we called b and we discard this original b so, like this you know what us
happened, again we take average in by is by section method we are essentially nearing
the point when we are coming to very close to this optimal point we may say yes optimal
point is reached right. So, this is how the one dimensional search problem actually shall

proceed.
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Bisection Method for Maximization

Initialization: Select €, find an initial X and X
Trial Solution ~ x' = (x + ¥)/2

Iterate following steps until stopping rule is satisfied

df

Step 1: Evaluate — gt x = '
dx
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So, let us see that how it happens. So, initialization select a epsilon find an initial x bar
and you know x underline and x bar and then the trail solution is x underline plus x bar
divided by 2. So, this x underline is on one side and x bar are on the other side. So,
supposing we have a function, this is our function so, this is our function this is suppose

to be optimal.

So, this is your x bar then the other side is your x underline and x bar, now the question
is evaluate df dx; that means, the gradient at the point supposing this is our point so, this
is our x dash. Now look here supposing the x dash is on the upward slope if it is see this

is the upward slope; that means, greater than equal to 0.

So, if it is in the upward slope then these points so, should really come here right. So,
this point goes here; that means, x dash now will come x underline right. So, if df dx is
greater than equal to O reset x bar with x dash which is the trail solution which is the
average solution. So, basically this is how we proceed and similarly now same thing we

might do with the next case.
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Bisection Method for Maximization

d _
Step 3: If _f <0,reset X = X'
dx

Step 4: Selectanew  x'=(x + X)/2

Stopping rule If ¥ —x <2ei.e x'iswithine=ofx’
-~
M )

Step 5: Else Continue

A0 (Y

A
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Then if the slope is on the other side then take x bar equal to x dash right. So, how it is
done once again so, this is our plot, this is our curve. So, this is our let say x underline
and this is another point which is x bar. So, this is our x dash so, if x dash has come in
such a way the slope is actually negative which is falling under that. So, these x dash

now should be taken as our nu x bar right. So, that should be reset.

So, that is how you do and then select a new x dash and again follow an if the difference
between the x bar and x underline you know the difference between them if they are
within 2 epsilon then we should stop; that means, x dash is within epsilon because x dash

is in the middle.

So, if the gap this is the gap this is the gap so, if the gap x is somewhere in the middle.
So, if the gap is less than the 2 epsilon we may say that x x bar is within epsilon of x. So,
we can stop otherwise continued so, that is how the method is so, very simple method let

see how it is operated.
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Example Single-Variable Unconstrained Problem

Example: Maximize f(x) = 12x - 3x* - 2x6

Solution
df 3 5 de
= - x = — = —26%2 — 4
o 12(1 - x* - x7) T2 36x“ - 60x* <0

b

s
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Let us took take the example once again. So, the example was maximize f x equal to 12 x

minus 3 X to the power 4 minus 2 x to the power 6. So, we took the 2 derivative df dx

once again it should be 12 minus 12 x 3 minus 12 x 5. So, 12 is common 1 minus x 3

minus x 5 and the second derivative is minus 36 x square minus 60 x 4 which is less than

0.
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Objective Function Shown Graphically
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So, that is the first take then after that this is the plot you know 12 minus 3 x to the

power 4 minus 2 x to the power of 6, that is our objective function to really show that the



objective function is concave right. So, these shows the objective function is concave and
we have also shown the objective function is concave by taking the second derivative

and we saw that the second derivative is negative.

So, since it is a concave objective function the maximization of the function is possible
right maximization of the function is possible because if you would have had a concave
objective function non I mean convex objective function then there was no you know
global maxima that was not possible to find. So, that is very important consideration that

has to be seem first right, now what we do that 2 inspection it can be seen.
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Example Single-Variable Unconstrained Problem

Through inspection, it can be seen that
1) f(x)is a concave function

2) f(x)is negativeif x <0 or x > 2
Threfore, we can make use of one dimensional search procedure
with the following initial values:

x=0,andx =2; £=0.01

o
=3
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So, how, we see that inspection.
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So, you can see that these functions is going through you know certain points; obviously,
it goes to 0 and this side is another point let us a 2. So, defiantly you know it this has to
be between 0 and 2. So, 0 is the supposing where is the objective function. So, supposing
this is our maxima so, maxima will be somewhere here now it is known that these
maxima is definitely form a 0, O this is 0 and somewhere here that is 0.2 right 0 will be

one side, 2 on the other side.

So, if you carefully see the graph at least one can work out that there should be 0 or 2
right. So, which should be within 0 and 2 so, these 2 limits are required. So, we must
have those 2 limits first. So, when we have ascertained that those are our limits then form

those limits you know we can begin.

So; that means, we can say that first of all things you have to seen that f x is concave f x
is negative if x is less than 0 or x is greater than 2 alright. So, therefore, we can make use
of one dimensional search procedure that we can make with the following initial values
that is x underline equal to 0 and x bar equal to 2 and let us take a epsilon equals to 0.01

so, with this values we begin.
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Example Single-Variable Unconstrained Problem

Initial Trial Solution  x" = (x + ¥)/2 =(0+2)/2=1
Y

Iteration 1

ﬂ:lZ(l—x:*—xs) %at(x;x’) = 121-1-1)=-12

dx . =
W}W
4 M
P O,reset n
¢/
=4 2
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So, now we can first take x dash equal to the average of the 2 so, 0 plus 2 by 2 equal to 1
right. So, 1 will be our new value, now we check what happens at 0.1 you recall that, that
was our first derivative df dx is 12 into 1 minus x cube minus x 5. So, when you put that
value 1 we find 12 into 1 minus 1 minus 1 equal to minus 12. So, we get a negative since
we get negative; that means, which side it will fall we call this is our card. So, this is
negative so, this point must have fall in this side so, this side means. So, this is 0 side and

this side is 2 side right.

So, 0 was x underline 2 was x bar; that means, this is new point should be replaced by x
bar x bar. So, new value for x bar should be therefore, x dash equal to 1. So, that should
be our new x bar right so, that is the first iteration, in the first iteration therefore, we find

the new value of x bar.
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xample Single-Variable Unconstrained Problem

e
’M\
Next Trial Solution &' = (x + X)/2 =(0+1)/2@ @

Iteration 2

df =12(1 - 2* - &%), —at(x x) =12(1 - 0.125-0.03125) = (16.1253
f>0reset(:)=. m

We continue interations till we have‘ . i.e. x'iswithing ofx"
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So, once we find the new value of x bar, now what happens again we find that what was
the value please now remember once again x underline was 0 x bar has become 1 right.
So, those are the values so, using those values we can now find next trial solution that is
x dash and then that you find 0 plus 1 by 2 equal to 0. 5. So, this is going to be over new

trail solution so, once again derivative 12 into 1 minus x cube minus x to the power 5.

So, at x is equal to x dash these values comes out to be 10.125 right. So, what is the
10.125, this is a positive value. So, since it is a positive value now it will fall on the other
side that is 0 side. So, these values somewhere here right. So, since it is that side now x
bar should be reset so, what should be the new value of x bar, it should be reset to x dash

that is 0.5 right.

So, if you continue our iterations so, with that again we can have you know further
iterations and when you stop when we see the difference between the x bar and x
underline is within 2 epsilon right; that means, x dash will be within epsilon of x star that
is a optimal right. So, let us how we continue the process so, all of these can be shown

nicely in the form of a table so, that table let us look at the table.
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Computational Table
0 0 2 1 7.0000
1 -12.00 0 1 0.5 5.7812
2 +10.12 0.5 1 0.75 7.6948
3 +04.09 0.75 1 0.875 7.8439
4 -02.19 0.5 0.875 0.8125 7.8672
5 +01.31 0.8125 0.875 0.84375  7.8829
6 -00.34 08125  0.84375 0.828125  7.8815
7 +00.51  0.828125 0.84375 0.8359375 7.8839

Stop

et
-

I NPTEL ONLINE ‘*PRPAIEI SO W
ITKHARAGPUR CERTIFICATION COURSES “

So, this is how the computation goes on that at the first iteration between 0 and 2 we find

1 look how the f'x dash is increasing. So, then after that the new value of x dash becomes
0.5, then again at the next 0.5 to 1 it becomes 0.75, then 0.75 to 1 the value; see now
slowly the value is increasing and then between point say 0.5 to 0.875, then 0.8125 like
that, it goes and finally, you know at the 7-th iteration we find that these values become

0.828125 and 0.84375 and the gap is within the 2 epsilon right.
So, we have this kind of value that is 7.8839 right so, then we stop.
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Example Single-Variable Unconstrained Problem

After Tthiteraion,we have ¥ —x <2t i.e. X'iswithine ofx'

The gap is less than 0.02, Hence, we stop iteration
Final solution
x'=0.8359375 = 0.836

flx') = 7.8839
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So, after 7-th iteration we have the gap has fall in within 2 epsilon. So, that is how we
can actually continue. So, this x bar minus x underline is within 2 epsilon the gap is less

than 0.02 we stop our iteration and final solution they are becomes 0. 8359375.

So, all these 2 x dash and x x underline we take again average and we get the x dash is 0.
833 and the function value become 7.8839. So, this is how we can through an iterative

procedure obtain the optimal solution right. So, let us take one more, quick example.
(Refer Slide Time: 27:15)
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Another Example

Example: Maximize f(x) = 8x — 3x% + x* —2x* — 16

Solution
d
—f=8 — 6x + 3x% - 8x3 - 6x°
dx
d2
—’; = -6+ 6x — 24x* - 30x*
dx
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So, that we understand our process very easily so, maximize f x is equal to 8 x minus 3 x

square plus x cube minus 2 x to the power 4 minus x to the power 6. So, we take the first
derivative that is 8 minus 6 x plus 3 x square minus 8 x cube minus 6 x 5 and second
derivative minus 6 plus 6 x minus 24 x square minus 30 x 4 right. So, those are the first

and the second derivative now this is the function.
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Objective Function Shown Graphically
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The function you can see it is between 0 and 1.2 there on the 2 directions. So, through

inspection it can be seen that f x is a concave function, it is a concave function that is the
function a nature is like this and the second derivative is also for certain values we have

to see explore if further and f x is negative.
(Refer Slide Time: 28:16)
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Another Example

Through inspection, it can be seen that

1) f(x)is a concave function
2) ) f(x) is negativeifx <0 or x > 1.2
&
Threfore, we can make use of one dimensional search procedure

with the following initial values:

£=0,andf =1.2; €=0.01

-

e
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If x 1s between x is less than 0 or x is greater than 1.2 so; that means, x underline you can

take as 0 and x bar 1.2 let us take epsilon is 0.01.
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Another Example

Initial Trial Solution  x" = (x + ¥)/2 =(0+1.2)/2=0.6

Iteration 1
d
ﬂ=8—61+3x2—8x3—6x5 —fatx'=3.2854>0
dx dx

di >0,reset x= x' =0.6
dx =

e
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So, at the first detraction x dash comes to 0.6 and if we evaluate df dx you know at x

dash it comes to 3.2854 that is greater than 0; that means, this is an upward slope; that
means, we reset lower values the lower value we then become 0.6 right. So, again we

take average and we take get 0.9.
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-
Another Example

Next Trial Solution ~ x' = (x + X)/2 =(0.6+1.2)/2=0.9

Iteration 2

d 4
E{=8—6x+3x2—8x3—6x5 St (x=1) =-434489 <0

4 < 0,reset X = x' =09
dx

We continue interations tillwe have ¥ —x < 2¢ i.e. x'iswithing ofx’

.

H 3
45
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And again if we take the gradient we find this time the gradient is negative; that means, it

is on the other side; that means, reset the x bar now that is on the upper limit to x dash

equal to 0.9 like this we continued. So, here is the computation table.
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Computational Table
dx
0 0 12 0.6 3.6301
1 43.2854 0.6 1.2 0.9 3.6554
2 -4.3449 0.6 0.9 0.75 3.9235
3 0.3887 0.75 0.9 0.825 3.8778
4 -1.6933 0.75 0.825 0.7875 3.9202
5 -0.5887 0.75 0.7875 0.76875 3.9264
6 -0.0850 0.75 0.76875 0.759375 3.9261
7 40,1555 0.759375 0.76875 0.764063 3.9265

Stop

NPTEL ONLINE ‘rPRp el LS
ITKHARAGPUR CERTIFICATION COURSES

Like this we continue and as we continue we finally, after the 7-th iteration we get

reasonably good value.
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Another Example
After Tthiteraion,we have ¥ —x <2t i.e. X'iswithine of x°
*

The gap is less than 0,02, Hence, we stop iteration

Final solution

x'=0.764063 = 0.764

flx') =3.92659
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So, we have the x bar minus x underline equal to we stop and the gap is less than this and
these are our final solution right. So, this is how we can solve the single variable NLP
problems by first derivative and the second derivative right. So, these are on the easier

side, next class we shall see how multiple variables are to be considered, right.

Thank you very much.



