Design and Analysis of Experiments
Prof. Jhareswar Maiti
Department of Industrial and Systems Engineering
Indian Institute of Technology, Kharagpur

Lecture — 46
Fractional Factorial Design: Introduction (Contd.)

Welcome to this class. So, we continue fractional factorial design. In last lecture I have
given you the concepts what is fractional factorial design and why it is needed, how does
it work what is generator for fractional factorial design and in this process I told you that
what is confounding and what is alias in this lecture we will continue with all those

things.
(Refer Slide Time: 00:49)
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And, the content is we will start with the anatomy of fractional factorial design then

aliasing and de aliasing with example and finally, design resolution.



(Refer Slide Time: 01:05)

Introduction
+ Notation: because the design has 252 runs, it’s referred o as a 24!

+ Consider a really simple case, the 2*! , where the experimenter can't afford to run all 2*-8 treatment
combinations; instead he will use top half of the following table as one half fractions.

+ Nole that 1 “ABC is called the generator of this particular fraction.

Factonal effect

Treament (I |A |B |AB C AC  |BC | ABC

T
a £ + + +
b + + + - +
g + + ¥ ¥
abe + |+ + + + + + +
ab + |+ + + - B
x Folle % ¥
be + + + * +
(1) + + B + +

So, last lecture you have seen this slide what I have said that if you go for 2 to the power
3 factorial design there what happened you require 8, 8 runs; 2 to the power 3 design 8

runs.

(Refer Slide Time: 01:23)

So, we have shown you that with generator I equal to ABC or I equal to minus ABC you
can you can reduce the number of runs to 4 and in that process you definitely lose some

information, but because of the properties like sparsity of fx principle projection property



and sequential experimentation you are still in a position to analyze and get useful

results.
(Refer Slide Time: 02:06)

The Anatomy of the Half Fraction of the 2°
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So, the 2 to the power 3 design with factors ABC let us see the geometric view you say
the first half I equal to plus ABC you are conducting experiment at this factorial point
this factorial point this factorial point and this factorial point and if you do this you will

be doing you will be using this factorial this factorial this 4 factorial part.

Now, you have to find out the effect of a, effect of b and effect of ¢ the main effects.
Instead of writing that a equal to this here we are writing 1 A, 1 B and | C it has a specific

purpose of writing 1 A and I B and | C which will be known to you little later.

Now, we all know that what is the effect is the contrast by 2 to the power k minus 1, here
nis 1, so, 2 to the power k minus 1, ok. So, here what is happening you are actually
doing because of fraction you are doing 2 the power 3 minus 1 means 2 to the power 2
design. So, in 2 to the power 2 minus 1 again; that means, 1 by 2. Now, a minus b minus
c plus abc these are the this is basically the contrast for A as well as BC let me let me see,

what will be the contrast for.



(Refer Slide Time: 01:50)
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A this into this that is a this into this is minus a this into this is minus c this into this is
abc. So, here your contrast for C A then a minus b minus ¢ plus abc. I told you that a is
confounded with bc if you see the contrast for bc you see that also A and this is basically
equal to contrast for BC. So, we know the effect is 1 by 2 to the power k minus 1 into n

contrast that you know earlier.

So, now, n equal to 1 k minus 1 here k equal minus 1 design; So, it will be this again
minus 1. So, that mean 1 by 2 into here if I say this is the effect of a then a minus b
minus ¢ plus abc, but this also effect of BC include effect of BC. So, as a result we are
writing only one intervene we are using the word | and writing 1 A because a’s affected
and BC is affected confounded. So, this is means this means we can say A plus BC there

is a purpose.

So, once you have this kind of design you know the contrast you know the effect and in
the slide itself slide you see 1 A equal to this, 1 B, 1 C. Now, from the table you can find
out all the contrast and get the main effects and interaction effects ok; So, calculation is

possible, but as I told you.
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Aliases in One-Half Fraction of the 2°

# Forthe principal fraction, notice that the contrast for estimating the main effect A is exactly the same as
the contrast used for estimating the BC interaction, and so on.

» Thus, |;=lpe ly=lio lo=lLp

# Therefore, it is impossible to differentiate between A and BC, B and AC, and C and AB. In fact estimates
of A, Band C are really estimates of A+BC, BTAC, and C+AB.

# This phenomena is called aliasing and it occurs in all fractional designs. Aliases are noted as

[, —4+BC
[,—B+AC
[.—C+4AB
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This calculation is alias, this is alias structure because 1 A is not effect of A only it will
basically effect of A and BC that is why A plus BC, 1 B is B plus AC, 1 C is C plus AB.
So, like this, ok.

So, if you if you see that for the that | A equal to again I A will be equal to 1 BC, 1 B equal
to 1 AC and 1 C equal to 1 AB because of the contest structure you see. So, truly speaking
there is confounding and then they are known as alias structure A with BC, B with AC
and C with AB, ok.

(Refer Slide Time: 06:49)

Aliases in One-Half Fraction of the 2°

A= BC B =AC C = AB 1s called the generating relation for the design.
1=ABC 15 a somewhat more convenient form for the generating relation,
Aliases can be found from the defining relation / = ABC by multiplication:

AI= A(ABC) = A*BC = BC, BI =B{ABC) = AB'C=AC; CI = CIABC) = ABC*=AB

{,»A+BC, {,>B+AC, (. 5C+4B

This one half fraction, with [=+ABC,, is usually called the principle fraction.
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Now, how do get the alias structure, ok. How do get?

(Refer Slide Time: 07:00)
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You see here your generator I equal to ABC. If you multiplied with a here you are getting
BC because this is a square BC equal to BC. So, that is why we are saying a and BC are
aliased A and BC similarly B and AC, C and AB, and if you will find out, ok. So, this is

this 1s what is the alias structure in this design.

Now, what do you do instead of using this you use I equal to minus ABC if you use |
equal to minus ABC then let me go back to this so; that means, this side the lower
portion half you are using here what is the contrast for A, A contrast for A is your ab plus
ac minus bc minus 1; then what is the contrast for BC; C BC if you see the contrast for

bc is minus ab minus ac plus be plus 1.

What is happening then; that means, this is minus C A. So, as a result if you use this half
the second half then when you compute 1 A which is 1 by 2 ab plus ac minus bc minus 1
this is nothing, but also minus this is this is basically minus of this minus of C A is there.

So, BC, C BC ok.

So, as a result what happened this I A when you compute like this ultimately relates to 1
A relates to A minus BC. So, using this half you are getting | A equal to A plus BC using
this up you are getting | equal to BC. So, we will use a dash here that is all.



Now, if I use 1 dash A then it will be A minus BC. So, if you do two fractional design
then in the first design using I equal to ABC and second is equal to minus ABC in the
first design you get this estimate and the second is and you get this estimate then you are
in a position to uniquely estimate A and B because half of 1 A plus | dash A will give you

A here and half of | A minus 1 dash A will give BC here.
(Refer Slide Time: 10:20)

De-aliasing through Sequential Experimentation
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So, that is the advantage as I told you that if you go for sequential design first half maybe
using these second main using this and then what will happen combining the two you
will be getting the unique estimates ok. So, if you see this table using half 1 i plus 1 1 dash
11 from ABC and 11 minus 1 i dash you will be able to find out the main effects and the
second order interesting effects. So, this concept is known as de-aliasing this concept is
known de-aliasing and either this one when you use one half and we get like this or like

this is the aliasing one.

So, in order to de alias you require to have the other fraction also when it is half fraction

when it is one fourth faction you require more, ok. Let us see one example.



(Refer Slide Time: 11:30)
e
Example

Consider the filtration rate experiment; We will use the 2*'design with [ =ABCD,
because this choice of generator will result in a design of the highest possible resolution

The ot Desn with the Defining Relston 1 = ABCD
1. . Treament Filiraion
Run A [l C 1= AlC Corbinai Rale
1 - - - - ) I
| + - - + d LLL1]
A - + - + W i
4 + + - - ab &
5 - = + + al %
6 + = + = @ ]
1 - + ¥ - b 0
5 ¥ + ¥ + abed '3
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Here after doing so much of fractional things let us see one example. This is an example
where there are 4 factors A, B, C and D and you require 2 to the power 4 means 16
experimental runs with single replicate, but you do not want to do this because you have

problem resource problem.

So, what do you want you want to you want one flex one half fraction 2 to the power 4

minus one; that means, 2 to the 3 means 8 runs.
So, how do you do this it is given here.

(Refer Slide Time: 12:20)




So, the proceeds procedure is if 2 to the power although I have A, B, C, D 4 factors and [
require 2 to the power 16 runs for complete factorial d design here, but I you are going 4
to the power 4 minus 1 means 2 to the power three; that means, 8 runs. So, that means, at
least in three factors A, B and C let this is full 2 to the power k factorial. So, then what
will happen to D what will happen to D. So, it is said that D should be D D D should be
related or D should be 8 it to the highest order interactions of A, B, C then it will be A, B,
C.

It not be it should be in confounded with A, B, C third order interaction it maybe with ab
also, but it is suggested that the inter the confounding should be with the highest order
interaction for better result. So, if that means, your design will become like this you see
here. So, for A, B, C you see that the full to the power k factorial written here minus plus
minus plus up to 8 minus minus minus minus minus minus plus then you find out the

highest order interaction A, B, C. So, you multiply although you are getting this.

You are saying that D will be set like this if you if you choose D like this then what is
happening here your treatment combinations are this first one is the all low second one
AD high and something like this and with this treatment combination you have done the

experiment and you get the filtration rate that is the response values.

Now, you may say that what will be the value of AB AC BC you can multiply now you
will be getting everything. So, if you use D equal to D equal to ABC here then if I
multiplied this with D then it will be D square then it will be ABCD and D square means
it is I equal to ABCD ok. So, I equal to ABCD this is what is the relation. So, then if you
now, it is possible suppose you what do you do you multiplied all the columns here 1
minus you will find out that if you multiplied A, B, C and D you will get I mean all

positives ok.

Ah let me tell you one more thing suppose if you do not if you say D equal to AB here
what will happen then what will be I; I equal to ABD, please keep in mind the number of
words in this relation this is very important. Here if I if I if D is confounded with ABC
by design then I equal to ABC D this is 4 word you are getting 4 word relation if you
instead of confounding with AB if you do a with ABC if you confound d the with AB
then the defining relation here we have three word this word business is also equally

important. So, I equal to this how many words here I three words and here four words,



ok. So, now, let us do some calculation and then again we will come back to the

concepts.
(Refer Slide Time: 16:45)

Example (Contd.)

IAIE%[-4S+IM-4S+6S-?S+ 60-80+96) =19.00= A+ BCD

[AB]-%(45-IOO-45+65+75-60- 80+96)=~1.00— AB+CD

Application of Ockham’s razor (after William of Ockham), a scientific principle that when one is
confronted with several different possible interpretations of a phenomena, the simplest interpretation is
usually the correct one.

Another way to view this interpretation is from the standpoint of effect heredity. Suppose that AB is
significant and that both main effects A and B are significant. This is called strong heredity, and it is the
usual situation (if an interaction is significant and only one of the main effects is significant this is called
weak heredity; and this is relatively less common).

IT KHARAGPUR

So, with this with these data; so, you want to estimate A.

(Refer Slide Time: 16:50)

So, instead of A you will estimate A within bracket because this is nothing, but A plus
BCD why because this earlier structure you have to find out you can find out this I equal
to ABCD. If you multiplied this with A, you will be getting BCD; if you multiplied this
with B you will be getting ACD. So, with C you will be getting ABD with D you will be



getting ABC suppose you multiplied with AB what will happen AB, if you multiplied
with AB you will be getting CD, if you multiply with AC you will be getting AC under
BD if you multiplied this AB AC AD you will be getting BC, if you multiplied this with
BC you will be getting AD, if you multiply this AB over AC over AD over BC already
done BD done CD done.

Now, if you multiply this with ABC you will be getting d so; that means, multiplying the
one or other factors you will be getting another factor in this kind of this is the aliasing
structure, so, fine. So, suppose I want to from using this data using this data when you
compute A you are basically computing A plus BCD. So, this is what a 19 AB minus 1
that is AB, AB also you can compute in this manner you can compute other effects also

all the effects with the alias structure.

Here two important things to be noted here one is that the effect value whether it is large
or small if effect value is large then the effect with this alias is significant. If the effect
value is small then there the particular effect with alias that that may not that is not
significant in the first case it is significant. Now, which one is significant are both of
them significant or one of them significant and another one is not significant, how do
you find out in the second case are both of them insignificant because the total is
insignificant or individually they are significant and collectively they are insignificant

because one going in opposite to the other direct direction.

So, it says it says little interpretation issue little complex from that point of view also, but
we have some rescue one of them each Ockham’s razor. Ockham’s razor means that is
basically by William Ockham who said that a scientific principle actually the that when
one is confronted with several different possible interpretation of a phenomena, the
simplest interpretation is usually the correct one, ok. What does it signify say if [ suppose
here we are saying A and B C D together the effect is 19. Now, again the perceptive
principle says that the higher order interactions will be effect will be negligible compared

to the lower order interaction.

So, it is quite obvious that A effect is significant as A plus BCD effect is significantly
large nineteen. So, A is significant because from perspective of effort BCD effect will be
much lower than A in some k in any case if we can found that BCD effect is negligible

then we can take this 19 as effect value for k,. Another view point is the standpoint of



effect heredity what is this suppose that AB is significant and that both main effects A
and B are significant, in that case it is a strong heredity the reason is A and B are
significant and AB also significant. So, another one is that suppose, AB significant, but

one of the one of the A and B are not significant. So, then it will be weak heredity, ok.

So, this also this is basically less in less common that is usually this is less common. So,
that that is why these two principle helps us to focus on the effect when it is estimated

using this alias structure ok.
(Refer Slide Time: 22:30)
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So, with this explanation now see the effects and their aliased structure A 19, B 1.5, C 14,
D 16, AB minus 1, AC these like this. So, here A, C, D, AC and AD they are large. So,
significant compared to B and AB it is really significantly large. So, as B value is low.
So, we can we can assume that it is not significant and here AB is value is also very low,

ok. So, this is also not significant.

Now, as AB is aliased with CD. So, AB plus CD you may say that this value is low
maybe AB is in the positive side and a CD affecting negatively. So, that is why this is
low, but this occurs hardly occurs this kind of things are you. So, so all practical
purposes it can be assumed that A, C, D, AC and AD are significant and using this AC all
those things this regression equation can be developed. Now, once you develop this

regression equation now your another work you can do you can develop response



surface, you can go for contour plot, you can set the parameters at different levels and to

get that you can optimize this also. So, things are possible.

So this is what is in case of fractional factorial design how do you how do you design for
fractional factorials then once you conduct the experiment the rate the experimental data
how do you analyze using contrast only you analyze the effects and then from there as
there are there are alias structures. So, you cannot separate out some of the effects from
the other effects. So, using the Ockham’s razor and heredity principles as well as the
sparsity of effect principles, so, you are in a position to conceptually eliminate some of

the some of the low value effects.

(Refer Slide Time: 25:06)

Normal probability plot

Mermal probability plot

Sorted
Estimated g5
SLNo  elfect (-0.5)n =
1 B 0071429 £ .
2 1.5 0.214286
3 4 03B En
4 165 05 -$2]
5 185 0642857 g *
(] 19 0.7835714 o
19 0928571 1

Estimated Effect

! NPTEL ONLINE

IITKHARAGPUR CERTIFICATION COURSES

This you have seen earlier the probability plots also the normal probability plots and
efforts to find out the which are the, they are significantly larger than others.
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Design Resolution

Consider a > design with four factors A, B, C and D. The generating relation for this design

is, I=ABCD, contains four letters. Thus, by using the multiplication rule, we find that any

effect identified by a single letter is coupled with a three letter effect; thus A=BCD, B=ACD,

C=ABD, and D=ABC. Similarly, every two letter effect is coupled with another two letter

effect; thus AB=BC, AC=BD, and AD=BC.

» The design described here thenis a 25" , or in words a “two to the power four minus
one, resolution four” design.

If instead two factor interaction column, say AB is used to accommodate D, thus D=AB

with generating relation [=ABD. Thus with this design A=BD, B=AD, C=ABCD, D=AB,

AC=BCD, BC=ACD, and CD=ABC.

» Since the generating relation 1=ABD contains a three letter word, this design is of
resolution Ill, a 2;;' design.
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The last concept to into in this lecture is the design resolution.
(Refer Slide Time: 25:42)

Example

Consider the filtration rate experiment; We will use the 2*'design with | =ABCD,
because this choice of generator will result in a design of the highest possible resolution

(V).
The 2fy" Design with the Defining Relation | = ABCD
Sake Dol Treatment Filtration
Run 1 [ ( 1= AR Combination Rale
1 = i 48
t + il (L]
~ * - + L 48
4 + + - - ah (5]
L] = + ‘ al k]
[ - + - ™ )
+ + [ 1
% i ‘ + + abed %
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So, you have seen example that four, four factor A, B, C, D in this particular case you see
that the example where is the example now this example you have seen that we have
considered four factors and I equal to ABCD either defining relation, ok. So, the

generating relation or defining I equal to ABCD it contain four letters.

Usually these this talks about the resolution, the higher the resolution that is better the

better the design. If I equal to content four words four words then it is it is region



resolution is 4. So, that is why this in this example it will be said at 4 minus 1, 4; that
means, what is then that 2 to the power to the 2 to the 2 to the power 4 minus 1
resolution 4. This will be written like this fractional factorial design 2 to the power 2 to

the power 4 minus 1 comma resolution 4, ok. Resolution for this is the dn.

Now, as I told you that here why this the resolution each you got the high region that
photo resolution because you have converted D with ABC when you started the design
and accordingly you got I equal to ABCD. If by if instead of this if you say D equal to
AB then I told you I will be ABD now, how many words? It has three words. So, here if
you if you do this and accordingly the algebraic sign table will change, the contrast will
change, alias structure will change everything will change then and then what will

happen that this design will be known as 2 to the power 4 minus 1, 3.

So, this fractional factorial design 2 to the power 4 minus 1 resolution 3 ok. Obviously,
this is better than this. The reason is here you see D is 1 D the confounded with higher
order interaction in comparison to this here third order interaction here. Second order
interaction partially of a principle says that if this is significant this will also be
significant because AB will order. So, that this design is not good compared to this in

general. So, it is recommended that you go for higher order designs, ok.

(Refer Slide Time: 28:52)
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Now, suppose I will ask you question like this that given that I equal to ABD what is the
alias structure if you multiplied this with a what do you get you will get B, but if I equal



to ABC, if you multiplied with A what you are getting ABCD if you are getting BC DC
the alias structures are also changing. So, depending on what kind of what kind of
resolution you are considering that will ultimately change the idea structure and
obviously, if you have enough expertise on the process the physics of the process and
where you think that it is better to confound D with AB instead of ABC then, obviously,
you go for this other design that is what is and what basically the common sense

explanation.
(Refer Slide Time: 29:43)

Design Resolution(Contd.)

*  Resolution IT1 Designs:
= No main effects are aliased wilh any other main effect.
= Main effects are aliased with two-factor interactions and some two-factor interactions may be aliased with each other.
= Example i
zm

Resolution IV Designs:
= No main effect is alizsed with any other main effect or with any two factor mieraction effect.
= Two factor interaction effect are alinsed with cach other,
= Example ~4-1
2

Resolution V Designs:
= No main effect or two factor interaction effect is aliased with any other main effect or two factor interaction effect
= wo factor interaction éffects are aliased with three factar interaction effect
= Example 2‘ 1
"
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Some of the guidelines if you go for resolution III designs, no main effects are aliased
with other main effect main effects are aliased with two-factor interaction and some two-
factor interactions may be aliased with each other, for example is this. Integration 4
design no main effect is aliased with any other main or to order in two way interaction
effects two-factor interactions effects are aliased with each other example is this, if you
go for higher order, like resolution V design; no main effect or two-factor interaction
aliased with any other effect main or two-factor interaction effects no two-factor

interaction effects aliased with any three factor interaction effects example this.

So, from here you can understand the aliased how the aliased structures changing if you
go for higher resolution and it is obvious that the more the resolution the better is the

reason.
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Design Resolution (Contd.)

4. Projectivity: If the generating relations I=ABC and the factor C can be accommodated
by ab means we are dropping one factor and obtain 22 factorial in the remaining two
factors. That means it can be said that 3D design projects a 2? factorial in all three
subspaces of two dimensions. The 3D design is thus said to be of projectivity P=2.

In general, for fractional factorial designs the projectivity P is 1 less than the resolution R,

that is every subset of P=R-1 factors produces a complete factorial (possibly replicated) in
P factors.
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So, I already explained most of the thing like higher order interaction negligible.

(Refer Slide Time: 30:46)

Design Resolution (Contd.)

To get the most desirable alias patterns, fractional factorial design of highest resolution
would usually be employed.

1. High order Interaction Negligible: Assuming that interactions between three or more
factors may be ignored.

2. Redundancy: Fractional factorial employ redundancy by arranging that lower order
effects are confounded with those of higher order that are assumed negligible.

3. Parsimony: The active factor space is frequently of lower dimension that the design

space-that some of the factors are without much effect and may thus be regarded as
essentially inert.
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Redundancy that means, a fractional factorial design; Employee redundancy in arranging
that lower order effects are confounded with those of the higher orders that are
negligible; Parsimony the active factor space is frequently of lower dimension that the
design space means actually if you have for many factors the design space is a bigger

one, but actual actives that face that space basically that will be in that will be lower than

the bigger one and then projectivity.



Projectivity is important one as I told you that any fractional factorial design of higher at
higher order is basically full that to factorial again at the low order. So, that is known as
the projectivity. So, if you project a higher dimensional issue in to do a dimensional issue
you will have full information at the lower dimensional issue and there is there is
interestingly suppose if it is 2 to the power 3 minus 1 design then projectivity is 2

because in 2 dimension it is it is full factorial all factorial points are captured.

And, now that is why whatever and it is there is a relation between the resolution and the
projectivity that projectivity is resolution minus 1, keep in mind. If projectivity is P
resolution is R then R equal to 4 P equal to R minus one P equal to R minus 1. So, so if
you pure you are defining relation is ABCD then your resolution is 4, R is 4, if it is ABD,
R is 3. See here in 3 projectivity will be 3 that mean in 3 dimension full information you
are getting, but here you are getting full information in some of the cases only in 2

dimension. So, the solution has very good effect in case of lower order analysis also, ok.
(Refer Slide Time: 33:10)
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Projection of a 2" design

into thice ¥ designs.

The 3D design projects a 22 factorial design in all three subspaces of two
dimensions; the factor C is accommodated by the signs of ab.
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So, this is and this is the way; that means, the projectivity part we have explained this
one. You see that 3 third 2 to the power 3 design and if you do even fractional factorial in
one half of t you will in the at least in the AB level or here AC or BC level you will be

having full information provided at each and that resolution is 3.

The lecture taken from Montgomery’s book, Design Analysis of Experiment; So, thank
you very much and I equates all of you to carefully read the chapter of Montgomery for



fractional factorial design, the concept another thing what we have discussed here. These
are not simple, there looks to be simple, but they require a careful reading and I hope that
you will be able to able to do the assignments and also will be able to score high, that is

all.

Thank you very much.



