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Welcome, I will continue estimation. In last class we could cover the confidence interval
of single population mean, and confidence interval for single population variance.
Confidence interval for the difference between two population means, and confidence
interval for the ratio of two population means, or a ratio of two population variances.
This is in not covered, and now within to diminish of time, we will try to cover this two
concepts that confidence interval for the difference between two population means and

ratio of two population variances.
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So, if we quickly recapitulate what we have discussed from the confidence interval point
of view with reference to a single population means. I said that the quantity y bar minus
mu by sigma by root n. This follows z distribution. So, where it will be z and t, those

kinds of discussions I have already made.

You see the first few slides of my previous lecture you will know, and we say that you
will create a interval which is known as low and low limit and high limit with reference
to, let us say the normal distribution this will be plus z alpha by 2, and this will be minus
z alpha by 2, where alpha by 2 is the area under the curve right to this point upper point
limit. Similarly this one is also alpha by 2 which is left to the lower limit, and there is the
mean of this quantity is, as it is normally distributed unit normal and 0 1. So, this value is
0. Our sole purpose is basically to find out what is the interval of the different

destination.

So, accordingly we have created the probability low, less than equal to y bar minus mu
by sigma by root n less than equal to u, and this is 1 by alpha, and accordingly this 1 and
for z distribution 1 and u are replaced by minus z alpha by 2 less than equal to y bar
minus mu sigma by root n 10, and plus z alpha by 2. This is 1 by 1 1 minus alpha, and
our inter confident interval is this. This we have computed, and we got the interval for

mu.

No longer we have one population will have two different populations. So, two

population. So, two populations case. Population 1; suppose the variable of interest is y 1



and its mean is mu 1 and variance is sigma 1 square and you have collected n 1 data
points. Population 2; variable of interest y 2 mean is mu 2 and you have this one sigma 2
square variance, and you collect a data n 2. So, what we want, basically there is the, that

slight difference is there.

A variable of interest is same y from the two population point, point of view, but as
population 1 is having certain distribution one with these, and population 2 with these
fine. So, you collect a two different sample of size n 1 and n 2, and this samples are
independent samples. Now you, from the sample, we are denoting that sample 1 from
population 1, and sample 2 from population 2. So, sample 1 point estimation is y 1 bar,
sample 2 point estimation is y 2 bar from mean point of view. From standard deviation
point of view, a variance point of view s 1 square and s 2 square. So, s 1 square and s 2

square fine.

So, what is our objective here? We want to find the confidence interval for mu 1 minus
mu 2 C I for mu 1 minus mu 2. So, should what is mu 1. Mu 1 is the population mean for
the variable of interest y and mu 2 a from population 1 mu 2 is for population 2. So, what
if, what is the, then say sample equivalence definitely y 1 bar minus y 2 bar. So, you
collect a sample from first population, and another one from second population.
Compute these, you were getting these. You repeat this process; you will be getting

several such y 1 bar minus y 2 bar values.

(Refer Slide Time: 05:54)




So, y 1 bar y 2 bar is the random variable of interest y 1 bar minus y 2 bar. So, what do
you require? Now you require to know what is the expected value of y 1 bar minus y 2
bar. This will be expected value of y 1 bar minus expected value of y 2 bar, and this will

be mu 1 minus mu 2

You know this earlier, we have discussed. Similarly variance of y 1 bar minus y 2 bar is
important. This will be variance of y 1 bar plus variance of y 2 bar, and why this. You
know I have explained earlier, and there is no covariance for, because while the two
samples are collected from two different population, and they are independent in nature.
So, this will be sigma 1 square by n 1 plus sigma 2 square by n 2. Now we will create a
statistic here, that statistics that is y 1 bar y 2 bar that is the random variable minus its

expected value y 1 bar minus y 2 bar by its variance y 1 bar minus y 2 bar.

This is nothing, but y 1 bar minus y 2 bar minus mu 1 minus mu 2 divided by sigma 1
square by n 1 plus sigma 2 square by n 2. So, this is the statistics. So, what will be its
distribution, if sigma 1 and sigma 2 known, and coming from the normal population.
Then we can assume that this will be z distribution unit normal distribution. So, in that
case, we can write this, that probability 1. We were interested to know probability 1 is less
than equal to y 1 bar minus y 2 bar minus mu 1 minus mu 2 divided by sigma 1 square
by n I plus sigma 2 square by n 2 u equal to 1 minus alpha that is inter of interest. So, we

want this. So, essentially what you require. You require 1 and u.
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So, if you see the last class; first, second or third slides, where we have given that, when

you go for t n, you dist z distribution.

So, depending on this suppose it can be t, it can be z distributed. If it is suppose, if it is z
distributed, then already I have explained this minus z alpha by 2 plus z alpha by 2. If it
is t distribution, then this will be minus t n minus t its degrees of freedom. Suppose d I
write, let me write alpha by 2 and this side mi plus t d is d d o f degree of freedom into

alpha by 2. So, this is | here, this is u here, and for z this one is 1 and this one is u.

So, you, what do you do. Confidence interval, when you try to find out y 1 bar minus y 2
bar minus mu 1 minus mu 2 divided by sigma 1 square by n 1 plus sigma 2 square by n
2, then this less than equal to you write minus z alpha by 2 plus z alpha by 2 or you write
t minus t alpha by 2 d o f less than equal to this quantity less than equal to plus td o f
alpha by 2. So, we have to understand that what is the, what is your. I can say that
situation, whether this t or z situation accordingly. So, ultimately what happened, you
just see the some other slide. The concept is given to you. Now, what happened? You see

that if it is z distribution, this is the equation.

(Refer Slide Time: 10:25)
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And from these we can very easily, can come to this. This equation y 1 bar minus y 2 bar
minus z alpha by 2 into this variance, but and there this will be this, for normal
population with known sigma 1, sigma 2. For non normal population with known sigma

1 sigma 2, but for large sample size, the situation when it will be is, we use this formula



for computation of confidence interval for difference between two population. Means it
is that for all normal population, when sigma 1 and sigma 2 the variances are known for
all other population, when variance sigma 1 square sigma 2 square or standard deviation

is, are known on large sample size, you have taken into consideration ok.
(Refer Slide Time: 11:20)

Example - CI for two-population mean difference
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So, what will happen, that is one example is given here. So, the example is, we have
chosen two filter; filter type 1 and filter type 2. A filter is a factor, it is two levels; one is
filter type 1, and type 2, and you have run the experiment 12 times using filter type 1,
and 12 times using filter type 2; obviously, randomized designed. It is not that the
insequence only with filter type 1. So, then what is required to know. We are interested to
know what is the 95 percent confident interval for the difference between two
population? Means; that mean the response time; see that, that is label and detection

signal at level at detection, whether they are different, if we use different filter types.

(Refer Slide Time: 12:17)
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So, essentially what I mean to say, you have conducted experiment; that is the radar
scope experiment. So, your y variable of interest is signal level at detection. So, here
your two populations, are two populations are two levels of that filter type; one is filter
type 1 is one first population. Filter type 2 is second population. Please remember this is
nothing, but the two levels of these are the two levels; level 1 and level 2. Level 1 and

level 2 of filter type.

When I explained the experiment, and in first few lectures this explained. They are two
levels and that is way. So, that will factor levels are treated as population. So, other way |
can say that you are doing the experiment with type 1, type 1 filter and type 2 filter. This
is level 1, this you, when you are doing experiment, whatever results you are getting; that
is from we are seeing that from population 1. Whatever results we are getting that

coming from population 2.

So; that means, this 12 observations here. So, n 1 equal to 12 observations again n 2
equal to 12 observations here you have collected in your sole interest to see that whether
the mean y y mean will differ for the two or not important, because when you have a

factor, a factor has two levels you can do this. So, now then what we have computed.
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We have computed mean y for population 1 that is levta filter type 1 and filter type 2,
and the variance 6.5 and 5.5, is it given here 6.5 and 5.5 standard deviation which is the

square root of variance is given ok.

N 1 equal to n 2 equal to 12 and we have used mean, this random variable minus z into
the variance component a standard deviation and then this plus z and standard deviation
part. So, the result end quantity 8.37, this will be this, this mu. In the sense it is basically
we try to write theta; that is mu 1 minus mu 2. So, 8.37 to 16.63; that means, the
confidence interval 95 percent confidence interval of mu 1 minus mu 2 in this case, is

8.371t0 16.63 .

So, what is your interpretation? Interpretation is that, what is the y, what is the point
estimate y 1 bar minus y 2 bar 101.58 minus 89.08. So, this value is 0 then 5. Then this is
92891. So, 12.50, if you go by 12.50, then if I write this side that this my y 1 bar, this the
difference between two population means. So, y 1 bar minus y 2 bar. This is the axis
point estimates somewhere here; 12.50 and interval estimate will be 8.37 to 16.63. This

1s 16.63, and this is 8.37.

So, 95 percent of the data will fall under these. So, this is my distribution, and 95 percent
of the data points will be within this range. So, when you take decision, you also should
consider that it can be as low as this, as high as this, but average value is this. This is the

decision. Now go for the second one. Confidence interval between two population mean



the special case, very important one. Most of the time we assume that the two population
variances are equal that means sigma 1 square equal to sigma 2 square equal to sigma

square.
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So, what I have say, we are saying that whether you use type 1 filter or type 2 filter. Type
2 filter in the radar scope experiment the mean value will differ, but the standard
deviation will not differ. So, it may be, it may not be a correct assumption for this case,

but many a time we will consider this and it also true.

So, when you know; that means sigma, your things are becoming little better, because
you, when you calculate the population variance for the mean from filter 1 or filter 2,
you take the data point; that is the one difference you take these two. So, now, what
happen for the time being, you think like this that the, this is, this is this is equal sigma
square. Later this other concept would, I suppose to tell you, i will not tell now, 1 will tell

later on, because it require something more.

So, under such situation what you will do. You will use that the variance part is like this;
that means, variance of y 1 bar minus y 2 bar is this. So, then it will be what sigma 1
square sigma square, sigma square into 1 by n 1 plus 1 by n 2 correct. So, suppose a,
suppose what happens that you do not know the sigma square. This sigma square is not
known, sigma not known. If sigma is known, sample size is large or sigma known, and

coming from normal population, the z distribution fantastic, no problem.



Suppose sigma equal part not known, under this situation you can find out the sigma.
Estimate the sigma not from its one population or from only data, from type 1 filter or
data for type 2 filter, whether you mix them and get pooled variance; that is what want to
tell you the pooled variance is very important, because if sigma 1 square equal to sigma 2
square sigma square, and then you may expect that their sample variance will be equal,

but that will never happen.

So, it may happen it will bit. So, it will not happen actually, as a now again as this is the
assumption and it is assumed to be true. So, why cannot will take all this n 1 plus n 2
observations together, and calculate the variance; that is known as pooled variance. So,
we will not take, will not merge them, and then finally, after if it is n 1 a plus n 2 data
points, and we find out the s square using the formula, rather we use just different
formula, which is known as s p square is the pooled variance. This is n 1 minus 1 s 1

square plus n 2 minus 1 s 2 square by n 1 plus n 2 minus 2

Now, this you, what you will do not, that mean your this value is known. One is, this
value is known, and as you as you know a the sigma is not known this is know, this is
known, and many a times if the sample size will be not be large also. So, whatever, but if
we need sample size is large, we will use the distribution no difference, because for last
sample size z and t distribution coincides; now, see this slide. So, it is a t distribution
case. So, you know that minus t alpha by 2; that is a | and here d o fu will be plus t alpha
by 2 d o f. Now what will be the d o p in this case, d o p in this case is n 1 plus n 2 minus

2. Now that is what is written here.

What we have written that our random variable of the interest is the average difference y
1 bar minus y 2 bar, and we are interested to find out the confidence interval mu 1 minus
mu 2. Now this is this S p will be used in place of sigma, and S p is computed using this
formula. So, it follows t distribution with n 1 plus n 2 minus 2 degrees of freedom n 1
plus n 2 2 degrees of freedom. So, now, see one example. Yes example is given that same
example as the number of, because here a sigma 1 sigma 2 not known, and the sample
size is 12 for population, it is not a last sample also, and what we will do. We will use,
we assume that the population variances are equal under such situation, we will use the

formula what is given.



(Refer Slide Time: 23:02)

T o0 | 08 | 0 | OB | US| U0 | 008 | 0% |
032420 | 1000000 | S0TT6EA | G3Id7S2 | 12060 | 142062 | Gagcen | 661
0288675 | 0816457 | 1885618 | 2919686 | 430265 | 696456 | assed | 315991
0776671 | 076462 | 16377 | 2350083 | 316245 | asadn0 | seaosn | 12sa
0770722 | 040690 | 1500206 | 2131847 | 277645 | SMESS | 4609 | 85108
0267101 | 0726680 | 1475084 | 2015046 | 257058 | 33643 | aqone | seess
026405 | 0717558 | 1a30rs6 | 196ane0 [ 2eee91 | srazer | s | sses
07T | 0111142 | 1414324 | LEWSIO | 2062 | 2091% | 34388 | 5401
0261921 | 0706387 | 1396815 | 1650646 | 230600 | 200646 | a3s% | sy
0260955 | 0702722 | 138009 | 1430013 | 22616 | 2004 | augm | 4ne
0260185 | ooz | 1372168 | 1661 | 222 | aram | aie | s
0259555 | 0697645 | 1369430 | 1705086 | 200089 | 2miecs | aaoser | asam
\ozsoss | 0sosiea | 13se2n | vraeess | 207881 | 26ei0 | ages | e
Ouggal | 0636829 [ 1350171 | 1070889 [ 20600 | 2650 | a0 | 4208
026620 060017 | 134500 | 161310 | 20660 | 26209 | 2arees | aauos
153—207387X690].X0447S‘[1| —H <1.53+2.07387x6.901x0.447 [% omms D197 | 130606 | 1750080 | 21345 | 26048 | 2%46m | 4078
16 | 0267598 | 6o | 1306750 | 1746884 | 201681 | 25049 | 200 | 40180
1| 0257307 | 0669195 [NI9 | 1738607 | 210882 | 25669 | 209823 | 3%es1

Example - CI for two-population mean difference
o 1IxSB08+11x37.17 1,0.025

e s 71605
n \

Then, S,=6901

=[a][sfe]z]e]=[~[=[=~[~]«]

[ omnn um&m&m oo | 258 | 2w | ass
—4867Slu| =/t <7927 19 | 025693 | ORGTGN | 1321 TN | 200002 | 258 | 286080 | d
[ 20| ozsénes | oggesse | 1325041 | 16 | 2005% | 251 | 284 | 3495
21 [ o2sest0 | oIz | 132018 | 120N 201 | 26165 | 280 | 3418
2 oz | asesos | vsom | ot [“aamar | 2o | 2o | anal
7 [ oz | 0o | 13190 | L7 | 200 | 2 | 2mm | 3%
24 [ 025173 | 060 | 130785 | 1710882 | 2060 | 24aaib | 2796 | a2
2 | 0256060 | 0684430 | 1316345 | 1708141 | 205856 | 248511 | 278144 | 39251
24 | 025595 | 050N | 1314972 | 110818 | 2009 | 240 | 2mam | 30
| 27 [‘ozssesh | oot | 13139 | 108 | 20518 | 29 | 277068 | age
| 0255768 | 0RO | 1310 | 1700 | 200 | 24 | 206 | e
78 [ 0255680 | 0BOM | 13116 | 1690 | 200 | 200 | 2769 | 6
30 | 0255605 | 0661% | 1310015 | 169061 | 20001 | 24676 | 2760m | ase0
7 | 025507 | 067N | 128152 | 166 | 1956 | 20088 | 2008 | 38
] CEEEERERERES

NPTEL ONLINE
IITKHARAGPUR CERTIFICATION COURSES

What is this S p square formula n 1 minus 1 means 12 minus 1, it is 11 into the s 1 square
11 into s 2 square by 12 plus 12 minus 2; that is 22. So, S p square is coming at 47.625 S
p is square root of the, this now the formula y 1 bar minus y 2 bar that value is 1.56
minus t 20 n 1 plus n 2 minus 2; that is 22 alpha by 20.05. You see that in this, this is the
theta distribution table. So, degree of freedom is 22 alpha is 0.025 and the t value.

(Refer Slide Time: 23:55)
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So, what I mean to say that t n 1 plus n 2 minus 2 alpha by 2 equal to t 12 plus 12 minus
2 into 0.05 by 2. This is t 22 0.025. And from table you get this value is 07 2.07387
2.07387.

So, from the slide what you will see that, you will see that t 22 0.025 equal to 2.07387,
and you put this formula and you are getting this interval. So, it is coming minus. So, S p
is this, and 1 by 1 minute formula 1 by n 1 minute 2 by 12; that is 1 by 6 t is this value y
1 bar minus y 2 bar y 1 bar minus y 2 bar. Same example we have taken y 1 bar minus

12.56 ok.

So, there is calculation mistake I think, it will be 12.53 12.53, and its 12.53 I think
anyhow. So, what [ mean to say that we use this formula, formula y 1 bar minus y 2 bar.
And here y 1 bar minus y 2 bar is 12.5. So, if I consider this formula that 12.53 minus
2.07387 into S p value is our. What is our S p value 6.901 into root over 2 by, and that is
1 by 12 plus 1 by 12 2 by 12 this plus minus, this is the interval. So, you calculate this.

(Refer Slide Time: 26:29)

o,’nr
—_ &
el i
M8,
J\P Ay F(H‘")é /‘lv: 4:- E:(?:;
AR O i ‘
| —l ,
ot (¥
[> 'Fm.(':v\?‘) us F"" ";{»“* 0
-l‘

Now, we will discuss another concept called confidence interval for the ratio of two
population variances. So, here we will use s 1 square by sigma 1 square and s 2 square
by sigma 2 square. So, this, because we are considering n 1 minus that this quantity will
statistics will create, and a. We will see that this can be written as n 1 minus 1 s 1 square
by sigma 1 square into n 1 minus 1 divided by n 2 minus 1 s 2 square by sigma 2 square

into n 2 minus 1. So, this quantity is chi square distribution, following chi square



distribution, this follows chi square distribution divided by their respected degree of

freedom.

So, chi square variable by degree of freedom rush by chi square, another chi square by
degree of freedom. This will be f distribution and with n 1 minus 1 n 2 minus n 2 minus
I n 1 minus 1 n 2 minus 1 degrees of freedom. So, that mean this quantity follows F
distribution. So, what you have data you, what you want to know. You want to know the
ratio. So, you are interested to find out interval something like this. So, you create what

you will do. Suppose how you do create. You think that this is F distribution.

So, this one is alpha by 2. here also you take another area alpha by 2, and this is F n 1
minus 1 n 2 minus 1 alpha by 2, and this value will be F n 1 minus 1 n 2 minus 1 1 minus
alpha by 2. So, this is my low value, this is my upper value. So, then what happen S 1
square by sigma 1 square, and S 2 square by sigma 2 square will lie in between F. This
lower value n 1 minus 1 n 2 minus 1 1 minus alpha by 2 F alpha by 2 n 1 minus 1 n 2

minus 1. So, a now you manipulate this and you will be getting this.

This slide the S slide S 1 square by S 2 square divided by F n 1 plus minus 1 n 2 minus 1
alpha by 2 sigma 1 squared by sigma 2 and this. So, this is the formula. Now see the;
however, same example filter type 1 and filter type 2 you want to construct the ratio of
the variances. So, that S 1 square, what is the formula here. Formula is S 1 square by S 2
square. So, S 1 square by S 2 square, this is 1.563, then what is the F value F value what
will be the F value F value will be. So, F a whatisn 1 n 1 equal to 12 n 2 equal to 12. So,
what you require F of 11 11 and 1 minus 0.025 this value, you find out and another one F
11 11 0.025 you find out and put their, put in into this equations and then calculate this

one.
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So, as in just in order, just to you know do this one. What is this that conclude that.
Please remember that you first required to know, in the confidence interval you required
to know the random variable of interest, when it is single population, then the either
mean or your standard variance will be variable of interest, and you create a statistic.
Particularly using the center limit theorem here, and here also that based on the
distribution, what it will follow, it need the statistic find out the statistic that appropriate

a probability distribution for the statistic.

So, some minute and z distribution t distribution for y bar chi square and F distribution
for variance. So, appropriate statistics here will be z or t here will be chi square or F, then
you choose that alp significance level. Usually we say it is alpha and this will give you
the lower limit and upper limit, and you choose in such a manner that 1 this a statistics.
So, it will u it will be 1 minus alpha, and then pooled take from table from appropriate

table, find the lower value and upper value, put here and you get the confidence interval.

So, Thank you very much [FL].



