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Lecture - 12
Amortization

Welcome to the lecture series on Time value of money-Concepts and Calculations.

Present lecture is on Amortization.
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What is 'Amortization’ o |

Amortization is the paying off of debt with a fixed repayment
schedule in regular instalments over a period of time. Consumers
are most likely to encounter amortization with a mortgage or car loan

In business, amortization refers to spreading payments over
multiple periods. The term is used for two separate processes:
amortization of loans and assets. It also refers to allocating the cost
of an intangible asset over a period of time.

What is Amortization? Amortization is the paying of depth with a fixed repayment
schedule in regular installments over a period of time. Consumers are most likely to

encounter Amortization with a mortgage or car loan.

In business Amortization refers to spreading payments over multiple periods. The term is
used for two separate processes; Amortization of loans and assets, it also refers to
allocating the cost of an in intangible asset over a period of time. Amortization happens

when you pay of a depth over time with regular, equal payments.
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Amortization happens when you pay off a debt over time with regular, equal
payments. With each payment (generally monthly payments), a portion of the \
money goes towards:

1 The interest costs (what your lender gets paid for the loan), and
2.Reducing your loan balance (also known as paying off the loan principal)

At the beginning of the loan, your interest costs are at their highest. Especially
with long-term loans. the majority of each periodic payment is an interest
expense, and you only pay off a small piece of the balance. As time goes on,
more and more of each payment goes towards your principal (and you pay less
in interest each month).

Amortized loans are designed so that after a certain amount of time your last
loan payment will completely pay off the loan balance. For example, after
exactly 30 years (or 360 monthly payments) you'll pay off a 30-year mortgage.

uuuuuuuu
CEARCATION COURSE

With each payment generally, monthly payments a portion of the money goes towards;
one be interest costs what your lender gets paid for the loan, and second reducing your
loan balance as known as paying off the loan principal. At the beginning of the loan your
interest cost are at their highest especially with long term loans. The majority of periodic
payment is an interest expense and you only pay of a small piece of balance. As time
goes on more and more of each payment goes toward your principal and you pay less in

interest each month.

Amortized loans are designed. So, that after a certain amount of time your last loan
payment will completely pay off the loan balance. For example, after exactly 30 years or

360 months payment you will pay of a 30 year mortgage.
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Example-1: Construct an amortization schedule for a Rs.1,000, \

. 10% annual rate loan with 3 equal annual payments.
Solution: . q By

Given: £=Rs.1000, Interest rate (i)=10%, N=3; equal annual payment = A

P = A[(1+)N -1]/[i(1+i)"]

From the above equation the value of A= 1000*1.331*.1/[1.331-1]

=Rs. 402.12 402.11 402.11 402.11
| i=to% | } |

%000 1 < 5 o

Step 1: Find the required payments.

Let us take an example through which will explain this. Construct an Amortization
schedule for a Rupees 1000, 10 percent annual rate loan with 3 equal annual payments.
So, P is here 1000, interest i is called 10 percent, N is equal to 3 equal annual payments
say A. That means, | am paying A amount each year. From the above equation the value
of Ais 1000 into 1.333 into 1 divided by in brackets 1.331 minus 1; this comes out to be
Rupees 402.12. Basically this is a equation which was taken from Annuity and the
principal is 1000 and we are finding out annuity for 3 years and 1.33 to the power
basically this is 1 plus i to the power N is equal to 1.331 and 0.1 is the i.

So, here at P equal to 0 I am seeking 1000, and at the end of the first year | am getting
402. That means, if | take 402.11 at the end of the first year, at the end of the second
year, and at the end of the third year then | can pay a 1000 Rupees loan. This is the
equation which is been used P is equal to A in brackets 1 plus i to the power N minus 1
divided by i 1 plus i to the power N, and this equation we have modified because we
want the value of A not P. So, A'is equal to P into i 1 plus i to the power N divided by in
brackets 1 plus i to the power N minus 1.

So, the first step is to find out the annuity, that we have already find out. Now in the step
two find interest charge for year 1. So, interest charge for year 1, If | say INT 1 is equal
to 1000 into interest rate that is 10 percent is 0.1 comes out to be 100. Now step 3 find

replacement of principal in year 1. So, replacement principal is equal to A minus interest.
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Step 2: Find interest charged for Year 1.
INT, =Rs.1,000(0.10) = Rs.100
Step 3: .Find repayment of principal in Year 1.
Repayment of principal= A— INT = Rs.402.11 — Rs.100 = Rs.302.11
Step 4: Find endlng balance after Year 1
End bal =Beg bal - Repayment = Rs.1,000 — Rs.302.11 = Rs.697.89.

Repeat these steps for Years 2 and 3 to complete the amortization table

e
. acouEE CETHCATION COuRSE

So, A is my 402.11 minus 100 comes out to be Rupees 302.11. Step 4 find ending
balance after 1 year, ending balance is the beginning balance minus repayment beginning
balance is 1000 out of this 1000 the repayment Rupees 302.11 has already be done. So,
the end balance becomes 697.89.

Now, we will have to repeat this steps for year 2 and 3 to complete the Amortization
table.
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lllustrating an amortized payment:
Where does the money go?
Rs .

“ —

302.11

Principal Payments

0 1 2 3

This illustrates the Amortization payments, where the money goes and the first year out



of 402.11 which we have paid this much of amount goes to the principal this much
amount goes to the interest and the second payment this much goes to the for the
payment of principal this much amount goes to the return a interest and in the third year
this much amount goes for the payment of principal and this much of amount goes for
the payment of interest. So, this is how constant payments are divided per year between

the interest and the principal and the payment.
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Derivation for Loan Payment \

Loan Payment

There are many types of loan repayment terms. A very common type,
used for nearly all home mortgages and many business loans, call for
constant periodic payments for a fixed period. Each payment covers
the current interest due and repays some of the remaining principal
balance. The total payment is constant, but the principal balance
decreases, so that the interest portion of the payment is smaller than
the previous one and the principal portion of each payment is larger
than the previous one.

Amortization tables are widely used for home mortgages, auto loans,
business loans, retirement plans, etc.

CEAFICATION COURSE

Let us see the derivation of loan payment. There is much type of loan repayments terms a
very common type used for nearly all home mortgages and many business loans call for
constant periodic payments for a fixed period. Each payment covers the current interest
due and repays some of the remaining principal balance. The total payment is constant,
but the principal balance decreases. So, that the interest portion of the payment is smaller
than the previous one and the principal portion of each payment is larger than the

previous one.

Amortization tables are widely used for home mortgages, auto loans, business loans and

retirement plans.
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L—IJ a pJ (1) |
Where L is the constant payment each period, |; the jh period interest |
payment, and p; the ji period principal payment. The index j begins at
1, because payment is made at the end of the period. The symbol *i"
in the equation represents the EFFECTIVE ANNUAL INTEREST
RATE for annual payments or the nominal rate per period ( r/m)
for other periods.

The interest payment is : |; = iP; 4 2 .

It is derived it let us L is equal to I j plus P j I can write down, where L is the constant
payment each period | j the j th period interest payment and P j the j th period principal
payment. The index j begins at 1 because payment is made at the end of the period. The
symbol | in the equation represents the effective annual interest rate for annual payments

or the nominal rate per period r by m for other periods.

So, the interest payment I can write down | j is equal to I into P j minus 1, where I is the
interest rate and P j minus 1 the principal balance after payment j minus 1. The remaining
principal balance after j minus 1 period is P j minus 1 is equal to PO Minus summation m
equal to 1 P j minus 1 Pm. Where Pm is the m th principal payment and PO is the initial
amount of the loan. Then based on the equation 1,2 and 3 we can write down this P j is
equal to | minus I j equal to LI minus I j can replace by this quantity 1 into this quantity
PO, this is the quantity because this | j into P j minus 1.
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Where *i" is the interest rate and P, the principal balance after
payment J-1. The remaining principal balance after j-1 period is:

j-1
Pay=5— 2 P (3) Where, p,, is the
: =l mt" principal
From Egs. 1,2 & 3 one can get payment and P,
the initial

= amount of the
p,=L—-1,=L- i[ = me} (4 loan.

m=1

Now P j 1 minus can be replaced by this quantity. So, this is replaced here. So, this is
equation four. Now P j equal to L minus | j equal to L minus 1 j into this factor this is

equation number four | am rewriting it.
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/-1 \
p;=L-1,=L i(l’U mej Eq.4

m=1

From Eq.4 p, =L-iP,

Similar,

P2 = L-i(Py = py) = L=i[Py — (L-iPg)] = L(1+i) — iPy(1+i)
And

Pa = L[(1+i) +i(1+i)]- iPo[1+i+i(1+i)] = L(1+i)% — iPy(1+i)2
In general

p; = L(1#iY - iPg(1+i)H

@ oo

From equation number 4, P1is equal to L minus I PO. If I put this j is equal to 1, thisis L
minus 11 equal to L minus | and this m is equal to 1 to j minus 1. So, it become 0. So, it
is only PO. So, I into PO now for P2, this comes out to be L minus I in brackets PO minus

P1 is equal to L minus I then PO minus P1 is replaced by this quantity, P1 is replaced by



this quantity.

So, finally it comes out to be L1 plus I minus I into PO in brackets 1 plus I, and similarly
for P3, it becomes L1 plus | whole square minus | PO 1 plus I whole square and for
general we can write down P j is equal to L into 1 plus I to the power j minus 1 minus |
PO 1 plus I to the power j minus 1, because if | see P3 here, the power of 1 plus | here is
2 that means, 3 minus 1. So, when | take j here, it would be j minus 1. Similarly here also
to 2 that is 3 minus 1. So, this would be j minus 1. The some of the all principal

payments must equal to the original loan principal that is pay off the original loan.
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The sum of the all the principal payments must equal the original loan
principal ( i.e. pay off the original loan). Accordingly,

v

i/}) =P, _il.(l+i)"‘ =D iR +i)™ = I,i(ui)*‘ —i/:,i(l«i)"‘
p=1 | 1 1 1

N
Solving for P{l +iZ(1+i)j I}
1

L gives: T

i (1+i)"
|

Accordingly summation P j j 1 to N is equal to P0O. So, I can write down for this, the
summation of L 1 plus I to the power j minus 1 from 1 to n minus summation 1 to N, |
PO into 1 plus | to the power j minus 1 . So, this comes out be this, L, | can take out
because it is a constant values similarly 1 and PO I can take out. So, this becomes this. |
solve this for L. So, L becomes this, PO in brackets 1 plus | summation 1 to N 1 plus | to
the power j minus 1 divided by summation 1 to N 1 plus | j minus 1 .So, this gives me

the yearly or monthly payment what so ever be for the loan.
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Example-2:Construct a amortization schedule for Rs.10000, 10% \
annual interest rate loan with 3 equal payments in three
years. Show the component of interest as well as principal
for each payment. Draw your conclusions from the above
data.

Solution:
Principal (P or PV)= Rs.10,000 ; N =3 year ; | =10% or i= 1/100 =0.1

R = PHi{(1+i)NY/[(1+i)N-1] = 10000*0.1{(1.1)*}/[(1.1)3-1] =Rs.4021.15

Three equal installments of Rs.4021.15 is to be paid off.

Now, let us take an example, construct a Amortization schedule for Rupees 10000, 10
percent, annual interest loan with 3 equal payments in 3 years. So, the component of
interest as well as principal for each payment draw you conclusions from the above data.
Solution principal P or PV is equal to 10000, N is equal to 3 years, i equal to 10 percent.
So, i is equal to I by 100 is 0.1. So, R or the annuity this is the annuity R is equal to P
into this formula, basically is a annuity formula and we are finding out the annuity value
which is represented here by R and many exercise we are represent this by A also. So,
equal to 10000 into 0.1 into this factor comes out to be 4021.15. So, 3 equal installment
of 4021.15 is to be paid off to get 10000 loan.

In the first year interest component at the end of the first year is 10000 into 0.1 which

comes out be 1000, please note the money was taken and start of the year.



(Refer Slide Time: 13:25)

1st year:

interest component at the end of the first year =10,000*0.1=Rs.1000

Please note the money was taken at the start of the year

Hence, the amount of principal paid at the end of 1st year in first installment =
Rs.4021.15-1000= Rs.3021.15

Left out Principal amount at the end of 1st year = 10000-3021.15=6978.85

2nd Year:

Interest component at the end of the 2nd year = 6978.85*0.1=Rs.697.885
Principal paid at the end of 2nd year = Rs.4021.15- Rs.697.885 = Rs.3323.265
Remaining Principal at the end of 2nd year = Rs.6978.85-3323.265=3655.585

Hence the amount of principal paid at the end of the first year, in the first installment is
Rupees 4021.15 minus 1000, which is the interest. So, comes out to be Rupees 3021.15.
So, left out principal amount at the end of the first year is 10000 minus 3021.15 it comes
out to be 6978.85; that means, at the start of the first year the principal was 10000, but at

the end of the first year, when we pay the annuity it comes out to be 6978.85.

Now, for the second year interest component at the end of the second year is 6978.85
into 01 is comes out to be 6978.85, principal paid at the end of the second year is Rupees
4021.15 minus the interest value that is Rupees 6978.85, it comes out to be Rupees
3323.265. So, the remaining principal at the end of the second year is, the principal was
left out at the end of the first year which is 6978.85 minus this value 3323.265. So, it
comes out to be 3655.585; that means, this is the principal which is left out at the end of
second year. For the third year interest component at the end of the third year is 3655.585
into 0.1 is comes out to be 365.559.
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3rd Year:

Interest component at the end of 3rd year = Rs.3655.585*0.1= 365.559 ‘
Amount of principal paid at the end of 3rd year=4021.15-365.559=3655.591 ‘
This is the left out principal for 3rd year and hence it is paid

Money received= Rs.10,000 at the start of the 1st year

| |Endof1styear |End of 2nd year |End of 3rd year
Installment Rs.4021.15 Rs.4021.15 Rs.4021.15
Interest paid Rs.1000 Rs.697.885 Rs.365.559

Principal paid Rs.3021.15 Rs.3323.265 Rs.3655.591

Remaining Rs.6978.85 Rs.3655.591 0
Principal

From the above data it is clear that the interest charged is maximum at the end of
1st year and minimum at the end of 3rd year whereas, principal amount paid at
the end of 1st year is minimum and at the end of 3rd year is maximum

So, amount of principal paid at the end of the third year is 4021.15 minus 365.59. So,
amount paid for again principal is 3655.591. So, this is the left out principal end of the
third year and hence it is paid. Now if | draw the Amortization table then i divide into 3
columns, end of the first year, end of the second year, end of the third year. So,
installment is the same for all the 3 years, that is 4021.15, 4021.15, 4021.15 and 4021.15
interest paid is Rupees 10000 at the end of the first year at the end of the second year the
interest draws down to 6978.85 and the end of the third year drops down further to
365.559.

Principal paid on the first year is 3021.15 in the end of the second year rises to 3323.265
and it further rises to 3655.591 at the end of third year and remaining principal at the end
of first year is 6978.85 at the end of second year is this becomes 3655.591 and end of the
third year the remaining principal becomes 0; that means, loan is paid totally. From the
above data is clear that, the interest charge is maximum at the end of the first year and
minimum at the end of third year. Where as principal as amount paid at the end of the

first year is minimum but at the end of the third year is maximum.
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Example- : A loan of Rs.50,000 at a nominal interest rate of 15% per year |
is made for a repayment period of 2 years. Determine the
constant payment per period, the interest and principal paid each
period, and the remaining unpaid principal at the end of each
period by using constant-end-of-month payments( assume 12

equal length months per year). \_
[f[l+i2(l+i)’ ’} |
= :

Solution: Z\:(l+i)i 1
Constant end of the period(month) payment = L 1

Where; P, = Principal amount = Rs.50,000; i=r/m=0.15/12 ; N=12*2=25

Now, take an example where we calculate the loan a loan of Rupees 50000 at a nominal
interest of rate of 15 percent per year is made, for a repayment period of 2 years
determine the constant payment per period, the interest and principal paid each period
and the remaining unpaid principal at the end of each period by using constant end of the
month payments assume 12 equal length months per year. Now you will be using the

equation which we have derived for the payment.

Now constant end of the period that is month payment is equal to L the principal amount
is 50000 I equal to R by m is 0.115 divided by 12N is 12 into 2 is 24. This is a discrete
compounding problem now to compute L first compute summation 1 to m 1 plus I to the
power j minus 1. This comes out to be 27.78808. So, we will see that this is here | have

computed this factor.
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To compute L, firstcompute YY(1 + i)'_1 which is = 27.78808

Where ; P, = Principal amount = Rs.50,000; i=r/m=0.15/12 ; N=12"2=24
Hence, L =50000*[1+0.15*27.78808/12]/27.78808 =2424.33

At the end of the first month interest =50000*0.15/12=Rs.625

Principal paid at the end of the first month =2424.33-625= Rs.1799.33
Remaining amount of principal at the end of 1st month= 50000-
1799.33=48200.67

Interest charged at the end of 2nd month =48200.67*0.15/12 = Rs.602.51
Principal paid at the end of the 2" month =2424.33-602.51=Rs.1821.82
Remaining amount of principal at the end of 2" month=48200.67-

1821.82=46378.85 Constant end of the I’{I + /Z(l b n‘“’J
period(monthly) = g
payment =L Z“m

(Refer Slide Time: 18:11)

Month(j) |(1:0.15/12)¢% | Sgnstant | |Ineregipaid- | Frincipal paid Brnapare
16 1.2048 242433 |256.44 2167.89 18347.7
17 12199242433 [22935 219498 161527
18 12351242433 20191 222242 13930.3
19 1.2506 242433 |174.13 2250.20 11680.1
20 12662242433 |146.00 227833 9401.8
21 12820242433 |117.52 2306.81 7093.9
22 1.2981 (242633 |88.69 2335.64 4759.3
23 13143 (242433 |59.49 2364.84 23945
2 13307242433 |29.03 239446 01
Sum— | 27.78808 58183.92 8183.99 50000

So, first compute this factor and do the summation and here in the summation it is
27.78808.
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wonthi) [ (1+0.15/1210% [Ceveiznt o [JMGre™ [ Fragnli °=9 [ Brmagar
50000 ‘

1 1.0000 | 242433 625 1799.33 48200.7

2 1.0125 | 242433 602.51 1821.82 46378.8

3 1.0252 | 2424.33 579.74 1844.59 445343

4 1.0380 | 2424.33 556.68 186765 42666.6

5 1.0509 | 242433 53333 1891.00 407756

6 1.0641 | 2424.33 509.70 1914.63 38861.0

7 1.0774 | 242433 485.76 1938.57 369224

8 1.0909 | 242433 46153 1962.30 33959.6

9 1.1045 | 242433 43699 1987.34 320723

10 1.1183 | 242433 41215 1218 30960.1

1 EETEY R N 226
12 1.1464 | 2424 33 36153 2062.80 26860.0

13 1.1608 | 2424.33 335.75 2088.58 24771.4

14 1.1753 | 242433 309.64 2114.68 22656.7

1.1900 | 242433 283.21 214112 20315.6

So, this factor can be very easily computed without the information of others parameters
only takes into a count of value of | and other fixed parameters. So, | can calculate this
very easily 27.78808. Now where PO is the principal amount 50000 plus | am using this
formula this 50000 in brackets 1 plus i this is 0.15 into summation this. This already |
have calculated. So, it is 27.78808 divided by 12 because this i will be divided by 12. So,
the 12 is here | divided by 12 because here I equal to r by m this is 1.5, 0.15 divided by
12 and then whole divided by this values which is 27.78808 divided by 27.78808.

So, the value of L the monthly payment comes out to be Rupees 2424.33, at the end of
the first month the interest would be 50000 into 0.15 divided by 12 which comes out to
be 625. So, principal paid at the end of the first month this, this L value subtracted by
this interest is comes out to 1799.33. So, this is the principal amount which would be

paid at the end of first month.

So, remaining amount of principal at the end of first month is 50000 minus this value
which comes out to be 48200.67. Similarly interest charge at the end of the second
month will be interest will be charged on this amount because this is the left out
principal. So, 48200.67 into this is the rate 0.15 divided by 12 because this is the month
period of interest comes out to be 602.51, principal paid at the end of the second month
is the value of L that is payment this is each month minus this interest comes out be

1821.82. So, remaining amount of principal at the end of second month is this is the



remaining amount at the end of the first month minus this 1821.82 comes out to
46378.85.
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If_]|:l+i21(l+i)'“'}
1

.
>+
1

Month(j) (1+0.15/12)0 0 [ Sonstant’, e Pad. [ Pndpalpaid [ Remating

0 < 50000

1 1.0000 | 2424.33 625 1799.33 48200.7

2 1.0125 | 2424.33 602.51 1821.82 46378.8

Now, we see that the we fill up this table, this is the parameter we have computed here
this is 1 and this is 1.0125 this is the constant payment which is being made 2424.33 the
interest paid when the first month this we have already calculated principal paid for the
month this we have already calculated and remaining principal we have already

calculated. For the month 2 this values we have already calculated.

So, once this is calculated we can fill up this values in this table in this table and then we
can sum up this is 27.788 and this is value is this value is 58183.92 that is through
constant payment for a principal of 50000. I will be paying 58183.92 this is the interest
paid total interest paid is 80183.99 and the total principal is 50000 Rupees and this was

due to the remaining principal.

Thank you.



