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Lecture — 15
Using Truth Tables:
Testing a Set of Propositions for
Consistency and inconsistency, and for
Logical Equivalence

So our last module, this is our last module on the truth table task. So far we are
progressing nicely with the truth table.
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There is one more task that we need to show, that the truth table can help us in this
regard. We are still into the semantics of propositional logic and these are various
properties these are various characteristics that we have trying to sort of determine with
the truth table technique. The last one on our semantics portion is using the truth table to
determine 2 different kinds of properties. One is whether given 2 propositions we can
tell, that they are logically equivalent or not. So determining the logical equivalence of
proposition, this is one and then we have already learned a little bit about what is
consistency in consistency. So given a state of statements, can the truth table tell us
whether the state is consistent or inconsistent. So this is our task at hand for today and
we are going to use the truth table for doing this.



(Refer Slide Time: 01:39)

O et o e | — e et ¢ P

Using Iruth-tabla to check logical equivalence

Any two statloments, p and g, ane logically equivaient #f thare
isiguum-vaknmsgm«mmmpmdqhm
diffecont truth values

Any two stalomonts, p and g, are NOT logically equivilont 4
therd exists at keast ONE possbiity in which the two
sialeenents do not havo the same trulbvalue under the
SAMo WUAh-Vae aasignments.

W

So, first task is finding out whether two given proposition or two given propositional
forms are they logically equivalent or not. Let us remind ourselves what logically
equivalence mean, even if you remember the triple bar truth table, you recall that
whenever the values match the triple bar comes out to be true. Whenever there is a
mismatch with the truth values for the propositions there is no equivalence if you
remember that. Then given any two propositions p and g we will call them logically
equivalent. If and only if there is no truth value assignment on which p and q differ, on
which the truth values of p and g mismatch or are different. So | will repeat that when
can we call p and q logically equivalent, when there is no truth value assignment
remember this is no none you have to sort of show it exhaustively that, there is no truth

value assignment on which the values of p and q differ.

So every single case the values of p and g will match, that is when we call it call them
logically equivalent. On the other hand when are they not logically equivalent the answer
is for any given two statements p and g they are not logically equivalent if and only, if
there exists at least one truth value assignment on which, the truth values of p and q do
not match or the truth value. So, p and q are different. How many such possibilities you
need to show, at least one all right how many such possibilities you need to establish
here for logically equivalent that there is none you understand there is a very big
difference in the way you are going to demonstrate this. So, this requires, logically

equivalence demonstration requires that you need to exhaust all possibilities, every



single doubt has to be removed, on the other hand for showing that they are not logically
equivalent, you just need to demonstrate that there is at least one such possibility where
the values are not going to be the same. Under the same truth value assignment to the

components the compounds are going to show that they have different truth values.

When | have said that | think more or less you know in terms of truth table what would

be your approaches right.
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So, let me make that point clear or more exclusive because | think you have already
guessed what we are trying to talk about here, but this is where we are that the
demonstration of logically equivalence by truth table we are going to require a full truth
table right this is all ready should be all ready evident from what we have discussed
because we need to ensure that there is no truth value assignment on which p and q start
to exhibit different truth values. So, this elimination of any possibility or elimination of
single possibility is a major exhaustive task for which we are going to require the full

truth table correct.

Whereas for the demonstration of not logically equivalent you are going to require the
shorter truth table technique, remember the shorter truth table technique which we have
covered in the previous module. It demonstrate there is at least one such possibility and
that is exactly what you need to show that any two given proposition p and q they are not

logically equivalent. So, here we are and this is again when you understand it is pretty



simple the method how to do this etcetera | am going to explain in in a moment, but it is
it is much more important to understand and grasp the idea behind what it is, that you

doing I hope that difference has been clarified in this.
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So, logically equivalence or not logical equivalent, what is the method? Given any two
propositions p and g what do we have to do? What we do is that we construct a truth
table for both the statements, this is one approach. How do we do that, we do it like this,
that we do regular truth table for them, if they have a components that they share well
and good. So reference columns and then for each statement we need to have a column.
Under this respective statements what do we look for, we look for every single row
whether under different truth value assignments to the component, their truth values of
this given two propositions whether they differ or they do not differ. If the values match
exactly that is they do not differ then you have equivalence logically equivalence. On the
other hand if their truth values differ right, there is a mismatch there sometimes this one
is true when the other one is false etcetera then the; obviously, the two propositions are

not equivalent.

So, this is one approach to show or to try out the truth table technique to show logically
equivalence or the lack of it the alternative way it do this would be that you take suppose
p and g are two any two given propositions and they are to be tested for logically

equivalence. What you can do is form of bi conditional out of them and the form will be



like this. Remember p and q are any two given propositions what you do is to form a bi
conditional of this kind. Just remember that the p and g themselves might be rather
complex compound propositions. As we will see in some of the examples, but that
should not deter you, treat the whole complex compound statement as your p one of
them and the other one you treated as g and try to form this p triple bar g cut by
condition out of that. Once you form that then by truth table just do the regular truth
table on p triple bar g and if p triple bar q comes out to be a tautology, you know p and q
must be equivalent, if it does not turn out to be a tautology you also know the answer that

p and g cannot be logically equivalent. Both are excepted approaches.

So, here you have one where you form the respective propositions you give them
columns and you sort of see under the same truth value assignment whether their values
match or differ the here you convert you take those 2 propositions and form a bi
conditional and test it for whether it is a tautology or not by truth table. So these 2 are the

methods and we will try to see how it goes along here.
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Let us consider these two statements. One of them is W dot Y horseshoe H and here is
the second one W horseshoe Y horse shoe H. Look at the grouping and look at the

separate data, are they equivalent this is what we are asking.

Now, suppose you are following the first method right, where you just do the truth table

for both of them, in a single truth table you try to fit it and here we have advantage also



that they are components are same. So we can do the truth table like this. We have W dot
Y horseshoe H is one of the statements and W horseshoe Y horse shoe H is another
statement. So, the heading of your truth table is going to look like this, see these are your
reference column, please note they are alphabetically arranged not by the order of their
appearance, but alphabetically. So, HWY and then we are doing the regular truth tables.
So we have done this sub connective are shown up, but finally, this is your one statement
p, this is your second statement that is your g, you can skip these two if you want to and

you can go directly hear also to see this, but you need to compute this in separate form.

So, | have included them as columns inside here. How many rows? Answer is 8 rows.
Distribution of truth values, you know that already. So here is how this is going to be
distributed and then we just compute the value of W dot Y and hear Y horseshoe H and
then we come here and we come here right, if you have done it correctly, then this is the
result you should have. Now what are we looking at we are specifically interested in this
column and this one what we are looking for is under the same truth value assignments
whether there is even one case, when the truth value under this and this match or it does
not match, if you are looking for that one possibility then by looking for a difference in

truth values.

So we check every row and we find that there is not even one possibility, not even one
row in which the truth values of this two propositions differ right, because it is an exact
match as you can see therefore your result is that the given two propositions are logically
equivalent as shown by the truth table get it. So this is how you show demonstrate

whether two propositions are logically equivalent or not.
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Alternatively you can do this; you can approach this problem like this. That you take
these two propositions and form a biconditional, which is going to look like this. This is
your proposition p this is your proposition g, both are complex compounds that does not
matter, but this is your p this is your g and this is the whole bi conditional and you do the
truth table on this one. When you do the truth table, what is it that you are looking for?
You are looking whether it is at tautology or not. Tf it turns out to be a tautology if this
triple bar turns out to be tautology, the two statements must be logically equivalent. If

this triple bar is not a tautology then these two are not equivalent get me.
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So this is how we do the logical equivalence test. There is a strange result of defining
logical equivalence in this way and | must share you have to | am sorry admit or except
the fact, that because the way we have defined logical equivalence in terms of truth table
all tautologies are going to be logically equivalent to each other. Because it does not
matter what truth values tautologies are always true. So there is not going to even a
single possibility, when they are going to show a different truth values, take any two
tautologies of your choice, any two tautologies which work as your p and g and there
will not be not even be a single situation when they are going to result into different truth

values because tautologies are always true.

So, technically speaking they are going to turn out as logically equivalent. For example,
take p wedge tilde p and take q triple bar q and you will say, but do not mean the same.
That is precisely the point that technically speaking they will turn out to be logically
equivalent, but not if you are looking into meaning of this. That is why | called it rather
strange result. Same reason you will see that all contradictions are also going to be
logically equivalent for the same reason because contradictions are always false. So take
any two contradictions under every single truth value assignment what will happen, the
values will never ever different for those two contradictions. So technically speaking you
will have to say all contradictions are logically equivalent to each other.

Now why it will 1 share this, just to show that sometimes there are unwanted cases also

which passes through the definition, but the formal definitions sometimes bring this kind
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of strange results, but this was one thing is to notice also and then we come to. So
logically equivalence we have seen and we have learned how to do now the only thing.
That is remaining is whether the truth table can guide us in finding out whether a set of
statements is logically consistent or inconsistent. So | will remind you again when you
are judging determining logically equivalence you have only two propositions or

propositional forms.

Consistency or inconsistency on the other hand is the property of a set of statements.
Now a set of statements may have only 2 statements right or it can have more than 2, but
the idea to understand that the property of consistency inconsistency belongs to a set of
statements and not to individual statements and it does not belong to an argument, it is a
property of the set of statements | said this earlier and | reminding you again once more
that you treat logical consistency inconsistency in a slightly different manner. What is
logically consistent? | will remind ourselves, that a set of statements is known to be
logically consistent, when there is at least one possibility when every member of the set
is true at the same time simultaneously right or in a sense that it is comparable they do

not cancel the truth of each other.

How many such possibilities you need? You need at least one such possibility. That
should immediately tell you what kind of truth table you need to construct. So for this



task even a shorter truth table will do because all we need is to show one such
possibility.

What is inconsistency? Inconsistency, on the other hand, where you need to show that, it
is not possible for every member of the set to be true it is impossible in fact, for every
member of that set to come out as true at the same time that is when we call the set
inconsistency. This impossibility demonstration meaning elimination of even a single
possibility, which means that you have to really go through a careful examination of
every single possibility to rule out the factor there is no such possibility right. The
moment you say that you know by now that, you are going to require a full truth table
demonstration to show logical inconsistency, all right.

(Refer Slide Time: 18:23)

So, keep that in mind for consistency we need shorter truth table for inconsistency;

however we are going to need a full truth table demonstrations.
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Let us go now to actual examples, here is a set which has this is a member, which has
this has a member right. So here we are, what do we do well is up to you. You can do the
full truth table this is going to be a four row one or you can first try the shorter truth table
to see whether it comes out to be consistent or not. If you are doing the shorter truth table
then here is the column heads for the shorter truth table. You are going to have the
reference column; you are going to have one each for the members. So here is first
member, here is second and by now if you know how to do the shorter truth table, you
can do it very quickly and easily for example, you know that the dot is going to be true,
you are trying to make what is your goal to see assign assignment of truth values here in
such a way such that each one of them comes out to be true, if you are successful in
doing that, you have shown the set to be consistent. You have shown that one possibility

when every member of that set comes out to be true that is all.

So, here you are H dot tilde E has to be true and conjunction requires there is exactly one
condition under which a conjunction or a dot is true, which is what when H is true and
not E is true. When not E is true what is the value of E, E has to be false. So, you know
that wherever E occurs you need to repeat that, you also know what value of H is by now
it has to be true. So here is your clear answer that E has to be false, H has to be true and
the overall result of this is going to be true, overall result of this is going to be true. So,
you have shown that one row where the every member of that set is true, those of you

who are confused about this how this turned out to be true let me just show you this is



triple bar remember triple bar is true only when every member is every component

shows the same value.

So here you have E is F, E is F right. Here you have E as F H as true, the value here is
going to be what; a triple bar is going to be false. When this is false and E is also false
what happens to this triple bar, this will be true alright, this is what you have shown here
and write the result the set is logically consistent right. Let us take another example. So
that we are our understanding is more or less clear and this is where we stop the
discussion also.

(Refer Slide Time: 21:34)

So, here is example and it has 3 members right. Now you have the choice you can go
with the 4 row truth table to see whether it is consistent or inconsistent or you can do that
one shorter truth table method to see whether it comes out to be consistent even in that

one possibility.

So here you have A B and sorry A tilde B and you have the A horseshoe B. Your truth
table column heads are going to like this. These two are the reference columns, but this is
also a member of the set and you have the tilde B that is a member of the set also and this
is your A horseshoe B right and what is it that you are looking for, whether you can
make each of this member true at least once. Whether there is any truth value assignment
and under which each of these members come out be true, that is what you are trying to
find out. If you do this full truth table take a look in the way it progresses the value



distributions are like this and this is automatic and you also know that A horseshoe B has
to follow that truth table.

Now, you go by true every single row, do you have a situation where A is true a
horseshoe B is true and tilde B is true take a look. So TT, but this one is F, this is T, this
is T, but this one is F, this is already F. So you do not have a situation where you have all
the members to be true. Again you have A as false in the last row; you do not have a
situation where all the members are true at the same time you understand. So there not
even one row in which all the members have come out to be true simultaneously. What is
that make the set the set becomes inconsistent. So, this is where we have learned that the
truth table technique helps us to determine this kind of properties and this concludes our

discussion on the truth tables and specifically on this kind of properties.

Next module onwards we are going to learn some other technique, we are still in the
semantics, but the truth table discussion ends here | suggest that you try this on your own
with problems so that your skill is developed for truth table. How to apply the truth
tables, how to figure out these properties logical properties through truth table technique.
Thank you. That is all.

Thank you very much.



