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Hello and welcome to another lecture of this course Mathematics for Economics Part-I.
Today what we shall do we shall do the tutorial and in this tutorial we are going to cover
some of the topics of optimization that is we have talked about how to find a maximum and
minimum of a function and the economic applications of such problems of maximization and

minimization. So today, we shall discuss some of the problems related to that.
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Optimization

* A producer has the cost function, C(q& = aq® + bq + c. Under what
conditions the function is (i) convex (ii) concave (iiit)lboth convex and
concave to the quantity axis?

C(q) = aq® + bq + c gives us,

@=2aq+b

dqﬂzf(q)
Or, pyo =2

The function is convey, if

2
ddc(f) >0,ie,a>0
‘@ ¢ 010, a<0

d

dq?

_ diclg) ..

The function is both convex and concave, if P =0,ie,a=0

The function is concave, if

So as you can see on your screen this is tutorial second part. So this batch of tutorials is

focused towards optimization and other topics. So we start with the topic of optimization.
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Optimization

* A producer has the cost function, C(q) = aq® + bg + c. Under what
conditions the function is (i) convex {iij concave (iii) both convex and
concave to the quantity axis? -

)
C(q) = aq® + bq + c gives us,
LG 2aq+b
9 —
d*c(q)
Or, i 2a
dq?
i .. d*C(q) .
The function is conve, if T >0,ie,a>0 0 1
The function is concave, if e f) < 0,ie,a<0
N 2
The function is both convex and concave, if ddZ(ZQ) =0,ie,a=0
Tem—— - — T

So this is the first question that you can see on your screen. A producer has a cost function.

Clq) = aq2 + bg + c. a,b and c are small letters. Under what conditions, the function is
convex. This is the first part. The second part, the function is concave and the third part both

convex and concave to the quantity axis.

Just to clarify what is meant by the quantity axis, if you recall this is how a cost function
might look like. So q, that is the quantity of output is represented along the horizontal axis
and C(q), that is, costs associated with the different quantities are represented along the
vertical axis. So this function might look like this or it could be something like this. So it

might have different kinds of shapes.

. . . 2 . .
We want to find out given this particular form, C(q) = aq + bq + c. This is a polynomial
function. Under what condition this polynomial function represents the convex cost function
that is part 1. In Part 2, under what conditions, this polynomial function represents a concave

function and in the third part both convex and concave.

So the function has to be specified as convex or concave with respect to the horizontal axis

that is the quantity axis. All right so this is the function that is given to us

Clq) = aq2 + bg + c. Now from this I can find out the derivative of the function with

respect to q. The first derivative gives us 2aq + b. I am just using the power rule.



a and b are constants and from the first derivative I can differentiate this once more and I will

2
get the second derivative% = 2a. So this is something we have found out. Now the
q

conclusion will come. Under what conditions the function is convex. Now here we use the

property that a function is convex if the second derivative is positive.

2
The second derivative < C(zq) > 0. Now when will this second derivative be greater than 07 It

dq

will be greater than 0 if 2a, a > 0 and 2a > 0 if a > 0. So this is the required condition.
The function is convex if a, a is positive. Second part, concave the function is concave and

here like before we use the property that the function is concave if the second derivative

2 2
dc—(zq) < 0 and like before here dc—(f) = 2a.

dq dq
So 2a is negative if a is negative that is what I have written here. So the second part is done.
The third part is both convex and concave. So this is a bit tricky, but it is not actually a big
deal because a function is both convex and concave if the second derivative is equal to 0. In

that case it can be both convex and concave.

The idea that is being applied here is that in this case, what I have written here is strict
concavity so in case of weak convexity it is greater than or equal to 0 and for weak concavity
it is less than or equal to 0. So if we have weak convexity and weak concavity then the
relationship of the second derivative with respect to 0 is also weak. So in that case, the

function is both convex and concave in a weak sense if the second derivative is equal to 0.

So actually this should be the answer that the function is convex if a = 0, the function is
concave if a < 0 and the function is both convex and concave if a = 0. So we are not
talking about strict convexity or concavity but convexity and concavity in a weak sense and

therefore we are getting these results.
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2
The average revenue function of a firm is, AR{g) = 1 + 3q — L Find the

marginal revenue function and verify that it is concave to tﬁ?q—axis. What
is its maximum point?

qZ
ARlg)=1+3q-%

ki
Therefore the totafrevenue, TR, is given by, ‘o’/q/
— 47 3 »
S e e d‘-——_H- o, "\L
So, the marginal revenue, MR(q) =—TR(q) =1+ 6q - ¢> -7 %
— — dq e i

27 A
We can see that, %MR(q) = —2, hence the MR(g) function is indeed
concave. e ST EORE

The maximum point is given bv,d%MR(q) =0ie,6-2q =0,givingus,

q=3

—

The average revenue function of a firm is given to be this AR(q). It is given to be

2
AR(q) = 1 + 3q — _q3_ Find the marginal revenue function and verify that it is concave to

the q axis. And what is its maximum point? So the revenue function is given to us. The
average revenue function is given to us. We have to figure out the marginal revenue function.

Average revenue function is AR.

2
Let us suppose AR(q) = 1 + 3q — qT. From average revenue, you can go to total revenue

let us call that TR. Like average revenue, total revenue will also be of a function of quantity q

and that is found out by multiplying the average revenue with q quantity and it turns out to be

3

TR(q) = q + 3q2 - qT. So this is the total revenue function and it is a function of quantity.

From this I can easily find out the marginal revenue, the marginal revenue which we are

calling MR. MR(q) can be found out from the total revenue by taking the first derivative. So

it is calculated to be MR(q) = 1 + 6q — qz.

. C 2
So we have applied the power rule in this case. MR(q) = 1 + 6q — q . Now find the
marginal revenue function and verify that it is concave to the q axis. We have found out the
marginal revenue function. Now how to show that it is concave to the quantity axis? Well that

we have seen in the previous problem.



dMR(q)

I take the second derivative. Here what is the first derivative, the first derivative is i and
. . . . . o dMR(q)
that will be if you differentiate this with respect to quantity, it becomes o= 6 — 2q.

And you take the second derivative, so differentiating this with respect to quantity,

2
dlZ—RZ(Q) = — 2. So that is what I have written here. You can see that the second derivative
q

is — 2 which is a negative quantity. Hence the marginal revenue function is indeed concave.

This is the property that the second derivative negative means the function is concave. And
the last part, what is its maximum point? So if it is a concave function, it might have a
maximum point. So how to find that? I take the first derivative of the marginal revenue
function, set that equal to 0 and from that I will get the stationary point and first derivative |

have already found out, itis 6 — 2gq.

So 6 — 2g = 0 that is what I am getting from this condition and if I solve that for q, I will
get g = 3. And this point is actually at the maximum point. It is not the minimum point or an

inflection point because I have already seen that the MR function is concave.

(Refer Slide Time: 12:52)

* Suppose a firm in a perfectly competitive market faces the price p =
10. It has a cost of production function given by, C(q) = 4q + q.
What is the output level of the firm if it wants to maximize its
profit? What is the magnitude of maximum profit?

* The price is 10, hence the total revenue is, TR = 10q
The profit, m(g) = 10q — (4q + ¢°)
The first order necessary condition of profit maximization is,
inle) _
dq =0

0r, 2 (10g 49 - ¢*) = 0

Here is a problem from profit maximization and we are talking about a firm, which is in a
perfectly competitive market. This firm faces a price p given by 10. So as it is known in a

perfect competition market the price is constant. So the producer cannot influence the price it



is given. The cost of the production function is given by C(q) = 4q + qz. Question is what

is the output level of the firm if it wants to maximize its profit?

Secondly, what is the magnitude of maximum profit? So that is the question. What is given to
us the price is given, price is 10. So from this I can figure out the total revenue TR. TR will

be price multiplied by quantity so this is 10q and therefore the profit will be total revenue

minus the cost, cost is known to us, C(q) = 4q + qz. So the profit function has been found

out. I have to now find out the output level where the profit is maximized.

To do that, I have to depend on the first and the second order conditions. The first order

necessary condition of profit maximization is the first derivative of the profit with respect to

quantity is equal to 0 so that was down to this, diq (10q — 4q — qz) = 0 and this is actually
d 2
=7 (64 —q) =0.
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Or,6 —2q =0,implying, g =3

. d?
We now check for the second order condition, d—; <0
dZTI : o “&.:‘ .
Here, o —2, hence the profit maximizing output is indeed 3.

—

The maximum profit level = m(3) = 6.3 — 32=9



* Suppose a firm in a perfectly competitive market faces the price p =
10. It has a cost of production function given by, C(q) = 4q + g*.
What is the output level of the firm if it wants to maximize its
profit? What is the magnitude of maximum profit?

* The price is 10, hence the total revenue is, TR = 10q
The profit, m(g) = 10q — (4q + ¢°)
The first order necessary condition of profit maximization is,

ol
dq =0

01,2, (109 —4q—¢%) = 0

L d e

And if I take the diq (6q — qz) [ get 6 — 2q and that gives us the value of q. ¢ = 3. But we

now also need to check the second order condition. So here the second derivative of the profit
function that we have to check, it turns out to be - 2. This was the first derivative of the profit
function. If you differentiate this with respect to q you get - 2 so that is our second order

condition and it is being satisfied.

So the maximum profit is going to occur at output level 3. And what is the maximum profit

level? So that was the second part. For that [ have to plug in this q that is the maximum point

in the profit function. What is the profit function? It is 6q — q2 so I just have to put g = 3

here. So if I do that I will get the maximum profit to be 9, so that is the answer.

(Refer Slide Time: 16:42)



+ Afirm in a perfectly competitive market faces the price 5. It has a cost of
production function given by, C(q) = 3q* — 595q + 40000, if g > 0;
C(q)=0,ifq=0.

What is the output level of the firm if it wants to maximize its profit? What

(/ is the magnitude of maximum profit?

* The price is 5, hence the total revenueis, TR = 5q

The profit, m(q) = 5_@ - (3¢* —@ +40000)

The first order nece;saryfb_ndition of profit maximization is,
anlg) _ o

dg__

Applying this, we get, 5 —6q +595 =0

Another problem related to perfect competition. A firm in a perfectly competitive market

faces the price 5. It has a cost of production given by this. C(q) = 36[2 — 595q + 40000 if
q > 0. And this C(q) = 0 if g = 0. So this is the scenario. The cost function is not a

smooth function because if you put ¢ = 0 in this form then you get C(0) = 40000.

But actually, it is specified that if g = 0, C(q) is not 40,000, it is 0. So you can see that the
cost function is having a jump at ¢ = 0. It is not a continuous function. Now the question is
this — what is the output level of the firm if it wants to maximize its profit? What is the
magnitude of maximum profit? So in that sense, as far as the questions are concerned, the

questions are like they were in the previous problem.

However, the form of the cost function is very different in this problem. So we adopt the
strategy that we had adopted earlier. The price is given. Total revenue can be found out by
multiplying the price with quantity so it is 5q. So the profit will be total revenue minus total
cost and the first order condition of profit maximization as we know, I differentiate the profit

function with respect to q set that equal to 0.

And here if I do this calculation, it comes out to be ﬂdqﬂ =5 —6q + 595 = 0.

(Refer Slide Time: 19:25)



* Or, 6g = 600, implying, g = 100

. CheE<ing for the second order condition: jiq’; = -6, thus the profit is
indeed maximized at g = 100. =

* The maximized profi@) = 600.100 — 3.100% — 40000

=60000 - 70000 = =10000

P

* The maximized profit is negative. If the firm instead of producing
anything at all shuts down, its profit is 0.

* Thus the optimal output and profit is 0.

+ Afirm in a perfectly competitive market faces the price 5. It has a cost of
production function given by, C(q) = 3q* — 595q + 40000, if g > 0;
C(q)=0,ifq=0.

What is the output level of the firm if it wants to maximize its profit? What

is the magnitude of maximum profit?

p——
—

* The price is 5, hence the total revenueis, TR = 5q

The profit, n(q) = 5& — (3¢% - 595q + 40000)

The first order necegsaryfandition of profit maximization is,
dm(q)

dq
Applying this, we get, 5 —6q +595 =0

And if I solve that I get 6q = 600 implying ¢ = 100. We also need to check the second
order condition. So I have to differentiate this part once again with respect to q and that will
give me -6. So the second derivative is -6 thus the profit is indeed maximized at ¢ = 100

because the profit function is concave. What about the maximized profit?

So that is an important question and as we shall see this is going to be a very critical question
when the producer has maximized his profit, then what is the volume of that maximized

profit. Here the maximum profit is occurring at ¢ = 100. So I put the g = 100 in the profit

function, so this is the profit function, m(100) = 600 * 100 — 3. 100° — 40000,



So I just solved this, I just simplified this and it comes out to be -10,000. So what it basically
means is that if the producer has to produce some goods. If the producer produces g > 0 then
the highest amount of profit that he can get is -10,000. It is negative. If the firm instead of

producing anything at all shuts down then what happens.

If the firm shuts down, it does not produce anything. So, TR= 0. Remember g = 0, cost is
not minus 40,000. It is 0 actually. That is specified in the question so therefore
m =0 — 0 = 0. Therefore the optimal output will be 0 and as a result optimal profit will

also be 0. So that is why I said that we need to figure out what is the maximized profit.

If it is turning out to be negative, as it is happening here then there is no point for the

producer to produce anything at all. It will produce 0 amount of output.
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* Suppose the production function of firms is f(L) = AL* (1> a >0,
A>0), the price of the good produced = p, wage rate of labour = w.
What is the employment level of a profit maximizing firm (let’s call

sL* 6L 8L
it L. ——,—.
|t*) Comment on o' 51" 57

* Suppose the govermunces a policy to give wage subsidy of
(1 — B)w per unit of labour employed (1> f>0). What is the effect
on employment level?

Let the profit of the firm be, 7.
+a0) = pf () -l

Here is a somewhat different question. Suppose the production function of firms is given by

this f(L) is the production function, f(L) = AL" where, 0 < a < 1, A > 0. The price of
the good produced is given by small p. The wage rate of labor is given by small w, what is the

employment level of a profit-maximizing firm? And let us call that the employment level is

*

L.

Sw?’> 8A4° &p

so these are the 3 partial derivatives that we have to find out.
Secondly suppose the government announces a policy to give wage subsidy of (1 — B)w,
per unit of labor employed where 0 < [3 < 1. What is the effect on the employment level?
What is the effect of this wage subsidy? This is called wage subsidy on the employment

level.

Earlier the employment level was L without subsidy. So how is that going to change with
subsidy? So that is the question. Now we are going to follow the basic rule. We first find out
the profit function and try to see at what level of employment L. So the L is the decision

variable at what level of employment the producer is going to maximize the profit.



So here is the profit function m(L) = pq, q is nothing but the production function minus the
cost, m(L) = pf(L) — wL. What is the cost here? There is only 1 input that we can see so

cost is -wL. The wage rate multiplied by labor employment.
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* The firm will decide the employment by satisfying the necessary and
sufficient conditions of profit maximization.

* The necessary condition, E =0
or, —(pAL“ —wl)=0 ¢ -°
or, paAL“ 41571y = 0 2 ‘?“/

r@
orL= (—)a 1=
This is termed as L' = L*(w A p)
The second ordercondltlon is satisfied, because (paAL“ Low)
=pa(e — 1AL 2 < 0,sincea < 1

—_—

_

The firm will decide the employment by satisfying the necessary and sufficient conditions of

profit maximization. This is standard. The necessary condition is this. 2—2 =0, so

dLLn = —(p f(L) —wlL) = dL (p. ALY — wlL). 1 take the derivative of this so I get

pO(ALa_l — w = 0. This can be actually re-written as paALa_l = w. Just adding w to both
sides and I will get this.

And this gives me this, I am expressing L in terms of the rest of the parameters and so
1

L= (p%) “". Now we know a < 1, so (¢ — 1) < 0 so therefore 1 have taken the

reciprocal of this so that the power here is positive, so this is the positive number. So what I

am getting is L = % And let us call this L*.

)
This is the optimal employment level of the producer as you can see it is a function of many
parameters principally w, A and p. So these are the parameters of interest. But is the second
order condition satisfied that we need to check. And it is actually satisfied because if I take
the derivative of this part, this was the first derivative I take the derivative of the first

derivative, so I will get the second derivative, second derivative is turning out to be this

pa(a — DAL ? < 0.



And this is less than 0 because (o« — 1) < 0 and (o — 1) is appearing here. So this is
negative and that is the second order condition that the profit function should be concave and

the profit function here is concave if you have the second derivative to be negative. So we

have found out L the optimal labor employment.

(Refer Slide Time: 28:02)

-a
—_— 2L (1—a)paA(rL)ﬁ
SL* _ w >O : N———
s 2 WS
= U-ajpad®(roi-a
—

TR

re———

8L w _ > 0

% gapraaciie

As wage rate rises it reduces the employment level. As productivity
rises or price rises, employment level rises. —

* Suppose the production function of firms is f(L) = AL* (1> a >0,
A>0), the price of the good produced = p, wage rate of labour = w.
What is the employment level of a profit maximizing firm (let’s call
it L*). Comment on pLL oLt 8
‘t,,. ) sw' oA’ op'

* Suppose the govermunces a policy to give wage subsidy of
(1 = B)w per unit of labour employed (1> f>0). What is the effect
on employment level? -

Let the profit of the firm be, 7.
) =pf0)-wL



* The firm will decide the employment by satisfying the necessary and
sufficient conditions of profit maximization.

* The necessary condition, E =1

or, —(pAL“ —wl)=0 ¢ -°

or, paAL“ 11— w=0 = Y“/
r@

Or L= (—)a = m
ﬂg (p‘;)ﬂ
This is termed as L' = L*(w A p)
The second ordercondltlon is satisfied, because—(paAL“ Low)

=pa(e — 1)AL* 2 < 0,sincea < 1
—_—

%

Now I have to talk about the partial derivative of the L . With respect to these parameters, w
A and p, and this is simply manipulation. I have to take the derivative with respect to w of

this function, this function and that after some steps, it turns out to be this

2—a

- 1/(1 - pad(G

What about the sign of this entire thing, it is negative because (1 — o) > 0 and the rest of

the terms are also positive. So z—LW < 0 That is my conclusion. What about the partial

derivative of L with respect to A and similarly I am not specifying the steps involved here.

2—a

Here it is turning out to be —L =w/(1 — oc)p(xA (— and as you can see by

pad )

inspection that this is a positive quantity because a < 1.

* * —a

So — > 0. Slmllarly, —— is found out to be —p =w/(1l — oc)p OLA( ) ~ > 0 and this

is also positive. So this is negative, this is positive, this is positive. What it means is that as

the wage rate rises, it reduces the employment level. This employment level, L* is going

down.

As productivity level rises or price rises, employment level rises. A can be thought of as a

parameter representing productivity because look at this here A is occurring. And if A is



high, that means the same amount of labor will be capable of producing more output. So that

is why one can think of A as a marker of productivity.

*
So as productivity rises, or as price rises, p is the price as we can see L goes on rising

because the partial derivatives are positive.

(Refer Slide Time: 31:35)

* The government announced a subsidy of (1 — #)w per unit of labour
employed. &

& e
* For the employer, the cost of labourisw — (1 - f)w = pw
* The employment level is now decided by, paAL*~! = fw

_ Bw L 1 Y]
This gives us, L = (=—)a-1= —, let us call this, L 3
= P B = L
_ DA L‘j
Since § < 1, fw < w, hence, 1/fw > 1/w, thus, 7
11 —
pw L7 w L,
e

The wage subsidy boosts employment level.

R —

ow Sw 1-a \pad m - w ZL;’

—_— (l—a)paA(—pa i
§L* w
Tialr = Rk
> (-a)pad?(oyi-a
pad
o T

&

—
6_1,* _ w > O
% (-aptaa -y

. 4 ad

As wage rate rises it reduces the employment level. As productivity
rises or price rises, employment level rises.



* The firm will decide the employment by satisfying the necessary and
sufficient conditions of profit maximization.

.
* The necessary condition, —I =1

Or—(pAL“—wL) 0 +°
or, paAL“ 4151y = 0 2 Y“/
ﬂ—’ﬂ

Or L= (—)a =

paﬂ
This is termed as L* = L*(w A p)

The second ordercondltlon is satisfied, because—(paAL“ Low)
=pa(e — 1)AL* 2 < 0,sincea < 1
—_—

%

Now we come to the second part the government announced a subsidy of (1 — [)w per unit
of labor employed. For the employer the cost of labor after the subsidy is announced is given

by this, w — (1 — [)w because this part is given by the government.

So the producer will only have to bear the wage that is paid to the worker minus the power
that is provided by the government and this is simply Bw. Now this is the wage that is
actually paid by the producer and as we have seen earlier, the optimal employment level is

decided by this rule, the first order condition.

This was the condition. The marginal product on the left hand side you have, price multiplied
by the marginal product and on the right hand side, the wage that is paid by the producer.
Now what has changed now is that the left hand side has remained the same. The right hand

side is no longer w. Right now the producer is paying only 3 part of the w. So the producer is

paying Bw.

. . -1 .
So the new condition of profit maximization is this, pocALa = Bw. From this we can solve
1

for L optimal labor employment and that like before is turning out to be 1/ ( “. And let

us call this L . Now I am going to claim that L > L. On what basis am I saying this?

Remember < 1, that means fw < w. Hence if I take the reciprocal B—TN > % And that

helps us conclude that this is going to be correct. What you see here is thatfw is occurring in



the denominator and here w is occurring in the denominator. And what is the left hand side,

left hand side is L , the right hand side is L .

So we have just proved that L > L which means that if the government provides wage
subsidy to the producer then the producer actually will raise the employment level. So this is
the kind of policy that is often advocated by many people if the government wants to

improve.

The employment level in the economy then what the government can do is that it can tell the
producers, look out of the 100 rupees wage that has to be paid to the laborer, you pay maybe
70 percent of that, 70 rupees and 1 will pay 30 percent that I will pay 30 rupees. In that case
the cost per labor to the producer in that case falls, it falls to 70 instead of 100 and the effect

is going to be that the producers will raise the employment level.

(Refer Slide Time: 36:10)

* A monopolist has the following cost function, C(q) = 200q +
40q?. The inverse demand function is given by, p = 1200 — 10q.
(a) What is the profit-maximizing output level? (b) What is the
corresponding price? (c) What is the maximum profit?

(a) The profit function of the monopolist,
m(q) = Total revenue - Total cost

—=pq—C(q)

= q(1200 - 10q) - (200q + 40¢?)
=1200q - 10¢* - 200q — 40¢*

= 1000g - 50y

Now we come to a different topic, which is suppose you have a monopoly market, then what

happens to profit maximization? A monopolist has the following cost function.

C(q) = 200q + 40q2. The inverse demand function is given. p = 1200 — 10q. First
question — what is the profit maximizing output level? Second question — what is the

corresponding price and third — what is the maximum profit?



This is the case where you do not have perfect competition but there is a monopolist and the
monopolist wants to maximize the profit then how does he do so. Now like before the
m(q) = Total revenue - Total cost. What is total revenue? p. q, cost is C(q). So pq that is total
revenue can be found out by multiplying the quantity with price. Price is obtained from the

inverse demand function thatis p = 1200 — 10q.

We substitute that here minus the cost and this is simplified as t(q) = 1000q — 50q2. This

is the profit function.

(Refer Slide Time: 37:40)

From m(g) = 1000q — 504, we use the first order, necessary
condition, -

d
iy
4 _E(n2) —
aq (10008 = 507°) =0
0r, 1000 -100g =0
Or,q =10
Now, we check for the second order sufficient order condition,
d’n
d_qz <0

—

And as usual we use the first order necessary condition. We take the first derivative of the
profit function set that equal to O that is diqn(q) = diq (1000q — 50q2) = 0. That gives

me 1000 — 100g = 0 that is g = 10. What about the second order condition? We have to
have the second derivative of the profit function to be negative. Here actually it is negative

because this is the first derivative and if you take the second derivative you just get

2
%ﬂ(q) = — 100which is negative.
q



(Refer Slide Time: 38:24)

,dn d’n _ d(1000-100q)

i d—q -100<0
The second order condition is indeed satisfied, hence at g = 10 the
profit is indeed maximized. -

(b) The profit-maximizing price can be found by plugging ¢ = 10 in the
inverse demand function, p = 1200 - 10g, giving us, o

p = 1200 - 10(10) = 1100

(c) The maximized profit can be found by plugging g = 10 in the profit
function, 7(q) = 1000 — 50¢>.

From m(g) = 1000 — 50q?, we use the first order, necessary
condition, —

d
iy

d _ a2y —

Or, 1000 — 100 = 0

Or,g=10

G S

Now, we check for the second order sufficient order condition,

a_qz<0

———

So the second order condition is indeed satisfied hence g = 10 so that is what we got from
the first order condition g = 10 is the level of output where profit is maximized. Now we
check for the price. The price at which the producer is going to sell his goods. The profit

maximizing price can be found by plugging ¢ = 10 in the inverse demand function.

This is the inverse demand function p = 1200 — 10gq that is the inverse demand function. I
put ¢ = 10 here. I get p = 1100. So this is the optimal price. The maximized profit can be
found by plugging g =10 in the profit function. Profit function was

n(q) = 1000q — 50q°. 1 will put ¢ = 10 here.
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Thus, (20) = 1000.10 — 50.10
= 10000 - 5000
= 5000

—_—

And if I do so it turns out to be 5000. So the profit is 5000 when the producer is operating
optimally.
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* A monopolist has the following inverse demand function: p =
100 — 24. Its cost function is:

C(q) =60 + F,if g >0
=0,ifq ;0, where F denotes the fixed cost of production

What is the profit maximizing output of the monopolist? (Is it
dependent on F?) What is the corresponding price? What is its profit?

If a lump-sum tax of Tis imposed then how does it affect the
monopolist’s behaviour? If instead of lump-sum tax, a fixed
percentage tax on profit is imposed then how does the behaviour
change? How does the behaviour change if excise tax (tax on output)
is imposed?

Another problem related to a monopoly market but this has something to do with the
government as well. A monopolist has the following inverse demand function.
p = 100 — 2q. The cost function is C(q) = 60q + F.if q > 0 and is equalto 0 ifg = 0
where F denotes the fixed cost of production. What is the profit maximizing output of the

monopolist? Is it dependent on F?



What is the corresponding price and what is its profit? So this is the first part. You can see
that there is a fixed cost involved here. So something similar to this we have seen before
where fixed cost was involved and now we come to the second part, if a lump-sum tax of T is

imposed, then how does it affect the monopolist’s behavior.

Monopolist’s behavior means what is the quantity that it is going to produce, price it is going
to charge etc. if instead of a lump-sum tax a fixed percentage tax on profit is imposed then
how does the behavior change. How does the behavior change if excise tax that is tax on
output is imposed. So it is quite a long question. We have to do it carefully and slowly to get

the answer. But it is not very difficult.
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* Let us first get the expression of the profit function. Here n(q) =
TR=-TC =

Or,7(q) = pq — (60q +F)

=(100 - 2q)q — (60q + F)

=40q - 2¢*-F

—_—

The first order necessary condition, diqn(q) = 0 gives us,
40-4q=0,0rq =10 T

d*m
For the second order condition, i = —4 < 0, which is satisfied.

At g = 10, the profit is, Jr(lg) =40.10-2100—-F =200-F

—_—

Let us first get the expression of profit function. So this is the standard method. The profit
function is 1(q) is given by total revenue — total cost. We know the inverse demand function,

we put it here that multiplied by q — the cost function, which is simply C(q) = 60q + F. So

this is the profit function n(q) = 40q — 2q2 - F.

We know the first order necessary condition is that the derivative of this profit function
should be equal to 0 and that will give me diqn(q) = 40 — 49 = 0 or g = 10. Second

order condition I take the derivative of this once again I will get -4 .which is negative. So

indeed the profit is getting maximized here at ¢ = 10.



Now what is the amount of profit? The profit is given by m(q), which is a function of 10 now.
So I put g = 10 here that actually simplifies to be m(10) = 200 — F. This is the

maximized profit.
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«If (10) is less than 0 then the producer will better stop production.
* Thus we can write his optimal output as follows,
q =10,if F <200
q=0, or10if F = 200
/———“'“ —_—
q="0,ifF>200
If the fixed cost is high it is preferable to shut down. If the production is

positive (F < 200), then we can find corresponding price and profit as
follows.

p=100-210=280

7(10)=200-F
e ——

Now as we have seen earlier, this maximized profit if it is less than 0 then the producer will
better stop production because if he does not produce then the cost is 0 and the revenue is
also 0 so the profit will be 0 if he does not produce. So the maximized profit if it is less than 0

then it is better to stop production. Thus we can write the optimal output as follows.

Itis g = 10 if F < 200 because what is the maximized profit, it is this m(10) = 200 — F.
So as long as F < 200 then the maximized profit is positive. So in that case, it is worthwhile
to produce. On the other hand, if F = 200 then the producer will get 0 profit whether he

produces 10 or he produces 0.

So both are optimal in this case. And finally, if the fixed cost is F > 200 then the maximized
profit is actually negative. In that case, it is best not to produce so ¢ = 0. So the summary is
this. If the fixed cost is high, it is preferable to shut down. If the production is positive that is

F < 200 then we can find the corresponding price and profit as follows.



So the price will be just plugging in ¢ = 10 in the inverse demand function so this comes out
to be p = 100 — 2.10 = 80. So this is the optimal price and as we have seen earlier the
maximized profit is 1(10) = 200 — F.
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* Lump-sum tax:

* When lump-sum tax T is imposed, it pushes up the cost side.
+ The profit function cﬁ/a_nges to,

m(q) =pq - (60g + F+T)

=(100-2q)q—-(60g +F +T)

* Neither the first nor second order condition is affected by the
inclusion of the lump-sum tax. The profit-maximizing output remains
thesame.  —

+ But it affects if the producer produces at all or not.

*1f 7(10) is less than 0 then the producer will better stop production.
* Thus we can write his optimal output as follows,
q=10,if F <200
q=0, or10if F = 200
e —— _——
q=0,ifF>200
If the fixed cost is high it is preferable to shut down. If the production is

positive (F < 200), then we can find corresponding price and profit as
follows.

p=100-210=80
n(10) = 200 - F

R




* Let us first get the expression of the profit function. Here n(q) =
TR=-TC =

Or,n(q) = pq — (60q +F)

=(100 - 2q)q — (60q + F)

=40q - 2¢*-F

—_—

The first order necessary condition, diqn(q) = 0 gives us,
40-4g=0,0rq=10

d*m
For the second order condition, i = —4 < 0, which is satisfied.

At g = 10, the profit is, Jr(lg) =40.10-2100—-F =200-F

-—

—_—

Now we come to the tax part. So the government has imposed a lump-sum tax. What is a
lump sum tax? It basically pushed up the cost side. So the producer has to pay a fixed amount
of money to the government that is called a lump-sum tax. And that amount of money is

given by T. So in this case the profit function has changed. It has changed to this.

The total revenue is pq — cost and you can see in the cost there is an additional term. It is +T.

So earlier it was just this much C(q) = 60q + F. Now itis C(q) = 60q + F + T. And I

can simplify this to this expression m(q) = 40q — 2q2 — F — T. Now what is to be noted
is neither the first or the second order condition is affected by the inclusion of the lump sum

tax. The profit maximizing output remains the same.

Why am I saying this is that if you differentiate the profit function with respect to quantity
that will give you the first order condition and if you differentiate it twice then it will get the
second order condition but if you differentiate it once then these terms will simply drop out
because these are constants. So therefore the first order and the second order conditions are

not going to be affected by the inclusion of this tax.

However, it affects if the producer produces at all or not. So since the first order and the
second order conditions are not going to be affected, therefore the optimal quantity and the
optimal price are going to remain the same as long as ¢ > 0. But whether the producer

produces at all or not that is going to be affected by the inclusion of this lump-sum tax.
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In the new circumstance, g = 10, if (10) =200~ F =T > 0
0r,200-F>T
-r>1

Although, T does not affect the output, price, pxofit if anything is
produced, if it is high (greater than 200 — F) output drops to 0.

* Tax on profit:

If a fixed percentage of profit is taxed away, then the post-tax profit
changes.

Let ¢ be the proportion of profit that is taxed. The profit of the
producer: n(q) = (1 - ©)((100 - 2¢)q — 60q — F)
=(1-1t)(40q - 2¢* - F

And here is the reason. In the new circumstance if g = 10, that is the optimal quantity that
has remained the same. The profit is given by this, m(q) = 200 — F — T > 0. So this has
to be greater than 0 that we have seen. The maximized profit or the optimal profit cannot be

negative and that boils down to 200 — F > T.

Earlier it was 200 — F > 0, although T does not affect the output price, profit if anything is
produced if it is high (greater than 200 — F) output drops to 0. Actually this is not correct.
Profit is going to be affected. The maximized profit is going to be affected if the producer is
producing anything positive because as you can see the maximized profit has this minus T

component.

The optimal output and price remains the same in case of lump-sum tax provided the
producer is producing something positive but if the producer is producing anything positive
or not, that is going to be affected by this lump-sum tax. The second question is tax on profit.

If a fixed percentage of profit is taxed away, then the post-tax profit changes.

So suppose t be the proportion of profit that is tax. The profit of the producer therefore is
equal to let us suppose it is m(q) = (1 — ¢t)((100 — 2q)q — 60q — F). Here there is no

lump sum tax. Fixed cost is there.



However, a portion of the profit that is t percentage of the profit has been taxed so therefore

the producer is left with (1 — t)multiplied by the profit. And this is simply this,

n(q) = (1 — t)(40q — 2q2 — F). You might recall that this expression was the profit

expression earlier. Earlier means when there was no tax.
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* The first order condition will give the same solution of g as before, as
long as tax rate t is a constant. The second order condition will be like
before.

* The optimal output and price remain the same, there is no change of
behaviour of the producer.

* The condition to produce:
(] which boils down to,

(200 —F) >0, like in the previous case.
* The maximized profit will be less than without the tax.

—_—

In the new circumstance, g = 10, if 7(10) =200-F =T > 0
0r200-F>T
'__’/

Although, T does not affect the output, price, profit if anything is
produced, if it is high (greater than 200 — F) output drops to 0.

+ Tax on profit:

If a fixed percentage of profit is taxed away, then the post-tax profit
changes.

Let t be the proportion of profit that is taxed. The profit of the
producer: m(q) = (1 - £)((100 - 29)q — 60q - F)
=(1-1t)(40q-2¢*-F




* Lump-sum tax:

* When lump-sum tax T is imposed, it pushes up the cost side.
* The profit function c_h::;nges to,

n(q) =pq - (60 +F +T)

=(100-2q)q—(60g +F +T)

* Neither the first nor second order condition is affected by the
inclusion of the lump-sum tax. The profit-maximizing output remains
the same. =

* But it affects if the producer produces at all or not.

« If (10) is less than 0 then the producer will better stop production.
* Thus we can write his optimal output as follows,
q =10,if F <200
q=0, or10if F =200
= L ek
q =0,if F > 200
If the fixed cost is high it is preferable to shut down. If the production is

positive (F < 200), then we can find corresponding price and profit as
follows.

p=100-2.10 =80
n(10) = 200 - F

e — —

The first order condition will give the same solution of q as before as long as tax rate T is a
constant. The second order condition will be like before. So what is being said is that if you
set the derivative of this with respect to ¢ = 0 then that will give you just the derivative of
this with respect to g = 0. Because this is just a constant. T is a constant, so this is a

constant.

So you are going to get the same first order condition that you got when there was no tax.
And similar to the second order condition will be like before. It will be satisfied. Therefore

the optimal output and price remain the same. There is no change in the behavior of the



producer. The optimal price and output we got earlier where what ¢ = 10and p = 80. So 10

and 80 are optimal quantity and price.

Those things will hold here also but there was remember a condition whether the producer
produce will be producing at all or not that depends on what about the profit. It has to be
positive. So this is the maximized profit (1 — t)(200 — F) > 0Oand that is actually the same

condition because (1 — t) is just a constant and this is positive, so what matters is this part.

This has to be greater than 0. So in case of tax on profit also the behavior of the producer
does not change due to the tax. He will demand the same price. He will be producing the
same output as before the tax. One thing will change that the maximized profit will be less

because a part of the profit has been taxed away.
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* Excise tax:

* If there is tax of t per unit ut produced, the profit:
n(q) =((100 - 2q)g)-'60q € tg )~ F} since the cost now:
C(q)=60g+tg+F

* The first order necessary condition, %n(q) = 0 gives us,
40—4q|ft=0,orq=g)—t/4

* The optimal output changes after imposition of tax, it fMit.
* The second order condition will be satisfied like before.

+ Correspondingly, the optimal price changes to, 100 — 2 (10 - E) =
80 + t/2. It has gone up. I ———
Lo et

Now we come to the third category of taxes — the excise tax. If there is tax of t per unit on
output produced then the profit turns out to be this.
m(q) = (100 — 2q)q — 60q — tq — F. So this is the revenue part and this is the cost part
as you can see that this is a new term here — tg, t is the rate of tax and in case of excise tax,
the quantity is being taxed. How much quantity the producer is producing based on that the

producer has to pay taxes to the government.

So the total amount of tax it has to pay, which is tq it is a product of the tax rate multiplied by
the quantity, it has decided to produce. So this is the cost function, new cost function. Now

again I apply the first order condition that is the derivative of the profit function with respect
to quantity set that equal to 0 and that gives me this Z—Z =40 — 4q — t = 0. And you get

the solution of ¢ = 10 — t/4.

Just for comparison earlier, when there was no tax, no excise tax, the optimal quantity was
simply 10. Now that optimal quantity is ¢ = 10 — t/4. So the optimal output changes after
the imposition of tax. It falls by a bit. The second order condition will be satisfied like before
because if you take the derivative of this with respect to q then this part simply drops out so

you get —4 so the second order condition is satisfied.



Correspondingly, the optimal price also changes. So I put the optimal quantity in the inverse
demand function so p = 100 — 2(10 — t/4) = 80 + t/2. So the price actually has gone

up due to the tax. Earlier it was 80, now it is 80 + t/2.
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* The optimal profit will decline due to excise tax. If profit goes below 0,
then the optimal output is 0.

* Unlike lump-sum and proportional profit tax therefore the excise tax
affects the bahaviour of the producer.

I ————

* Let €(q) be the total cost of a firm producing g units of output, C(q)
is differentiable. The average cost function is given by, A(q) = Clg)/q.
Prove that A(g) has a stationary point at ¢* > 0 if and only if the
average and marginal cost are equal at g*.

* Excise tax:

* If there is tax of t per unit ut produced, the profit:
n(q) =((100 - 2q)g-'60q £ tg )~ F} since the cost now:
C(q)=60q+tq+F

* The first order necessary condition, %n(q) = 0 gives us,
40—4q.ft=0,orq=g)—t/4

* The optimal output changes after imposition of tax, it falls by a bit.
* The second order condition will be satisfied like before.

+ Correspondingly, the optimal price changes to, 100 — 2 (10 - i) =
80 + t/2. It has gone up. I ——
o s

The optimal profit will decline due to the excise tax and as we know if the profit goes below
0 then the optimal output is 0. Optimal profit will decline because of the tax because the
quantity is being produced less the price is charged more so obviously the profit will decline.
What is the conclusion? Unlike lump sum and proportional profit tax, the excise tax affects

the behavior of the producer.



In lump sum tax or proportional profit tax, there was no effect on the optimal quantity, the
producer was producing or the optimal price except for the fact that whether the producing is
going to be producing at all or not that was getting affected by the tax. Other than that there
was no change on the optimal quantity and price but here in case of excise tax the optimal

quantity and price is getting affected. Here is another problem from optimization.

Let C(q) be the total cost of a firm producing q units of output C(q) is differentiable. The
average cost function is given by A(q) = C(q)/q prove that A(q) has a stationary point at

q* > 0 if and only if the average and marginal costs are equal at q*.
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. —1 @
Aq) .

. Ifd%A(q) =0 atq'then q" is a stationary point.

d 4 clg) _ aC'(@)-c@)
*Here, —A(q) = ——=—F—
q c’(q)—gchn/ Ll
—5——=0implies,

#C10) - C@=0
0r,C'(q) =22 = 4(g)

—-_—';____
Or, marginal cost = average cost.

—

So as given in the question, A(q) = C(q)/q. C(q) is the cost function. Now if the derivative

of the A(q) the average cost is equal to 0 at q* then I can call q* as a stationary point of the
A(q) function. So I take the derivative of the A(q) function, the average cost function and I
apply the quotient rule so I get quA(q) = M;C@.

q

Now if we have a stationary point then this has to be equal to 0. The derivative has to be

equal to O for a stationary point and that means that the numerator is equal to 0, which is
equivalent to saying that q. C '(q) — C(q) = 0 and I can take C(q) to the right hand side and

divide both sides by q that will give me C '(q) = ﬂqu = A(q) it is the average cost.



So marginal cost is equal to average cost. This is what we are getting from this condition that

the first derivative is equal to 0 of the average cost function.
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* If, at q"marginal cost = average cost, then at ¢* A(q) has a stationary
point since %A(qﬁ =0.

* On the other hand, if at ¢*, A(q) has a stationary point, then, by the
above demonstration at q*, q.C'(q) — C(q) = 0.

* This implies, at " marginal cost = average cost.
* Hence the proof.

@
*Alg) = %

. |f;—qA(q) = 0 at g*then q" is a stationary point.

4 cl) _ al'@-c@

d
* Here, —A(q) = e 7

i
wd}imﬂ
0@~ C(0)=0
0r,C'() =22 = 4(g)

——\_'—:'h____
Or, marginal cost = average cost.

EE—

* ) * . o d
If at ¢ marginal cost = average cost then at q , A(q)has a stationary point since d—qA(q) =0
. So that is what we have just seen. If the marginal cost and average cost are equal at a
particular quantity level g then that actually means that the first derivative of the average

cost is equal to 0 which means that q is a stationary point.

On the other hand , if at q* A(q) has a stationary point then by the above demonstration the

first derivative of the average cost is equal to 0 which means this is 0 and that actually means



marginal cost = average cost, hence the proof. So it is basically if and only kind of statement.

If you have a stationary point then marginal cost is equal to average cost.

On the other hand, if marginal cost is equal to average cost then you have a stationary point

of the average cost function.
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‘A monopolv sells in the domestic market where the demand
functionis q; = 30 - -p1 The cost of production is C(q,) = 20q;.

(a) Solve for the inverse demand function and hence obtain an
expression for the profit function.

The demand functionis, g; = 30 — §P1
on2g,=60-p, =~ ~—
So, memand function, py = 60 - 2qs;

The profit function s, 7, = pyg; - 204,
= (60 - 2¢4) g, - 20q;
=40g; - 2}

Here is another problem related to monopoly. A monopolist sells in the domestic market. So

there is a monopolist firm which sells in the domestic market where the demand function is
given by this g L= 30 — %p - The cost of production is given by C(q 1) = 20q - Solve for

the inverse demand function and hence obtain an expression for the profit function. So this is

the first part.

Now notice what we are given is not the inverse demand function. We are given the demand
function where quantity is a function of the price. So first thing to do is to we have to find the

inverse demand function and from there one can find the profit function. Now the demand

function is given by this q, = 30 — %pl.

Now that is equivalent to qu = 60 — P, I have multiplied both sides by 2 and from here, I

will get p .= 60 — 2q g Now actually I have p ,asa function of quantity this is the inverse



demand function. Now you might be wondering at this stage why we are talking about this

subscript 1 all the time that will become clear later on when we introduce another market.

Now the inverse demand function has been found out. So therefore the profit function can be

found out by using that m = revenue — cost and therefore I get T o= (60 — 2q1)q .~ 20q,.

So this is simplifying to be o= 40q1 — quz, so this is the profit function .
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(b) Is the profit function concave?
m; = 40q; - 2q7

L
m(qul -2¢%) =-4<0

The profit function is indeed concave.

—_—

(c) Find the profit maximizing output and price.

Profit maximizing output can be found by the necessary condition,
d

5(40’-}'1 - 29’12) =0

Second part is the profit function concave. Well, I can find that by taking the second
derivative of the profit function and the second derivative of the profit function is -4 which is
negative so the profit function is indeed concave. Third part, find the profit maximizing

output and price.

So again this is standard. I maximize the profit and for that I use the necessary condition so |

take the first derivative of the profit function set that is equal to 0.

(Refer Slide Time: 64:16)



Or,40-4q, =0

Or, g, = 10, this is the profit maximizing output. So the profit
maximizing price given by the inverse demand function,

L
e, py = 60 — 20
=40

—

(b) Is the profit function concave?
m, = 40g, - 247
[ 2
— (40g, — 2q1) = - 4<0
dqy 2
The profit function is indeed concave.
(c) Find the profit maximizing output and price.

Profit maximizing output can be found by the necessary condition,
d
5(4041 - Z‘h) 0

* A monopoly sells in th% domestic market where the demand
functionis g = 30 - 5 P1. The cost of production is C(q4) = 20q;.

(a) Solve for the inverse demand function and hence obtain an
expression for the profit function.

The demand function is, q; = 30 — %Pl
op2q=60-p, = ~—
50, Werse’&emand function, gy = 60~ 245

The profit function s, , = pygs - 2045
=(60 - 2‘11) 01— 20‘?1
= 40‘11 - 2Q1




dm
That gives me this d—ql =40 — 4q ,oraq, = 10. This is the profit maximizing output so the
profit maximizing price is given by the inverse demand function which was p L= 60 — 2q %
So here I put q,= 10 so I will get p, = 60 — 20 so the optimal price is 40 so this is the

answer the optimal quantity is 10. Optimal price is 40.
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Suppose the USA (a foreign county) lifts import duties for this product.
The firm can now sell to the USA market where the demand function is
q; = 33 — p,. Let us ignore the transportation costs of sending the
goods to the USA, so that the cost of producing is the only cost to sell
in both markets; it is given by, C(q; +q; ) =20 (g, +q;)

(d) What is the inverse demand function of the USA?

From the demand function, g, = 33 — p,, we obtain,
P2 =33-¢
However this is valid if, g, < 33; otherwise, p, =0

—_—

Here is the foreign market. So I will get another subscript here. Suppose the USA foreign
country lifts import duties for this product. For this product means, the product that is
produced by the monopolist firm. The firm can now sell to the US market where the demand

function is q,= 33 — p,-

Let us ignore the transportation costs of sending the goods to the USA so that the cost of
producing is the only cost to sell in both the markets and it is given by this, so this is the cost

function. C(q LT a 2) = 20(q ,ta 2). So basically, it means that it does not matter where
your good is being sold. The cost of production is the same. So we are ignoring the cost of
sending the goods to the foreign country.

And the cost is just 20 maybe rupees per unit and there is no fixed cost so the total cost of
producing q, +aq, total amount of output is C (q1 +q 2) = 20(q1 + qz). So here the fourth
question, what is the inverse demand function of the USA that is in the USA market the
American market, the inverse demand function is what.

Well the demand function is given q , = 33 —p 5 from here I get p , = 33 — ¢q . This is the
inverse demand function. However this has to be valid if q,< 33 otherwise if q, is higher

than 33 I cannot say that p 5 is negative in that case p , = 0.
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(e) Write the expression of total profit function. Argue that it can be
treated as summation of two independent profit functions.

Total profit, m = m; + 1,

=Pyt Pzaz_‘ﬁqﬂ

=pidy + P20, = 200g; + q2)

: Mﬂ] +1q2(33 - q2) — 20q,]

Here the first term in the square brackets is the profit from the

domestic market, and the second term is the profit from the US
market.

These two terms are independent of each other. While the first is a
function of only g, the second one is a function of only g,.

Here is the fifth question: write the expression of total profit function, argue that it can be
treated as a summation of two independent profit functions. Total profit function will be the
profit from the first market and the profit from the second market. But remember the cost is

coming from one source.

So total cost is this whereas total revenue is this so total revenue — total cost and total cost as

we have seen it is just C(q1 + qz) = ZO(q1 + qz) and as you can see I can take all the q,
terms in the first bracket and all the g , terms in the second bracket. Here the first term in this

square bracket is the profit from the domestic market and the second term is the profit from

the US market that is quite evident.

This is the quantity sold in the domestic market. This is the price obtained in the domestic
market. This is the cost of production for the goods sold in the domestic market and here —
these are the expressions for the foreign market. So what we are getting here is that these two

terms are independent of each other while the first is a function of only q, the second one is

a function of only q 5

So the interesting part of this problem is that total profit which the firm is obtaining by selling
the goods in two different markets is a completely decomposable function. Decomposable in

the sense that you can decompose the function in terms of profit from the first market and



profit from the second market. There are no composite terms. There is no term involving let

us suppose q, and q 5 together.

(Refer Slide Time: 69:32)

* Therefore maximizing total profit can be done by maximizing two
independent profit functions separately.

(f) Solve for profit maximizing outputs and prices.
We know for m; the profit maximizing g, = 10, p; =40
Let us now maximize 1.

m=q,(33-q,) - iﬁfh
The necessary condition, %(%(33 - ) —20g,)=0
2
a4 a2\ o
1g (130 — 42)=0
Or, 13- Zqz =0

—_—

(e) Write the expression of total profit function. Argue that it can be
treated as summation of two independent profit functions.

Total profit, m = m; +m,

=pig + Pz@z)

=P1dy +P2q2 = 20091 1 42)

= [q1(60 — 20q;) - 20g4] + [q2(33 - q3) - 20q;]

Here the first term in the square brackets is the profit from the

domestic market, and the second term is the profit from the US
market,

These two terms are independent of each other. While the first is a
function of only gy, the second one is a function of only g;.




Or,40-4q, =0

O, g, = 10, this i the profit maximizing output. So the profit
maximizing price given by the inverse demand function,

el ==
e, py = 60 20
=40

—

Suppose the USA (a foreign county) lifts import duties for this product.
The firm can now sell to the USA market where the demand function is
@ = 33 = p,. Let us ignore the transportation costs of sending the
goods to the USA, so that the cost of producing is the only cost to sell
in both markets; it is given by, C(q; + q; ) =20 (g, + q;)

(d) What is the inverse demand function of the USA?

From the demand function, g, = 33 — p,, we obtain,
7 =38-¢
However this is valid if, g, < 33; otherwise, p, = 0

—_—

So therefore, maximizing the total profit can be done by maximizing two independent profit
functions separately. There is something called maximizing function which has multiple

variables. Here it is actually a function, which has multiple independent variables g L and q 5

but the fun part of this profit function is that it can be seen as composed of two independent

functions, each function has only 1 independent variable.

And therefore, I can optimize these two functions separately. I can do that because I know
how to maximize a function with a single variable and that will give me the solution. Solve

for profit maximizing outputs and prices. So this is the 6th part. This is I think the last part.



Solve for profit maximizing outputs and prices. Now for the first part which is the profit

maximization in the domestic market that we have already done, this part.

The quantity was 10 and the price was 40. q, was 10, p, was 40 so that was done. Now you
can do the profit maximization for m ;- T is total revenue from the US market minus the cost

and this is standard. I take the derivative of this with respect to q, set that equal to 0 and it

will give mediqz(mq2 — ¢, = 0and that is 13— 2q, = 0.
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0r,q2=6.5

This maximizes the profit function, since the second derivative of the
profit function is -2.

This implies, through the inverse demand function, the profit
maximizing price in the US market is, p, =33 -6.5=26.5

=

Although the good that is being sold is same, the price in the US market
is less than the price in the domestic market.

This is called price discrimination (third degree) in microeconomics,

-

Or,40-4q, =0

Or, g, = 10, this i the profit maximizing output. So the profit
maximizing price given by the inverse demand function,

ISl
e, py = 60 20
=40

—

And it gives me the solution g , = 6.5. So the quantity that is going to be sold in the US

market is 6.5. That is the answer and that is going to maximize the profit from the US market.
6.5 maximizes the profit function since the second derivative of the profit function is —2. So

the second order condition is satisfied because if you take the second derivative it is —2.

This implies through the inverse demand function the profit maximizing price in the US

market that is p2 is equal to 33 minus p , = 33 — g so 6.5 is the quantity g 5> SO I am getting
2



p, = 26.5. So, that is the price that is going to be charged in the US market, P, = 26.5.

Here is an observation although the good that is being sold in both the markets is the same.

The price in the US market is less than the price in the domestic market. p, = 26.5, what
was p 1? p, was 40, so there is a gap between the price that is being charged for the good in
the domestic market which is a high price and the price that is charged in the US market P,
Although the good is just the same but the producer while maximizing the profit is charging

different prices in different markets.

This phenomenon is called price discrimination. It is the price discrimination of the third
degree in microeconomics. I think I will stop here today and I will pick up the thread in the

next lecture to cover more topics from the tutorials. Thank you for joining me.



