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Lecture — 22
Complexity of Filtering and the FFT
Welcome back to real time digital signal processing course. So, last class we discussed about the
Discrete Fourier Transform. In this today's class, we will see the complexity of filtering, and then
how FFT is going to be derived.
(Refer Slide Time: 00:40)
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Digital Filtering in the Time Domain

* Let x(n) and h(n) be real signals.
s x(mben=01-N-1.
+ Compute y(n)

o N
y(n) = x(n) = hin) = Z x(k)h(n=k) = Z x(khin-k) n=01-N-1

ke=m

So, how we represent our digital filtering, we know that equation for our FIR filter for simplicity
what we will take it here. So, x(n) is our input and h(n) be real signals that is 2 signals, if we want
to take it or the impulse response of the filter, what we will consider it as h(n). So, if we assume
the coefficients, it becomes v(n)in FIR filter, so x(n) is we representing itas 0 to N — 1, then

we have to compute our y(n) using the as we can see here, the star indicates the linear convolution.

So, how we can represent k will be varying between -co to oo, x(k) - h(n — k) or we can represent
k=0to N — 1, because this is what our length of sequence input sequence, then what we will
show is x(k) - h(n — k) or we can as you know that, since this is a LTI system, so we can have

x(n—k)for my x and then h(k) for my coefficients, what we have seen in our DSP



implementation, so both the ways are correct. Here, we will be assuming at present to derive x(k) -
h(n —k).
(Refer Slide Time: 02:18)

Digital Filtering in the Time Domain i

+ Complexity of doing a brute-force convolution is given by:

+ For ﬁxvgii]n:
y() = ) x(k) h(n—1k)
)

* N real multiplications

* N = 1 real additions

Foralln (n—01--N-1):

» NN = N” = O(N?) real mulciplications

* (V=1)-N = N(N =1) = 0(N”) real additions
+ O(V") is high

+ Filtering in the frequency domain can reduce complexity,
©
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So, what is it? So, we have to say that what is the complexity of computation of this linear
convolution, to make it simpler, instead of convolution, we will assume it as multiplication at
present, k will be varying between 0 to N - 1 and then x(k) - h(n — k). So, how many real
multiplications | am going to do it because it is 0 to N - 1 and N real multiplications. And with
x(k) - h(n — k) and then we have to have the summation which is going to be 1 less we will be

assuming that N - 1 real additions are required.

For all n varying between 0 to N - 1, then if we assume that my n is also length of 0 to N - 1, then

total number of multiplications for filtering required is N - N = N2, we say order of N square real

multiplications are required. And then addition we know (N — 1) - N additions which is nothing

but this also results in order of N square real additions. So, total number of multiplications and

additions are required is order of N2, which we consider it as very high. So, how we can do filtering

in the frequency domain which can reduce or complexity what we will be looking in a few slides.
(Refer Slide Time: 03:55)
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Discrete Fourier Transform (DFT)

Fourier Duality

* Frequency analysis of discrete-time signals is Time Domain ~ Frequency Domain
conveniently performed on a DSP.

Sinc rectangle
+ Both time-domain and
. . rectangle sinc
frequency-domain signals must be discrete. i ;
sinc? triangle
sampling (I’ik\ﬂglt‘ sine?
x(t) —— x(n) hacd ’
ringing truncation
truncation Ringing
Sampng  ranky X . )
X(w) e (‘_) or X(k) discrete periodic
2 periodic Discrete
continuous aperiodic
aperiodic continuous
among others....

So, what is it? We will say discrete Fourier transform we say it is a frequency analysis of discrete
time signal. It is how we can perform it on the DSP that is what we will be looking at. So, both
time domain and frequency domain, the signals must be in the discrete format. So, x(t) is our

analog input. After sampling, | will be getting x(n) in the digital domain, and X (w) which is w is

continuous after sampling it, we will be getting X(%) or we call it as X (k). So, we will be

representing % as K in this case, that is K.

So, we will be seeing some of the duality of the Fourier domain thing one is in the time domain,
what it is represented in the frequency domain, if it is a sine function in time domain, which is
going to be rectangle in frequency domain. So, if it is rectangle in our distinct time domain, it
becomes a sine function in our frequency domain. So, I think some of you would have heard sine

square function, it becomes triangle and frequency domain vice versa.

And we will be seeing that it becomes a ringing in case of time domain, then it becomes a
truncation in the frequency so, the other way around. So, if it is discrete in time domain, which
becomes periodic in our frequency domain, and if the input signal is periodic, then it becomes
discrete in our frequency domain. So, if it is continuous, it becomes aperiodic in frequency and if
it is aperiodic in time domain it will be continuous and then you can have many more like this in
the duality, what you can consider. A few of it which is required for our derivation what we will

be using it here.



(Refer Slide Time: 05:59)

DFT )

¥
aperiodic + dstintime cts + periodic in freq

. sampling
F
periodic + dstintime dst + periodic in freq

OTES
periodic + discrete ~—  penodic * discrete

DFT
one period of dst samples ¢ one period of dst samples
n=01-N-1 e k=01-N-1

So, coming to DFT so, we know that, if the signal is aperiodic plus discrete in time domain, then
if | take the Fourier transform of this, so that means to say if x(n) is aperiodic and my h(n) is
discrete in time domain, what | will be getting the result is continuous time signal in Fourier
domain plus periodic in frequency what | will get it So, by doing the sampling, | can reach this
discrete signal what I can get plus periodic in frequency what I can achieve from this stage.

Or I can have a periodic signal in the time domain plus dst in this think discrete time signal here,
then | can get discrete plus periodic in frequency when | do the Fourier transform, or if the signal
is periodic plus discrete, then if | take the discrete time Fourier series, basically, if | convert it, then
the output is going to be periodic plus discrete. So, we will be seeing that one period of our say
discrete sample DFT, | will be getting one period of discrete samples here. So, heren = 0,1:-- N —
1, in this case, we will be having k will be varying between O to N - 1.

(Refer Slide Time: 07:34)



DFT ~Time and Frequency Domain Relation

periodic 4+ dst in time-domain periodic + dst in freg domain

So, now, how to represent it both in time and frequency domain relation what it is shown here. So,
you will be seeing that this is a periodic plus discrete time sample what it is taken in the time
domain. So, you are seeing that this is my x(n)and then, when | take the DFT so, I will be getting
X(K) here, if | take the discrete time Fourier series, then what you will be seeing is periodic plus

discrete in this thing time domain.

So, this is how the samples have been represented in that, so, this will be x axis will be k and then
our y axis will be representing periodic plus DST in frequency domain.
(Refer Slide Time: 08:23)

Frequency Domain Sampling wi

+ Recall, sampling in time results in a periodic repetition in frequency.

;‘X(]—l m‘x an
r~nTH ot _TZ % w-T

k==
+ Similarly, sampling in frequency results in periodic repetition in time.

x(n) = x, (1)

xyln) = z <+ IN) o X(K) = X(w)lw_i;k
1= 9



So, coming with the think how we are going to do the frequency domain sampling what we are
going to achieve. So, that is we have already said sampling in time domain we said it is going to
result in periodic repetition in frequency. So, when | represent x(n), so, we say that it is a repetition

of it x,(t) we represent t = nT, then take the Fourier transform we result in X(w) which is

nothing but %2;?:_00)((1 (w + 2?"k)

So, similarly, sampling in frequency results in periodic repetition in time what we will be seeing
it this is the periodic signal what we are representing as x,(n) in the time domain, then it is going

to result I = —ooto oo, x(n+ IN) and then I will be taking the Fourier transform which is

equivalent into X (k), which is nothing but X(a))lw:z_nk.
N

(Refer Slide Time: 09:48)

Frequency Domain Sampling

+ N o w (sampling rate); e )

* N samples per 2m Xy () A K(k)
5 ,

v Samples of X(w) used in
reconstruction of ,(n)
—— it » From x,(n),x(n) can be

/ N reconstructed
g i % 4 xpn) = ’ z A(n—h\’)l
H $ v [==m
+ + » k
(LI L N-1 N

So, now we will see the thing how the sampling is going to happen. So, we know that N o< w that
is sampling rate. So, that is N samples per 27, what we are going to have it in this region is 0 to 2
7, we will have N samples. So, we know that x(n) when we take the Fourier transform, we will
be getting X (w). So, the periodic representation x,(n) if we take it Fourier transform, we will be
getting X (k) in this case. So, we are seeing that is samples of X(w) used in the reconstruction of

x,(n).



And from x,(n), we can get x(n) can be reconstructed in this fashion. So, we will be seeing that

this is what we are varying 0 to N - 1. Next one will be the N sample k is going here. And this is

our omega X axis. So, here it is, you are seeing when N = 2, this is the axis and then N - 1 point

will be 2m- 2m/N. So, this is the resolution what we will be calling depending on our N samples.
(Refer Slide Time: 11:13)

Frequency Domain Sampling and Reconstruction N = 4

Apm"

xinj 2
no temporal aliasing

d(n
time-domaln aliasing

So, coming to the how we can do the reconstruction, because we have gone from time domain to
frequency domain, but my output I want it in the time domain. So, how we can do the
reconstruction? So, this is shown with N = 4 in this case. So, you can see that this is my x(n),
which has 4 samples, the magnitude, you will be seeing that this is 0101, what you have taken rest

of them are zeros, both the sides negative and then positive side, this is my n basically.

And then we will see that we are assuming because | have N = 4. So, we do not have any temporal
aliasing in this case. So, this is my x(n) basically, this is the periodicity what | have taken. So, you
will be seeing that the magnitude sorry, at x is O itis2 and then x = 1itislandthenx = 2it
is 0 and then this is 1, so you will be replicating them on both the sides as you can see it. So, these
4 samples, you will be seeing that it becomes 2 1 0 1 2 again, so on the negative axis also what
you will be doing the repetition, so we do not have any aliasing.

Because they are distinct in nature. So, you will be seeing that x of n is a unit step response, all of

them are 1 then what happens in that time domain. So, we said that if it is a rectangular window,



it should result in your sine function. So, here you can see that what is the happening is in the
periodic if | take the thing, then you will be seeing that these 2 are 1s and then that is magnitude
is 2 and then 1 and then which is not equivalent to my x(n). So, the sampling rate, if you have

N = 4 you have kept it.

But x of n is what you have given more than n so | would not be able to reconstruct the signal. So,
you are seeing that aliasing happening instead of 1 magnitude of what | have supposed to get it.
So, 2 of the samples which have got alias and then which has gone to pick magnitude 2 in this
case.

(Refer Slide Time: 13:47)
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Frequency Domain Sampling and Reconstruction ~ w

* x(n) can be recovered from i, (r) i there is no overlap when taking the periodic repetition.
* If x(n) is finite duration and notezers in the interval 0 = n = L — 1, then

¥(m)=x,(n), DEn SN - Twhen N =1
* N < L[] cannot b recovered from X, (i)

+ Also, X{a) cannot be recovered from

. i .
its samples X [; |'(J due to time-domain aliasing
i

So, what is sampling and then reconstruction how they are related in the frequency domain, we
will see it so x(n) can be recovered from our periodic x,(n), if there is no overlap when taking
the periodic repetition. So, if x(n) is finite duration and then non zero in the interval O to L — 1,
then what we say is x(n) = x,(n) in this domain 0 to N — 1 when N is greater than or equal to

L. So, if it is less than then we know that aliasing is going to happen for the periodic signal.

So, if N is less than L, that is what it says cannot be recovered from our periodic x, (n). Also X (w)

cannot be recovered from its samples that is X(%" k) due to time domain aliasing what has

happened, as the previous slide shows that, what was the initial thing but here all of them are 1.

So, we are not getting back in this case.



(Refer Slide Time: 15:05)
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DTFT,DTFS and DFT

PTFT
x(n) for all n e X(w) for all w

xy) forall n = X(k) for al k
oFT |,
in) — X
where
(x,(n) forn=0,,N~1

otherwise
(k) forn=0-N-1

A X
Xn) =
0 otherwise

L) =

So, now, what is the relation between our DTFT, DTFS and then DFT. So, x(n) for all n if | take
the DTFT then it becomes X (w) for all omega and then the periodic signal in the time domain
x,(n) for all n and if you take a discrete time Fourier series, then it is going to become x (k) for
all k. So, we say that X(n) that is periodic DFT if | take it results in the periodic X (k). So, here
x(n) periodic what we are represented instead of x,(n) so, forn = 0 to N — 1 it will be 0

otherwise.

And then what happens in the frequency domain X (k) will be X (k) inthisOto N — 1 other thing
is 0.
(Refer Slide Time: 16:06)



The Discrete Fourier Transform Pair N

* DFT and inverse-DFT (IDFT): Vit 5

X(k) = Zx(n]e'mk;"\l’,k =01, ,N~=1
n=0

Nl

i
x(n) TZ X(K)e™™N = 0.1, N -1
it=0

So, what we have seen the DTFT pair. So, now, we will see the DFT pair. So, that is we have taken

the example and we took the IDFT so, we call them as pair. So, this is the analysis function and

this is the synthesis what we call it that is X (k) isgivenbyn = OtoN - 1 x(n)e"jz"kﬁ whatever

way you are represent it k will be varying between 0 to N — 1. The N was what we have seen it as

x of n is nothing but 1 by N. S0, k = 0to N - 1 X(k)e’>™#, instead of negative here it becomes
positive. In this case n will be varying betweenOto N — 1.
(Refer Slide Time: 17:01)

Complexity of the DFT

N-1
X(k) = z (W k=01, N =1
=0
+ Straightforward implementation of DFT to compute X (k) for k = 0,1+, N — 1
requires:

+ N* complex multiplications

2/ g o
* | complex multiplication =

(ag + jay) X (bg + jby) = (ag X bg — @y X by)¥j (ap X by + a; X bg)
=4 real multiplication +2 real addition

#N? = 0(N?) real mulciplications

« So, what is the complexity of DFT what we have seen the thing. So, with respect to our

signal processing hardware, we will see what is the complexity of our DFT, complexity of



filter what we have seen the thing we have to see the complexity of our the discrete Fourier
transformn = 0to N - 1. So, we know that x (n) W™ will be varying between 0 to N —
1. So, we know that a straightforward implementation of DFT to compute X (k) for k =

0,1,---,N — 1 requires just like our filter order of N square here it is not real multiplications.

It is going to be complex multiplications because x(n) has to be multiplied with cos and x(n) has
to be separately multiplied with our sine with his imaginary part and they have to be kept
separately. So, that is why he needs complex multiplications in this case, and then we need one
complex multiplication is equivalent to what we call it as (ai + ja;) X (bg + jb;), if | do it, this
is what, what | am doing. So, both x(n) and then my coefficients are we call it as complex x(n)

is also complex, we have assumed.

When we do this multiplication, you will be seeing that it is nothing but (ag X by — a; X b;)+j
(ag X b; + a; X bg). So, what does it show? 1 2 3 and then 4 real multiplications so, one complex
multiplication is equivalent to 4 multiplication plus, | had to have even we take it as subtraction or
addition, because we do in 2's complement if you call back your number system, so, we have 2

additions, real additions.

So, what happens to our total computation time which is equivalent into 4N?, which is nothing but
0(N?) real multiplications what we need it, so, which is same as that of our filtering.
(Refer Slide Time: 19:29)

Complexity of the DFT (2)

N-1
X = Zx(nm{.fh k=010 N =1

tmD
+ Straightforward implementation of DFT to compure X (k) for k = 0,1,-,N =1
requires:
* N(N - 1) complex additions
* | complex addition =
(ap 4 )‘D[]*\'bg b iby) = (ag + bp)4j (a; + by) = 2 real addition
« 2N(N - 1) + 2N? {from complex multiplication) real additions
© NN = 1) = O(N?) real additions

L]




So, we will see that how we can reduce or take that forward. So, in this case, we said only
multiplication we covered the thing. Now, we have to see from the addition point of view. So,
what is it our filtering was needing N(N — 1) real time additions, but in this case it is going to be
N(N — 1) complex additions. How do we represent one complex addition? That is (ai + ja;) this
is what we say is plus (bg + jb;). So, this is my equation, (ag + ja;) + (bg + jb;). So, it will be

(ag + bg)+j (a; + by). So, that is how we will be resulting in 2 real additions.

And then when | want to do the total complex multiplication, and then we take that 2N (N — 1),
so we will be deriving it once again, when we take up the problem. So, it will be coming it
2N(N — 1) + 2N?, that is, which is arriving from my complex multiplication. So, some of the
additions taken from there so, this many number of what | need is real additions. So, what does it
mean? So, this is the complex addition. So, 2 times because each complex multiplication we are
taking it as 2 real additions.

So, which results in 2N(N — 1) from this stage and then we know that from the complex
multiplication, we have addition which is resulting so, which comes to 2N?2. So, that is what, what
it is rendered from complex multiplication, | have to take this also into account. So, this is what
our total number of additions required for computing my DFT. So, in that case, the maximum is
2N(N — 1) if | take it if we observe this also inside. So, additions also what we need is O(N?),
that is the complexity of DFT both real multiplication and real additions are O(N?2).

(Refer Slide Time: 21:59)



Complexity of the DFT (3)

+ 0(N?) is high
+ Alinear increase in the length of the DFT increases the complexity by a power of two,

+ Given the multitude of apglicmions where Fourier analysis is employed d‘Iinmr filtering, correlation
analysis, spectrum analysis), a method of efficient computation is needed.

+ Reduce complexity by exploiting symmetry ofuthe complex exponential.

Wy T =Wy

WY i sk N2
LHS = W), g =g R AT

= ¢ % oIt = o YL (cos(=m) +]sin(=m)

sk ek
= ¢ W (-1) = W= - Wyl = RHS

So, we know that already we have pointed out in the filtering, it is too high. So, linear increase in
the length of the DFT increases the complexity by a power of 2 basically. And if you are given
them this thing, what is it? The multitude of applications that is number of them where Fourier
analysis is employed. That is, we will call it as linear filtering or correlation analysis, which will
be taking it up little later, and then do the spectral analysis, what are the intention of our

applications, then, we will say that how many this thing what is the complexity of it.

That is efficient computation is required. So, that is, reduce the complexity by exploring the
symmetry property of our complex exponential. So, how we can do that? We have that twiddle

e+ _ L _ e+
factor, we saw that W, 2 = —W}. So, we will see the left hand side is nothing but = W, 2 =
. .k ., N/2
e 727 sybstituting k with “2/2 which is nothing but e ~/2™ve /2"~ . So, this results in -1 that is

N

k.
what, what is shown here e /?™ne=J™,

Which is nothing but this (cos(—m) + j sin(—m)) when we expand = e /2™ and then we know
that cos(—m) is -1 and sin() is going to be 0, = and —m is 0 so, which will be - 1. So, when we
represent this is nothing but —W¥. So, that is how the derivation between the 2 has been arrived
at so, LHS = RHS. So, whatever we are representing that is symmetry property is true.

(Refer Slide Time: 24:30)



Radix-2 FFT: Decimation-in-time
N-1
X(k) = Zx(n)bif,ff wherek =01, N1
n=0 n0  (wj2)-1 (v/2)-1
= ) AW+ ) x(mwy = 2(2mWy ™ 4 x(2m + WIE
neven nde ‘nz:-ﬁ "IZ»I

/2= Ni2)-1

‘Z  x(am) wm i ¢ Z w2 + )W
S & =hm

m=4

So, now, how we can extend this usually we call it as decimation in time basically, that is X (k) =
YN-x(m)W and this is our normal DFT equation k will be varying between 0 to N — 1. So,
now, what happens? So, if n is even then n = 0 what will be taking it x(n)W,¢ plus that is we

are considering even and then odd parts next n is odd x(n)Wg. So, here it is going to be, we are

changing the little bit of notation from n actually zf,’lL/gH x(2m)W,\;‘(2m) because it is a even and
W @™ n is substituted with m in this case.

And this is our odd part N2t x(2m + W™D S0, this is how we can split our DFT
equation into even and then odd parts. So, when you can see that we represent x(2m) as f;(m)
and we are seeing that this has become already W,;2¥™ and then this we call x(2m + 1) as f,(m)
equivalent to and then this is W2kmwk.

(Refer Slide Time: 26:16)



Radix-2 FFT: Decimation-in-time

2K, L
Note: W = ™% = &'V = Wy

X(k) = (\Z Gmpwy™ hil X(2m + 1) W3y
& =film) & = fylm)
N/2)-1 (M/2)-1
= Z fi (m)l‘l!,f}'; | Wi? Z 2 (m}l-i".:f.;
3 =0 =0
N TR N 3
3-DFT of fi(tn) 30T of [ 0N)

=R+ WeRM), k=01 N1

So, we are going to split like this decimation in time and then we know that W is nothing but by

2T . 2T
substituting k = e/~ 2. So, which is nothing but e ’¥/z what | can take it so, the twiddle factor
it is going to be Wy /,. So, then we will represent X (k) = what we have is f; (m) and then f,(m).

So, by putting substituting this f; (m) and then we are substituting our W, actually with respect to

this, it becomes Wy /, into km plus we know that W is independent of N.

So, which we will be taking it out W;¥ and this is our Zi,’:’z/g)"lfz (m)W,\’,‘/";. So, you will be seeing
that this is % — DFT of f;(m) that is what, what we have it then if we represent this as this is % -

DFT of f,(m) if we substitute that as F; (k) + W F,(k), k will be varying between 0 to N - 1.

(Refer Slide Time: 27:49)



Radix-2 FFT: Decimation-in-time

Note: since F; (k) and £, (k) nreivJ DFTs;
. "
AN (l'.’ 1 ‘;)
Y ,",
Ry(k) = F;{k sl
‘We have, )
XK = By () + WER ()

[" .‘i] 2 ( .':"} : ‘,x--":f {, N
X\»H’E‘ =h ‘k+§;+dﬂ F;('lH'EJ
= Rk} = Wi Py (k)

]
[PLOES PR T It || LT RN

w2 S kN2 K=1) _
Since 11'.,' R T e L S ey L .—.W‘.:c

4

And then we know that F, (k) and F, (k) are g DFTs. So, you will be seeing that F; (k + g) and

F, (k + g) and X (k) is going to be that is DFT of it will be F; (k) + Wi¥F, (k). So, now, what we

are going to represent that k also will be taking the symmetry property, we will do it as k + % So,

we can have it as F; (k + %) + W;%F2 (k + %) So, here it is F; (k + g) + W;%F2 (k + g)

so, which is nothing but F; (k) — WXF, (k).

N
. . . k+= . L
So, how this has come you will be seeing that WN+2 what we have to solve the thing which is

2T k+N/2)

. 2T
nothing but e ™/~ —j5k(=1)

which you solve the thing. So, which is nothing but e , SO, this
is our W N k. So, you can see that k + N /2 results in W,¢.
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Radix-2 FFT: Decimation-in-time et 4
Y
Therefore, i
X(k) = Fy(k) + WEF (k) = 012 4

N N
X(k+3)=F,(kJ—l-1’.§Fz(k] k=01-5-1

So, we can split this decimation in time further. So, that is X (k) is nothing but F; (k) + Wi F, (k),

k also we will be going between O to 1 to (N/2) — 1 and then X (k + %) is given by this equation

as we have already computed —WXF, (k) k = 0,1,~--§ — 1. Now, this is what we call it as radix 2

FFT that is decimation in time what is happening step by step till we go up to last stages too.

(Refer Slide Time: 30:14)

Radix-2 FFT: Decimation-in-time i
Repeating the decimation-in-time for f,(n) and f, (n), we obtain:

w(n)=4(20) n=0L...,N/4-1

vt} = £ (2041) n=01...,N/4-1

vy ()= f(20) n=0,0..,N/4-1

v ()= 11(2041) n=0.1,....Nf4-1

#nd ok % .
E(R)=8, (k) + Wy, (&) k=0 Nf4-1

Fk+Nfa) =0 (k)= b k) k=00, V{41

Fu(k)=V () =030 (h) k=0 Nfd-]

Fy(k+ N{4) =V (k)= Wg Vs (k) k=01 N4~
Conslsing of N ,’Ai-DF*Ts

e G N

a A
So, you will be seeing that repeating decimation in time f; (n) and f,(n). So, we will be obtaining

f1(2n) and f;(2n + 1), we call it as v,; (n) and v,,(n) so, you will be goingn = 0,1, % —1xX

stage and then v,, (n) is nothing but £,(2n) and then f,(2n + 1) . So, which will be going by% -



1 when k is equal to divided by 2 further. So, that is how you will be continuously going on

splitting the thing that is F; (k) is nothing but V;; (k) + Wﬂ"V12 (k) so, which is going between
2

this then F; (k + %) if you take the thing.

This is what, what you will be resulted and then that is the next F, what is split into this so, which

has N /4 DFTs in this case.
(Refer Slide Time: 31:24)

Radix-2 FFT: Decimation-in-time );
x(0) = 2-point i
* Repeating the (1) = D}-T - ,("'“,h'"‘
decimation-in-time L3 2 Lf""ll L X(0)
for F;(n) and DFTs \
F;(n), we obtain: x(2) =] 2-voint = || —.\I:I
X\ - — X(2)
6= DT | Combinef—X(3)
+ ForN=8, 4-Fl|i1|I — X[4)
X1} = 2-point 7 . = DTS f=x)
(5) — |)h || Combine ol ——XI6)
2L 2-point — XI7)
D)"T,\ =
X[3) ZFOinr | =
m— DT |-

How we can represent in decimation in time, this is my for N = 8 it is a simple one to consider,
we have considered it. So, the first one is x(0), the next value is what we need is x(4)so, we will
be doing the 2 point DFT and then x(2) and x(6) we will be doing that 2 point DFT which is
going to be combined with 2 point DFTs here. And then the other 2 odd part what you can see it
x(1) and x(5), x(3) and x(7) other 2 point DFT what you can do it and then combine them and
then finally, you will be combining as a 4 point DFT.

So, you will be getting output as X (0) to X(7). So, you can see that input is bit reversed, what we
have considered in the number system and DSP architecture we said we need input in the bit
reverse format, output will be in in-order. So, we have seen the example how to generate the bit
reversed also using hardware adder.

(Refer Slide Time: 32:42)
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Radix-2 FFT: Decimation-in-tjme

¢ ForN=8,

So, when we represent this as the, from the previous thing, in terms of what we call it as this is the
butterfly structure, so this is my x(0) and x(4). So, this will be my weight W , and this is my
minus Wy what we have it here it is going to be -1, and then we will be combining these 2 and
which goes to the stage 2 this is stage 1, this is stage 2, this is stage 3, where all the things are
combined. Whereas in the second stage my twiddle factors, what do I need is Wy and W¢g. So, in

both the cases, and we know that Wy is 1.

| had to compute only this twiddle factors W¢. Whereas in the last stage, we need 3 twiddle factors,
that is Wy, W and W has to be computed and then we as usual, W = 1. So, we will be getting
the output in order. So, to do FFT computation for N = 8, we know that log, (N) 8 is nothing
but 3, we need 3 stages. So, we will be seeing that how we are going to reduce the thing
computation?

(Refer Slide Time: 34:08)



DFT vs FFT

+ Computational efficiency of an N-Point FFT:

DFT:

N? Complex Multiplications

FFT: (N/2)log,(N) Complex Multiplications

NPTEL S

N DFT |  FFT | FFT Efficiency
Multiplications | Multiplications
26 6556 | oM 641
512 w214 | 2304 1141
1,024 1,048,576 5120 205:1
2,048 4194304 | 11,264 3721
4096 16,777,216 24576 68!3;1

So, we will be seeing that with respect to this what we have given computational efficiency of N
point FFT, we will see it, we know that it is N2 complex multiplication and addition what we
needed and FFT, we need (N/2)log,(N). So, we said that for 8 point it was 3 stages. So, if it is
N point, then we need log,(N)and we can use a symmetry property it is going to be (N/2)
complex multiplications what we need it using FFT. So, you will be seeing some N points and

then what is the DFT multiplication and FFT multiplications with respect to N.

So, if it is 256, we see that 65,536, here what we need is 1024. So, FFT efficiency, we compute it
as 64 isto 1 for our DFT so as in when our N point increases, so you will be seeing that computation
of DFT increasing very much. And then FFT you will be seeing low and you will be seeing that
683 is to 1 is the ratio for 4096.
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* Quantization of FFT

So, this is how we do the computation of FFT. So, in the next class, we will be seeing quantization
of FFT, how it is going to effect our word length and then even the coefficient has to be quantized.
So, number of stages is going to increase. So, it is pipeline structure what we are going to have it.

So, we will see what are the quantization effects in FFT in the next class. Thank you.



