Mathematical Aspects of Biomedical Electronic System Design
Professor Chandramani Singh
Department of ESE
Indian Institute of Science, Bangalore
Lecture 04
Fourier Series

Hello everyone, welcome to the second lecture of the course Mathematical Aspects of
Biomedical Electronic System Design. We are studying the module signals and systems and

today in this second lecture, we will learn about Fourier series.
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To elaborate, we will learn about continuous-time periodic signals, continuous-time Fourier

series, properties of Fourier series, and similar things same concepts for discrete-time signals

as well. So, let us begin with today's lecture.
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So, let us begin with looking at what are periodic signals. A continuous-time signal x(t) is
called periodic with period T if x(t+T) = x(t) V t. Moreover, if x(t) is periodic then smallest T,
smallest capital T such that the above equation holds that is x(t+T) = xt Vv t is called
fundamental period of x. Notice that fundamental period is a period of x(t) and any integer

multiple of fundamental period is also a period of x.

Here are examples, let us consider x(t) = cos 2y , observe that x1(t) is periodic with period,
3 p p

so let us see, if | compute x1(t+3), it becomes cos(z?” (t+ 3)), which is x1(t). So, X1 is periodic

with period 3, 3 is fundamental period of x1 in this case. Let us look at another example, say

Xo(t) = sin(lﬂ—0 t), as in case of x1 we can verify that x2(t+20) is x2(t) V t, X2 is periodic with



period 20. So, here is a question support x1(t) and x2(t) are periodic is the sum of periodic

signals also periodic.

(Refer Slide Time: 04:52)

Question is the sum of periodic signal also periodic, more precisely if x; is periodic with
fundamental period T1 and Xz is periodic with fundamental period T», is X1 + X2 periodic? Here

is the answer, x1 + X2 each periodic if and only if % is rational. Notice that if % is rational

2 2

then there exists integers ny and nz such that n1T1 = n2T2 in this case, say this is equal to T, then
T is a period of x; + x2. In fact, in this case, least common multiple LCM of T1 and T is the

fundamental period of x1 + X2.
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Let us see examples. In the above example, we saw that x; was periodic with period 3 and x.
was periodic with period 20, then the least common multiple that is 60 which period of x1 + x>

and x1 + X2 is periodic, let us see in the above example, % = 23—0 which is rational. So, X1 + X2
2
is periodic with fundamental period 60.
However, let us see another example, where x1(t) = cos(2mt). So, its fundamental period is 1,
X2(t) = cos(t). What is it fundamental period? It is fundamental period is 2, % IS not rational.
2

So, this time x1 + X2 is not periodic. Having seen periodic signals, let us now also recall the

notion of complex exponentials.
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Let us recall complex exponentials. We call that x(t) = e*, where s is a complex number is
called a complex exponential, so these are complex exponentials. Notice that, if s the complex
number is o + jw, then

eSt = pdtpjwt
which in turn is

e?t(cos wt + jsin wt).

Here, this, sorry jsin wt, this sin and cos functions they constitute the periodic part. So, this is

a periodic signal, these are, whereas this is envelope of e complex exponential. Now, this



periodic signal is called a sinusoid. So, formally a signal of the form cos (wt + ¢) or say

sin (wt + ¢) is called a sinusoidal signal.

So, what we see that in exponential, complex exponential can be written as a weighted sum of
sinusoidal signals. A complex exponential can we written as a weighted sum of sinusoidal
signals we can say. On the other hand, if | take any sinusoidal signal let us say cos (wt + ¢)
this can be written as

e/ (@t+9) | o= j(wt+9)
2

which in turn can be written as

So, now, we see that we can write a sinusoidal as a convex aggerated sum of complex
exponential. So, we see that interchangeably we can write complex exponentials as weighted
sum of sinusoidal and vice versa. So, for this region, so now, we have sinusoidal signals,

sinusoidal as weighted sum of complex exponentials.

So, one can be represented in terms of others. For this region, we also refer to a weighted sum
of, we refer to a weighted sum of complex exponentials as weighted sum of sinusoidals. With

this notion in mind, let us now look at what a Fourier series is.

(Refer Slide Time: 14:47)




Fourier series represents a periodic signal as a weighted sum of sinusoidal, a periodic signal as
a weighted sum of sinusoidals. In particular, let us consider x(t) a periodic signal with

fundamental period T, fundamental period capital T in this case we call w, = 2?” to be the

fundamental frequency of x(t), to be the fundamental frequency of x(t).
For x(t) we can represent it as
x(t) = Y7 _, age/kwot,

This series on the right is called Fourier series. This equation itself is called synthesis equation.
It is called synthesis equation because it synthesizes a periodic signal from sinusoidal

components.
Notice that
x(t) = ay + a;e/®ot + q,e?/@ot 4 ...
and then
ta_je i@t 4 q_,e~2jwot 4 ...
In this expansion, the first term which is a constant, this is called DC term, DC component.

These two terms are called first harmonics; they are called first harmonics since they oscillate
at fundamental frequency omega naught. Similarly, these terms are called second harmonics

and so on. So, these two are first harmonics, these two are second harmonics.
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Letx(t) =1+ %cosZnt + sindmt + %cos6nt.

We can write these sinusoidals as weighted sum of complex exponentials and can write the

whole thing 1 +ief2”t and the corresponding other term will be e=/2%t. Here, we will

1 1 _; 2 . . 1 .
havez—j edmt — T Jjamt 4 o this will become Eefm and then there will be a one more term

le—j6nt
3 .

So, we see that the signal x(t) has a DC term these are first harmonics, second harmonics, and

third harmonics. In this example, ao = % sorry 1, a1 =

1

4 2j

1 1
-=a1,d2=— =a-2,as=5 =a3.



In general, this terms ax are called Fourier series coefficient of x(t), in general, ax is for k=0,
11, £2, etc in the expansion, in the Fourier series of x(t) are called Fourier series coefficients

of x(t). Before we proceed let us see a couple of important properties of Fourier series.

(Refer Slide Time: 21:41)

Properties for Fourier series. We will see more properties as we go along. So, the first property
is, iIf x(t) has Fourier series coefficients ax then x*(t) which is complex conjugate of x(t) has
Fourier series coefficients a*, so let me write it, if x(t) has Fourier coefficients ax then let us

say X' (t) = x*(t) conjugate of x(t) has Fourier series coefficients bx = a*.x complex conjugate.

So, this property is called conjugate symmetry property. The other property is and it follows
from the first one, it says that if x is real valued, if x(t) is real valued and Fourier series
coefficients ax, then ax is equal to a*«. In particular, this says that if x(t) is real value, we only
need to compute ax for non-negative k and we can recover or we can retrieve ax for negative k
from these values. So, next point is given a periodic signal x(t), how do we find Fourier series

coefficients ax for x(t).
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Finding Fourier series coefficients. So, given x(t) with period T, that the fundamental period

T, let me write it, fundamental period T and fundamental frequency w,, w, = 2?” . The Fourier

series coefficients are obtained using, coefficients are obtained using the formula,
_1(T —jkwot
ak —Tfo x(t) e Tkwotqt

Now, this equation that gets Fourier series coefficients from the signal itself this is called
analysis equation. Notice that the integrand in this equation, integrand that is x(t) e ~/¥@ot js
periodic with period t. So, rather than integrating it over 0 to T, we can integrate it over any

interval of with T and we will get the same coefficient, same outcome. So, we can also define

1 pto+T i
ay = ;ftoo x(t) e Tk@otdt



for some to. So, this is alternate definition of Fourier series coefficients. Let us see an example.

(Refer Slide Time: 27:29)
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So, example that we take is of periodic square wave. Here is the example, so it is a square wave
with period T, so thisis 0, T, -T and the square pulse width is to T1. So, this -T1 to T1 will be
T-T1to T+T1 and so on. So, clearly, this is a periodic signal with period T and the coefficients
can be computed as follows,

1 Ty 2Ty
ag == dt =—.
0 T f—T1 T

Similarly, for K #0,

1 Ty

ay == e~Jkwotdt which if we work out it turns out to be — sin (2mk ﬂ). Let us see
T -T km T

another example.
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And this time, we look at triangular weight surveys consisting of triangular pulsation. This is
called Periodic Triangle wave. It looks as follows. The height of the triangular pulse is 0.5, on
the other hand, its period is 1. We can compute the Fourier series coefficients for this way
following the similar procedure as for the square pulse above, and it turns out that for instance,

a0 will be simply the area under this, the average value of this, so -0.5 to 0.5.

And before | compute it, let us also see that this mathematically, this wave can be written as
follows x(t) = (0.5 - |t]) Vv tin-0.5and 0.5, and then it repeats with period 1. So, with this in
mind, with this in view, | can write ag as -0.5 to 0.5, 1 by 1 which is the period, and here it will

be (0.5-|¢/)dt.



And this turns out to be equal to 0.25. If we compute coefficients for ax for k # 0, we find that

ay (1 — cosmk) which is equal to since 1 — cosmk is 0, when K is even and 2 when

T om2k2

K is odd, it turns out to be 0 is K even and —— if K is odd. So, this is how we compute

2m2k2’

Fourier series coefficients. Now, let us look at a more fundamental question.

(Refer Slide Time: 32:05)

In particular, let us recall the definition of Fourier series. Recall Fourier series definition, we

defined Fourier series for a signal
x(t) = X% _ o agelk@ot,

In writing this, we assume that the series on the right-hand side converges well but the question

is does the series converge?



In particular, what we | mean that, if | define a signal xm(t) to be in other words, if we define
xm(t) to be a finite sum where 1 only take terms between -M and M. So, a,e/*®ot, then as |
take M to oo does xm(t) approach x(t). So, this is the question that we would like to answer
because the very existence of, very definition of Fourier series relies on convergence of this.

We answered this question by the following theorem.

(Refer Slide Time: 33:53)

9

So, here is the theorem. Suppose we make two hypotheses, suppose X is periodic with
fundamental period T and fundamental frequency w, =2?”. This has been the standing

assumption all through and the second hypothesis is, x is piecewise linear, it is a piecewise

continuous with piecewise continuous derivative. Under these hypotheses, if X is continuous at



a point t, if x is continuous at t then the limit that we would have liked to adjust indeed exists,

so limit M tends to infinity xm(t) is equal to x(t).

On the other hand, then on the other hand, if x is not continuous at t then also not everything is
lost, then if it has left hand and right-hand limits, left and right limits x(t-) and x(t +) limit M
tends to infinity, still the sequence xm(t) converges, but it converges to the mean value of this
left and right limits, x(t-) + x(t+). So, let us see a couple of examples.

(Refer Slide Time: 36:53)

Let us again go back to that triangular pulse, triangular wave example that we saw just a while
ago, triangular wave signal. Notice that for this signal x(t) is continuous everywhere. So, the
above theorem implies that the theorem implies that Fourier series converges at each point, the

theorem implies that the Fourier series converges at each point.

On the other hand, if we see the rectangular wave signal, here we see that x(t) is either 1 or 0
or there is a jump, then the above theorem implies that limit t, sorry M tends to infinity xm(t) it
will be same as x(t) that is 1 if x(t) i= 1, 0 if x(t) = 0, and it will be 2(1+0), that is > if t is a jump

instead, if t is a what we call jump epoch. So, this is about convergence of Fourier series. Let

us now see a few properties of, few more properties of Fourier series.
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We have already seen a few properties of Fourier series. So, the first property says that if there
are two signals x and y with identical periods, and their Fourier coefficients ax and bk, then
Fourier coefficient of a linear combination of x and y can be written as a linear combination of
Fourier coefficients ax and bk. To be precise let us see, if x(t) and y(t) have same period, | would
say the same fundamental period x(t) has Fourier series coefficients ax, y(t) has Fourier series

coefficients by, then
ax(t) + By(t) will have Fourier series coefficients aax + Sb.

This property as we can see it, it is referred to as linearity. Let us look at the next property, if

X(t) has Fourier series coefficients ax, then the time-shifted version of x(t) that is
XMt)=x(t) - to
has Fourier series coefficients

ake—jk(l)oto-

So, see, there will be jkw,t,. So, we see that the time shift reflects in the exponential here. Let

us look at another property that is called time reversal.

So, this was time shift. The next property that we will see it is called time reversal. So, what
does it say? It says that if x(t) has Fourier series coefficients ax then x"t = x(-t) has Fourier
series coefficients ax, has Fourier series coefficients a.«. To be precise if | denote Fourier series

coefficients of x"t by b, then bk = a V k. So, this is called time reversal.

The next property, well this is a property that we have already seen, but let me put it again for
recollection if x(t) has a Fourier series coefficients ax and x(t) is real then a*x will be same as
minus, sorry a. So, this is a property that we had seen earlier also but | have put it here so that
all the properties are there at one place. Finally, real and even symmetric. So, what | mean by
even symmetric is x(t) =x(-t) V t then we have a,=a*x V k, thatis a;’s are real. This is obtained

by combining 3 and 4. We now turn our attention to discrete-time signals.
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So, to begin with, let us look at discrete-time periodic signals. So, x(n) is called the discrete-

time periodic with period N and N+£O if
x(n) =x(n+N) Vv n.

So, here is a question, is x(n) = cos(won) periodic for all wo? Answer is, x(n) = cos(won) is
periodic if wo is rational, sorry if % Is rational. Here are the few examples cos(n), clearly —is

not rational, so this is not periodic cos( %n), what about this, this is periodic with period N=10.

(Refer Slide Time: 47:28)

Next question, as in continuous time case we can ask if we have two periodic signals will their

sum always be periodic? The answer is, so is sum of periodic signals, periodic. Well, the answer



is similar to the continuous-time case, if x1(n) is periodic with fundamental period N1 and x2(n)

is periodic with fundamental period N2, then X1 + X2 is periodic if and only if % is rational and
2

if X1 + X2 is periodic fundamental period of x1 + X2 is LCM of Nz and N2. But we did not

exactly, we did not define the fundamental period of discrete-time periodic signals.

(Refer Slide Time: 49:18)
T

t

So, for that let us see the following fundamental period. If x(n) is periodic then we saw that, so

let us see if x(n) = cos(won) is periodic then we saw that % is rational. So, then there exists

integers M and N. Such that % = % or woN = 2M. The smallest M, sorry the smallest N for

which equality holds is called fundamental period of x. So, for which this equality holds is

called fundamental period of x(n). Let us see an example.



(Refer Slide Time: 51:12)
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Consider x1(n) = cos( 57”n). Following above definition, it can be seen that xi(n) is periodic

with fundamental period N1 =14. We have already seen that x2(n) = cos( %n) periodic with

fundamental period. Then notice that % is rational, so X1 + X2 is periodic and its period is, its
2

fundamental period rather is LCM of 14 and 10 which is 70. So, | have not define periodic

signals. Let us now move to definition of discrete-time Fourier series.

(Refer Slide Time: 52:45)




As before, Fourier series expresses a sequence a discrete-time signal, with period n as linear
combination of complex exponentials, so Fourier series expresses a discrete-time signal as

linear combination or weighted sum combination of complex exponentials.

For instance, if x(n) is periodic with fundamental period n, then we can express x(n) as
summation of or okay as rather | would say, x(n) as, we can express x(n) as linear combination

of complex exponentials

@r(n) = e/k@0, o = %T

And as in continuous time case, it is called fundamental frequency. Notice that

Qron(n)= elk@oN+n) — gjkwolN o, () and this term is 1. Why? Because wyN = 27, so this is

@i (n). So, we see that there are only finitely many independent functions ¢, (n)’s.

So, we see that ¢, (n) = @4 n(N) plus which is, which in turn is equal to ¢.,,y(n), and so on
and there are only capital N independent functions. Namely, ¢,(n), let me start with 0

@o(n)...n_1(n). SO, as a consequence, we can represent x(n) as a finite sum.

So, unlike continuous-time case where we had an infinite series in discrete time, a periodic
signal x(n) is represented as a finite sum of complex exponentials, more precisely | can write
xk(n) as this. As in continuous time case, this equation is called synthesis equation. Let us see

an example.



(Refer Slide Time: 57:24)

-3

Let us just fix capital N =6. In this case,

_ jkz—”n
pr(n)=e’"s

And we have already seen that for any value of small n there are only capital N independent or

rather, yeah there are only capital N independent functions ¢, (n) to ¢(n) or ¢,(n) to ¢ 2 6 n.

Let us see how this, how these values will look like.

So, K =1, in this case, we will have ¢’s complex exponential as follows. So, here is ¢(0),
@1(2), this will be ¢4(2), ¢4, sorry so this is ¢,(2), ¢1(3), ¢,(4), and this is ¢ (5). From what
we discussed earlier @1 (7) will be = ¢4(1), ¢,(0) will be = ¢,(6), and so on.

Similarly, if 1 choose K =2, | get only three distinct complex exponentials which are as follows.
Here, | have ¢,(0), then this is ¢;(1), so @,(1), and this is ¢,(2), ¢,(3) because your

periodicity will be same as ¢,(0). Similarly, I can write compound, complex exponentials for

K =3 and K =4 as well, | leave those as an exercise.
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Now, let us see a few properties of complex exponentials, properties of ¢,(n). So, first thing is
periodicity in n, that is ¢, (n+N) = ¢, (n) Vvn, and this is called a periodicity. Similarly, we
have @, n(N) = @4 (n) and this is called periodicity in K. This is the property that we just saw,

periodicity in K.

The next property is if we add these complex exponentials and it equals to let us say 0 to N-1,
the summation turns out to be N, if K = 0, N, 2N, etcetera and it is 0 otherwise. This is a
property that can be easily verified by carrying out the summation. Finally, the fourth property

says that

Or(M@Pr(N) = Pgrm(N).

So, next question is given a periodic signal x(n), how do we find this component, these

coefficients, Fourier series coefficients.
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Just as we pose this question in continuous-time case. So, findings Fourier series coefficients,
it turns out that if x(n) is periodic with fundamental period capital N, then ax Fourier series
coefficients are given by

1$N-1 —j3Tkn
ag = 52k=0 x(n)e N

Notice that 27" is what we call fundamental frequency. Also as in the continuous-time case, we

could change the limits of summation to any value as long as the terms in the summation are
capital N. So, we can sum from K =Ko to N+Kp-1. And we would get that same Fourier
coefficients, Fourier series coefficients. So, this is a formula that is equally valid. This

expectedly is called analysis equations. Let us see an example.

(Refer Slide Time: 63:56)



Let us consider
x(n) = 1 +sin (i—zn) + cos(i—Zn + %)

Notice that this signal is periodic with period 10, whereas this is periodic with period 5. So,
their summation will be periodic with period which is equal to LCM of 10 and 5 that is 10. So,

this whole thing is periodic with capital N =10.

Now, we can see that

1 om 1 _
x(n) =1 +—e/10" ——e
2j 2j

2T
JTom

This is by just writing this sinusoid terms of first sinusoid, in terms of complex exponentials.

Similarly, the second term can be written as summation of the following two terms



1 nm 4n 1 _m _an
E3143110”+Ee T2 I10™

So, in this special case, we see that
1 1 1 Jus 1 _j
x(n) =1 + 2—j<p1(n) - 2—j<p_1(n) toettpy(n) +5e Fe_,(n)

If we do term by term comparison, we find that this is as, this is a.1, this is a2, and this is a-».
The rest of the Fourier series coefficients are 0 in this special case, the rest of the coefficients
are 0. Now, before we go ahead let us see the following property of Fourier series for discrete-

time signals. This is analogous to similar property for continuous case.



(Refer Slide Time: 67:13)

A9 1 h rel

Properties says that if x is real then a*x=ax. Notice that in discrete case the Fourier series
coefficients are also periodic, they repeat. So, a.k = an-. Combining the qualities, we obtain that
ax = a*k. So, this is an important property of Fourier series coefficients in discrete-time case.

This is all that we have to see about Fourier series, we end this lecture by summarizing the

properties of Fourier series in continuous and discrete-time.
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Here is the summary, we have continuous-time and the discrete-time. We saw synthesis

equations and analysis equations; very quickly what these equations are
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In case of discrete time,
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As far as analysis equations goes,
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We see a symmetry in synthesis and analysis equations in both cases namely, the signs of the
exponents in complex exponential they reverse. In case of synthesis equations, we have positive
exponents. Whereas in case of analysis equations, they become negative exponents. This brings

us to the end of this chapter. Thank you.



