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Lecture - 38
LQR System Using HJB Equation

Welcome friends to this session of our discussion. In the previous session we have
discussed about the HJB equation; Hamilton Jacobi Bellman equation; this equation we
have derived using the principle of optimality and particularly for a continuous time

system.
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The Hamilton-Jacobi-Bellman (HJB) Equation

HIB Equation B (x* (). 1) v BT,
e T H(x @5 ta).r} =0
Boundary condition P ty) = St ty)
Alternatively JP+H(x(t), Jaut(t),t) =0
L arxe(e), 0 . B,
=% I~

This equation, n general, 1s a nonlinear partial differential equation in J¥,
which can be solved for J* Once J* i1s known, its gradient J * can be
calculated and the optimal control 1*{1) is obtained.
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We have derived the equation del J star by del t plus H, H is this is my optimal value of
the H because the optimal u I am utilizing here. So, with optimal value of the u my; this
is my Hamilton Jacobi equation which we have to solve with the terminal condition
which is J star x star of t f equals to s x star t f t f and this boundary condition is known

to me.
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LQR System Using H-J-B Equation

So, in this discussion we will apply the HIB equation to my LQR system means we will
consider a linear time in variant system or it may be time in variant or to time varying.
So, we are applying HJB equation to my LQR system we are considering the system as x

dottequaltoAtxtplusBtut.

(Refer Slide Time: 01:37)

LQR System Using H-J-B Equation
Consider the plant described by

x(t) = A(t)x(t) + B(t)u(t)
The performance index to be minimized
=k %x’(rf)Fx[r,}r_'é [: [x"()Q(t)x(t) + ' ()R(t)u(t)] de
Hamiltonian

Hex(t),u(t), J5,6) = ¥ (OQUX(E) + S (DRl (x(0), DIAWDX(0) + B(e)u(t)

So, we are considering a time varying system and the performance index we have
considered as a quadratic performance index defined as half of x prime t f fof t f x of t {.

So, this f should also be the function of time which is missed here. So, this is the f of t f



plus half of t 0 to t f x transpose t Q t x t plus u transpose t R t u t d t this is our standard
as we have considered in the previous case the same system and the performance index

we are considering here what is my HJB equation HJB equation is J plus H.
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So, first of all I have to define what will be my Hamiltonian and what is Hamiltonian we
have defined we have defined the Hamiltonian as if you recall H we have defined as my

V plus del J by del x transpose f x u t or f naught we can write.

So, if the V plus del J by del x transpose or simply we can also write as V plus J x star
transpose f now in our system which we have considered here it is a linear time varying
system. So, this is my f is A t x t plus B t u t is nothing but my f and V is x prime Q x
plus u prime R u. So, we are defining this H at the journal of control point u t we have
considered as half x prime Q x plus half u prime R u this is nothing but my V plus J x
prime At x t plus B t u t which is nothing but my f. So, we can define Hamiltonian in this
way my next step is I have to find the optimal value of this H this means del H by del u

must be equal to 0.
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LQR System Using H-J-B Equation
Optimal u '::{ 0 R{thult) + B(¢)J2 (x(t).t) = 0
u*(t) = =R ()B(1) S5 (x(1), 1)

Hamultonian with optimal control

Hixit), uit), J3, 1) «(8)Q(t)x(t) 4 _1.:;'B[r_m HOB! (1) +I Al (E) — JUBOR OB (0]
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< (1)QE)x(t) - ;;.J;'BmR B ()0 + T A x()

So, for optimal u my del H by del u is 0 which gives me R t u t plus B prime J x prime x t
t this equals to 0. So, I got this equation if I am differentiating this H with respect to u.
So, my; this first term is independent of u. So, this will give me 0 this is a quadratic
terming u. So, this give me R u and J prime A t x t is independent of u. So, this will be 0
and J prime B u. So, this will be this will give me B prime j. So, this we are getting as B

prime J should be J x t.

So, by this equation I can find out my u star as minus R inverse B prime J x t now if I
will substitute this u in this H. So, I will get my optimal value of the h. So, in the next
step we are finding the Hamiltonian by substituting the value of the u star in H my first
term remain the same half x prime Q x this is u prime. So, what we have taken my
optimal u is minus R inverse d prime J x star and the term which we are placing that is

the half u star u prime R u which is my second term of the Hamiltonian.

So, if I will take the half of u prime u prime is J x star prime B R inverse is giving me the
first term u prime then I will have the R then u u is R inverse V prime J x star . So, u
prime R u I can write in this way this will be my unity. So, this is nothing but with minus
half J x star prime B I am dropping the t B R inverse B prime J x star and this we are

writing as my second term half J star prime B R inverse B prime J prime.

Now, what is the next J star a x t by multiplying this J star with the first term. So, I got

this term as J star a x t my next term will be J star B t and multiplied with u t. So, this is J



star prime B t u t and u t we replace with. So, this is J star prime B t u R inverse d prime
J x star. So, my last term is J x prime B R inverse B prime J x star. So, these 2 term if you
will see this is the half of this and this is one times of this. So, by subtracting by these 2

terms I get minus half of J x star B t R inverse V prime J x star plus J x stara t x t.
So, this is my optimal value of the H if this is my optimal value of the H.
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LQR System Using H-J-B Equation
The HIB cquation is
Ji M), ut(t), Jz,t) =0
Ji ;x"mqu‘m ;J;’B[I)R"rr)B‘(L)J; I A () =0

Boundary condition
1
JH(x" (), tp) = EX"(!;)FILHX'(?;)
Assume a solution

(0, ) = X OP(x(t)

" aJ
-=Jy = %x{t]l'-‘[t]x[t] e I = P(t)x(t)

So, I can write my HJB equation as J t plus optimal value of the H equal to O this is the J
t what is the optimal value of H is my half of x prime Q x minus half of J prime V R

inverse V prime J x J x star A t x t equals to 0.

So, I got this as my HJB equation. So, my HJB equation I have to find out the value of
the J star I have to solve this equation with my terminal condition as J star x of t f t f is
half of x star t f f of t f x of t f. So, for a linear system for non-linear system no direct
solution you can get for this HIB equation then we have to solve these equations using
the numerical techniques, but for the linear system as we have seen my terminal cost at
the terminal my cost function is J star x star t f t f which is equal to a quadratic function

of x.

So, I can assume a solution which is similar to my terminal solution and this is nothing
but J I am assuming as half of x prime P x where this optimal cost is a function of x and t

if J is a function of x and t.
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So, I can find out del J by del t and del J by del x what we are saying we are assuming
the solution of HJB as let the optimal cost is the half of x prime t x. So, I am assuming
my cost as this which I have take considering analogous to my terminal cost and with
this value of the J I am finding out del J by del t and del J by del x. So, with this my del J
by del x is half of because x and t are my 2 variable which we are considering t is a

function of time.

So, this will be half x P dot x and del J by del x is simply my P t x t. So, this J tand J x I
am replacing by half of x t P dot t x I am replacing the J t by this. So, my HJB equation

will become. So, my first term is J t; J t I am taking as half of x prime P dot of t and x t.
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This is my J t my text term is half x prime Q x plus half x prime Q x next term is minus
half of J x prime B R inverse B prime J x and what is the J x my P t x t. So, half of J x
prime J x prime is P t x t. So, I am writing this as x prime t P t because in this case again
the P t we have considered as a symmetric positive definite matrix then J cost, because
why positive definite because J must have some positive value of the cost if my
minimum cost cannot be negative. So, cost will be positive. So, P will be x prime x is

square term P should be a positive definite.

So, if P is a positive definite and symmetric and as we have considered in the previous
case the same analogy we can take it here. So, transpose of this will be x prime t x prime
t B R inverse B prime J inverse P t x t this is my third term of the HJB equation and the
last one is J x prime A t X t J x prime is x prime t. So, I can write this as last term plus x

prime Pt A tx t equal to 0.

So, the x J V equation given in this form with my assume solution as J as half of x prime

P x I find out J del J del t del J by del x substituting these value in this equation.
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LQR System Using H-J-B Equation
The HJIB equation
%x'[r.)l:'{r‘.lx[t} + %x[r)qn}x(r)_ ;:((:]P(:]B(f]l{"[t]B'{:}P(!Ix(I} Fx(OP(OA()x(L) =0

Expressing P(r)A(1) as

P(DA() = 3 [POAD) + POAD}+ [POAE) ~ (POAW)]

I am getting my equation as HJB equation as half of x prime P dot x plus half of x Q x
minus half x prime P B R inverse prime t x x prime P t A t x t. So, now, if we will see the
first term first term is quadratic and symmetric second term is quadratic and symmetric
third term is also quadratic and symmetric except the last term last term will have my P t
At P is symmetric A may be any of the metric. So, we are using the principle that let if A
is any square matrix then a can be written as A 1 plus A 2 where A 1 is symmetric A 2 is
Q symmetric then A 1 will be A plus a transpose by 2 and A 2 will be a minus a transpose
by 2. So, any matrix I can write in terms of the A symmetric form is giving me the A plus

A prime by 2 and A 2 is given as A minus A prime by 2.

So, the matrix P t given here we can break up as half of P t A t transpose of P t A t plus
half. So, this is my symmetric term and half P t A t minus transpose of P t a t is my skew
symmetric form. So, this P t A t I can represent in this because my all terms are
symmetric. So, the only part of this matrix which is useful that is my symmetric part
because the skew symmetric part is multiplied with the function sorry x prime half of P t

A t minus P t A t prime into X.
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LQR System Using H-J-B Equation
Substituting
%x’(!)P(t]x{!] + %X(f)Q{!]m)— %x’ft}?ifJBit}R B (1P (t)x(t)

—%x’[I}PU)A{L]x{t] + %:K'(IJA'[(]P[!}J:(I) =0

for amy xi1)

B(t) + Q(t) = POBOR (OB (OP(1)+P(t)A(t) + A'()P(t) =0

P(t) = =P(t)A(t) = A'(t)P(t) + P()B(t)R~'(t)B'()P(t) - Q(t)

This is the matrix differential Riccati“equation (DRE)

So, this will vanish and we are left only with this symmetric part. So, I can replace Pt A t
as half of Pt A t plus P t A t prime if I will replace this. So, I will get the half of x prime P
t A t plus half of x prime transpose of P t A t is a transpose P x. So, now, I can convert

my; this whole equation in terms of this equation.
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And this equation if you will see can be break up as half of x prime t I have P dot plus Q
P dot this will be P t plus Q t minus t sorry P B R inverse B prime P plus P t A t plus a

transpose t plus a transpose t P t multiplied with sorry simple x t must be equal to 0. So,



for any value of the x t because x t may be arbitrary. So, I can say what is here in bracket.

So, this equation to be 0 my; this whole term must be equal to 0.

So, I can write as P dot t plus Q t minus P B R inverse B prime P a plus a prime P equals
to O for P t I can write simply in terms of as minus P t a t minus a prime P plus P B R
inverse B prime P minus Q and this is my well known matrix differential Riccati
equation which we have proved also which we have also derived using the calculus of

variation approach.

So, once the P is known my u was minus R inverse J x t t this was my u. So, this u will
be nothing but my R inverse B transpose t P t x t because this solution is nothing but P t x
t and this I can say as minus k t x t. So, I can have the close loop feedback control where
my k t is nothing but R inverse B prime P t and P t is nothing but the solution of my
matrix Riccati equation. So, using the HJB equation also we can have the close loop

feedback control.

So, this is the application of the Hamilton Jacobi Bellman equation to a continuous time
system now up to this point we have made our discussion in which we have not
considered any constraint to any of our variable neither on the u nor on the x. So, at the
end of our course we will consider one problem in which we are going to constrain the u
and see how the constrain on the u will change the solution of my problem. So, this

constrain optimization problem we use the Pontryagin minimum principle.
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Pontryagin Minimum Principle

For the given system consider arbitrary variations in control
u(t) = u*(t)+ du(t)
The increment Al and the (first) variation 8J

AJ(u (1), 5u(t)) = J(u() — J(u* ()

= &J(u*(t),su(t)) + higher-order terms > 0

The first variation

aJ
67 = Z=ou(t)




So, we will discuss this principle say in a given system if you will consider any system
and consider a variation in the control means by control is varying from its optimal value
u star t to delta u t with this variation we can find out actually is the increment in the
system or the functional and what is my first variation if we will try to find out this. So,
as we know by definition my increment is defined as J at a given value of the control
minus J at the optimal control where u t is u star plus delta u. Now this J u t can be

expanded as Taylor series.
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So, what we can write for J u star t plus delta u t because this is the value of my Ju t. So,
this will be nothing but my J u star of t plus del J by del u delta u the first order term plus
higher order term this will appear as my extension and once I will separate J u star u t.
So, I will left only with the delta J u star of t plus the higher order term and by the
minimization principle if my cos function is minimum then my increment must be

greater than or equal to 0.

So, once we will and in this we will write our first variation delta J as del J by del u into
delta u t. So, for optimal cost my increment should be greater than 0 and in case of the

unconstrain what was our condition.
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Pontryagin Minimum Principle

To obtain optimal control of unconstrained systems, the
fundamental theorem of calculus of variations state

“the necessary condition of minimization is that the first
variation 8] must be zero for an arbitrary variation du(t).”

The variation du(t) i1s not arbitrary if the extremal control
w*(r) is constrained.

This means my first variation must be vanishes means we considered del J equals to 0 if
my u is unconstrained and the sufficient condition is second variation is must be positive
definite. So, if I will write the increment this will be the solution of my first variation
plus second variation which is positive. So, this means J is always greater than equal to
0. So, my fundamental theorem is at optimal value of the u if u is unconstrained then my

first variation will be 0.
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Pontryagin Minimum Principle

Assuming that all the admissible variations ||8u(l) I s
small enough that the sign of the increment A/ is
determined by the sign of the variation &/

The necessary condition for u * (t) to minimize J

§J(u*(8),u(t)) = 0

5w (1), bult)) = [{" {%E]réu[t}d!




But if u is constrained means if u is constrained this means u t will have its limits with

say u minimum to u max.

So, this is if my u is constrained then I cannot say my delta u will be arbitrary. So, delta u
t is not arbitrary if external control u is constrained. So, assuming that all admissible
variation means delta u is small enough that the sign of the increment delta J is
determined by sign of variation delta J this means the sign of this increment. So, what we
are saying if my delta u is not large enough then the sign of delta J will be determined by
the sign of first variation because all other higher term will be smaller than the first
variation. So, if u is constrained sorry u is unconstrained then my first variation is 0 then
the sign is decided by the other variations, but if u is constrained then my first variation

will not be 0 and the sign of increment is decided by the first variation.

So, this means I can say the necessary condition for u star to be minimized then my first
variation must be greater than or maximum equal to 0. So, only 0 condition is not applied
if my u is unconstraint and if I will find out that delta J the first variation whichist0to t
f del x by del u into delta u if I am finding representing my problem in terms of the
Hamiltonian that this is del x by del u delta u will be my first variation in delta J as we
have seen before we can apply the Legrangin or the Hamiltonian approach and if you are

using the Hamiltonian.
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Pontryagin Minimum Principle
By definition
[:jif (x"(t), u'{LJ..\'U).H]fnu(H =H (x(t), u’(t) + uft), A%(t), 1) = H (x"(t),u" (), A™(t), 1}

t
SJ(u"(t), buft)) = [ R (8), w () + Gudt), A" (1), t)— Hx" (), u" (), A (¢). £)] dt
to
ty
[ [H{x™(e), u(t) + Sufe), AT(1), 6) — H{x"(e),u" (), A% (), t)dt =0
Jig

Hx" (), u®(t) + dult), A% (1), 1) = Hix (t).u"(t), A7(t). 1)

oin {H G (1), u(t), A" (6,1} = MO (6,0 (0,2°(0), )
uft)f=!

e R ONn




We can write delta J in terms of the Hamiltonian as del x del u transpose multiplied with
delta u this means del x by del u delta u can be written as H at the variation point minus
H at the optimal point. So, this is the meaning of my del H by del u this means delta J is
H at variation point and H at the optimal point and this del J much be greater than equal

to O this means my right hand side of this must be greater than or equal to 0.

This shows that if T will have H at a variation point this value will always be greater than
equal to the value of the H at optimal point. So, this means if I will minimize the H at
any given control I can minimize this u within the constrained of u max and u minimum
then I will get whatever be my optimal value of the H and this is my this is the
Pontryagin minimum principle means the Hamiltonian; we have to minimize with
respect to u to get the optimal value of my Hamiltonian, because this Hamiltonian at the
u point and this Hamiltonian at the u star point minimization of this Hamiltonian giving

me the optimal value of my H.

(Refer Slide Time: 29:13)

Pontryagin Minimum Principle

The previous relation states

“necessary condition for the constrained optimal control system is
that the optimal control should minimize the Hamiltonian,”

The sufficient condition is that the second derivative of the Hamiltonian

A . - . it b citive definite
fo (t),a*(t), A% (e), t) must be positive definite.

And this is my necessary condition for the constrained optimal control system that the
optimal control should minimize the Hamiltonian and the sufficient condition is my
second derivative of this H must be positive definite. So, this Pontryagin minimum

principle we can directly apply to the constrained system.



In the next class we will see that how the constrained system this Pontryagin minimum
principle can be applied to the constrained system and will be used to solve the minimum

time control problem.

Thank you very much.



