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Lecture — 16
Linear Quadratic Optimal Control Systems

So, welcome friends. In this lecture we will continue our previous lecture which was in
the linear quadratic optimal control system problem, we are trying to find out the optimal

control law for a linear quadratic regulator problem.
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Linear Quadratic Optimal Control Systems
Consider a linear, time-varying (LTV) system

x(t) = A(t)x(t) + B(t)u(t)
y(t) = C(t)x(¢t)
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In linear quadratic regulator problem what we are doing? With a, we are given with the

system x dot equal to A x plus B u, y equal to C x.



(Refer Slide Time: 00:51)
A

Linear Quadratic Optimal Control Systems

*  The objective 1s to keep the state x(t) near zero: State
Regulator System.

¢ Obtain a control u(t) which takes the plant from a nonzero
state to zero state and minimize Pl

* The plant is subjected to unwanted disturbances that
perturb the state
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Objective is to determine the u which will take the plant from nonzero state to a O state
and simultaneously minimize a performance index which is given as x prime t f f of t f, x

of t f plus half of x prime Q x plus u prime R u.
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Linear Quadratic Optimal Control Systems

The Performance Index (PI)
J(u) = J(x(to), u(t), to)
= ()
L (i ;
+3. XOQEX + v OROu)

= %x’(t 1F(ty)x(ty)
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So, this problem we are solving using the Hamiltonian approach. We first define our
Hamiltonian H we take del H by del u equal to 0 which give the u equal to R inverse B

prime lambda t.
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Obtain the optimal control u*(t) using the control relation

T~ 0 — R () + BON () =0

u'(t) = -R()B'(t)A*(t)
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Then we define our Hamiltonian system x dot equal to A t minus E t minus Q t minus A t
x lambda. So, this means x dot and lambda dots are represented in terms of the x and

lambda.
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Linear Quadratic Optimal Control Systems

The state and costate equations

() =+ (%) leadsto  X"(t) = A(t)x"(¢) + B(t)u* ()

F0=-(32). ladsto X0=-QUNX'® - AN

The canonical system (also called Hamiltonian system) of equations

x*(t) | _ [ A®) —E@) | [x*(®)
N@)] T [-Qe) -A(e) | | A(2)
where

E(t) = BO)R™'(1)B'(t)..
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So, we are the n by 1 state vector n by 1 costate vector. So, total dimension of the system

is2nby2n.
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The boundary condition is given by

o5 sl e
[H +a]”6tf+[(a).—l (t)]l,lSXf—O

Iy1s specified 1.e. o, = () and x(t)) 15 free 1. d, is arbitrary,
Therefore, the coefficient of X, becomes zero

. as
A'(ty) = <6x—(t/))' :‘

3 [3x (1)) P (ty)x(ty)] ;
= —W— = F(tj)x (t!)
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This Hamiltonian system along with the terminal condition we have taken as a lambda t f
as F of t f, x of t f. So, we have to develop a state feedback system and if you will recall
my u is nothing but R inverse B prime lambda t lambda is unknown quantity. So, this
means we cannot directly feedback my system. To get the feedback I have to relate my u
with x, but to develop the relation between lambda and x sorry; lambda t and x t we can

take the intuition from the lambda t f, F of t f, x of t f.
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Let us assume a transformation

AT(t) = P(t)x"(t)
P(t) 1s unknown
The optimal control becomes

u'(t) = —R~L()B'(t)P(t)x" (t)

which is now a negative feedback of the state x*(t)
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So, we assume a transformation which will give me lambda t as P t x t where P t is a
unknown quantity. We have to find out the value of the P. So, if lambda is Pt x t then u t

I can simply write as minus R inverse t B prime P t x t.

So, this means if I know the x I can determine my R inverse B prime P. So, I can
feedback. So, if you will recall in the previous lecture in a linear quadratic problem my
control law u equal to minus k x. So, this R inverse t B t P t will be nothing, but my k.
So, by this transformation I can transfer my system in a simple linear feedback system.

So, this negative feedback of the state x t I can give to use it as my control feedback.
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As X*(t) = A(H)x"(t) - BOR ™ (H)B ()P (t)x" (t)
A1) = —Q(0)x*(t) - A'(OP(1)x"(¢)

As
A (t) = P(t)x*(t)
Therefore,
A(t) = P()x*(t) + P(1)X* (1)
@ oo € o

Now, from my Hamiltonian system my here x t as A x minus B R inverse B prime P t x t
and lambda t as minus Q t x t, A transpose P t x t. Transformation we are considered as

lambda t as P t x t, we have taken as lambdat-Ptxt.
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So, if I will differentiate this, differentiate this equation. So, I will get lambda dot t as P
dot t x t plus P t x dot of t.

So, I have equation lambda dot t as P t x t plus P x dot t, and x dot and lambda dot value I
can write in terms of my Hamiltonian equation. Say in this Hamiltonian equation if you
will see I have the x dot in terms of the x t and if you will see P t x t is nothing, but my
lambda t. So, from this relation I have replaced a lambda t by P t x t. With this I am
writing this 2 relation as A x minus B R inverse B prime P x and lambda dot as Q x A

prime P x. So, this means I am representing x dot and lambda dot both in terms of the x.

Now, in lambda dot t equal to P dot x plus P x dot. I am substituting the value of the
lambda t and x t which will be; so what is my lambda dot t? Lambda dot t is minus Q t x
t minus A transpose P t x t minus A transpose P t x t this is my lambda t, this I will keep
as such P dot t x of t plus P t and x dot of t is A x, A t x t minus sorry, I have B, R inverse,

B transpose t x t.

So, I have substituted x dot and lambda dot in place of this lambda dot and x dot. This is
minus Q t, A transpose t X t and this side what we have? P dot plus P A minus P B R
inverse B transpose sorry; this will be B transpose. Sorry here I have directly written the
x t, but this is P transpose P t x t this is B transpose P t and x of t and this x of t we can

cancel out and write the whole equation on one side, we have P dot t plus P t, A t. Second



term I am writing here a transpose t P t minus P, B, R inverse, B transpose t, P t plus Q t

equal to 0.

(Refer Slide Time: 09:37)
A

Linear Quadratic Optimal Control Systems

This leads to matrix differential Riccati equation (DRE)

P(t) + P(t)A(t) + A'(P(t) + Q(t) —
Pt)B(t)R™'(t)B'(t)P(t) =0

This relation should be satisfied for all ¢ €fto, 1] and for
any choice of the iitial state x*(to)
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So, by this we got this equation P dot t plus P A plus A transpose P plus Q t minus P B R
inverse B prime P t equal to 0 and this relations should satisfied for all for my specified
time t 0 to t f, and for any choice of my initial condition x t 0. So, this means I have to
solve this equation to get the value of the P and as we can see this is a differential
equation which can be solved using my terminal condition which is lambda t f as P t of x

t f equal to F of t f, x of t f; this means Pt fis F of t f.
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The final condition on P(#) is
M(ty) = P(tg)x"(ty) = F(ty)x"(ty)

P(ty) = F(ty)

The matrix DRE 1s to be solved backward in time using the
final condition to obtain the solution P (t) for the entire
interval [t t].

@ IIT ROORKEE

So, this is the matrix Differential Riccati Equation, this has to be solve backward in time
and using the final condition to obtain the solution pt for the entire interval t O to t f.
Once I know the P t them directly I can write my u which is nothing but minus R inverse
B transpose now it is P t into x of t. So, this is my u, ut; which I am directly writing as

this implies u t is minus K t x of t.
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So, K is nothing, but R inverse, B transpose t, P t. So, for a linear quadratic regulator

system I have to find out the value of the K t which is R inverse B transpose P t and P t is



nothing, but the solution of my differential Riccati equation DRE and this DRE can be
solved using the final condition as my P t f equal to F of t f. So, in backward we can
solve this Riccati equation to get my K t. So, directly I can apply the u t as my complete

state feedback.

So, I can measure the x t multiplied with the K t and give it as my u. So, this will,
solution of this matrix DRE theory, it is a non-linear differential Riccati equation. So, the
numerical technique can be adapted to solve this and for a simple system we can directly

have the solution of this Riccati equation.

So, we will see it in form an example how this can be or how we can determine the

optimal control law for a linear system.
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So, we take an example let me change this pen. So, let us consider a first order system as
x dot t - 2 x t plus u t, consider a system; my objective is to find the optimal control law

that minimize my J equal to and in this case my t 1 is specified.

So, my problem is for a first order system we have taken as x dot as 2 x plus u we have
to obtain the optimal control law which is minimizing my performance index given here
in a specified time t 1. So, t 1 is specified in this case. So, now, if we will see what is my

terminal condition, my terminal condition here is because no terminal cost is given. So,



this means F of t f equal to 0, my control law is u equal to minus sorry; u t equal to minus

K tx tand K t is minus R inverse B transpose P t x t.

So, now with this if I will write what is the different values. So, before that if we will see
to find out the sorry this is my u of t and this is my and this is my K t. So, u t can be
determined and P t is the solution of my differential Riccati equation which is given as P

dot t plus P A plus A transpose t minus P B R inverse, B transpose, P plus Q t equal to 0.

Now if you will see what is my A? 2 xt,so Ais 2, Bis 1, Fis 0, Qis 3 and R is 1 by 4.
So, if I will substitute these values into this all this values in this equation, so what I will
get? I will get a final equation I am writing here as P dot t minus 4, P square t plus 4, P of
t plus 3 equal to 0. So, this differential equation I have to solve with and what is my
condition P t f is nothing, but O because F of t f is 0 with this condition I have to solve

this equation.

So, it is a simple first order differential equation which can be solved some writing this

as Pdotd P by 4.
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Just for simplicity I am dropping the t terms from here 4 P square minus 4 P minus 3 if I
will take it there and this is nothing, but my d t this I will integrate fromt2tot1t2ast

1 is final time. So, I can write this P sorry P t 1 as 0 because F we have takenasat 1.



So, there are many approach to solve this I can make the factors of this, then directly take
the integration I will integrate this. So, this you can perform the calculation yourself and
its final solution I am giving you with this if I will calculate my P t comes out to be 3 by
2, 1 minus e to the power 8 t minus t 1 the whole divided by 1 plus 3 e to the power 8 t

minust 1.

So, this will be my P t and u t is nothing but minus R inverse B prime P which is coming
out to be the 4 P t x t. So, this means my K t is nothing but 4 and P t and this P t we have
already have been determined here. So, this will give me my final control law. My u t is
minus four Pt x t and my K t is 4 P t. So, in this way we can find out the solution of the
matrix differential Riccati equation. For a first order system I have only the single
equation, but as the order of the system will increase the number of equations will also

increase.
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Consider

1(t) =z2(t), x(0)=2
Zo(t) = =221 (t) + z2(t) + u(t), z2(0)=-3

J= % [zf(s) +21(5)z2(5) + 213(5)]

1 5
+ / [203(t) + 621 ()aa(t) + 523(2) + 0.2502(1)] dt
0

Obtain the feedback control law.
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So, we take the another example as x 1 dot t x 2. So, we consider a second order system
with initial condition as x 1 0 as to x 2 0 as minus 3. Our objective is to determine the
optimal control law u t which will minimize the performance index J given here. So, we

can see in this example we will have the terminal cost as well as my integral cost.

So, to solve this problem if you will see, so what will be my a b c d: my A is 0 1 minus 2
1,Btis 01, F t which is given here Qt2 335, Rtis 1 by 4 and t 0 and t f are specified
as 0 and 5.
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Example

AW = [_"2 }] ; B(t)= [‘1’] i Pty = [0?5 O,f]

Q(t)=[‘§g]; R(t)=r(t)=%; P
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So, t f we have taken as the 5 and starting point is t O initial point is specified. To

determine the u we have to write our Riccati equation.
(Refer Slide Time: 24:12)
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P dot t equal to P A plus A transpose P minus P B R inverse B transpose P plus Q t equal
to 0. So, in this if you will put the value of AB F, A B Q R because A B Q R is required
here. So, my equation will be, so now, what actually will be my P? For a second order
system I consider my P tas P 11 of t, P 12 of t, P 12 of t and P 22 of t. So, we have
considered this matrix as a symmetric matrix. So, P is a symmetric positive definite

matrix.

So, in the next class we will discuss why P is a symmetric matrix. So, just for our
consideration we take this P as my symmetric matrix here. So, with this value of the P
and the value of the A B Q and R this, I can write my equation as P 11 dot P 12 dot P 12
dot P 22 dot as this whole equation.

So, now if you will see because this is a symmetric matrix, so in place of the 4 T will get
only the 3 questions and these 3 questions so now, if I will simplify this matrix I will get

these three equations.
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0.5 2

pu(5) pia(5)| _ [ 1 05
p12(5) p22(5)

pua(t) = 4ply(t) + dprat) - 2

Pralt) = —pua(t) - pralt) + 2aa(t) + dpra(t)paalt) - 3

poa(t) = =2p1a(t) - 2pa(t) + dpaa(t) - 5

NPTEL ONLINE
0 RIRCORKEE CERIIFICATION COURSE

P 11 dot in terms of the P 12, so this is a interrelated equations, but I have to solve this

equation for the P 11 dot P 12 dot and P 22 dot to get the value of my P matrix as this.

So, these equations with my final condition as P 11 5, P 22 5 which I am getting nothing,
but from my matrix f, so this F matrix means my P t f equal to F of t f, so all this
parameter will represent here as the final value of my P 11, P 12, P 12, P 22 as 1, 0.5 and
2. So, these three equation I have to solve with this three. Any numerical technique can
be adopt to solve this equation and by this way we can determine the P matrix, if P is
known to us then we can find out the K, if K is known to us we can find out the u which

will be u equal to minus K t and x of t.

So, in this way we can solve our linear quadratic regulator problem for a finite time. If t f
is finite then matrix differential Riccati equation we have to solve, this matrix differential
Riccati equation we have to solve to find the value of the P and once the P is known we

can find out the u.

So, this class I stop it here and in the next class we will discuss about the infinite

horizon, time varying and the time invariant case.

Thank you very much.



