Optimal Control
Dr. Barjeev Tyagi
Department of Electrical Engineering
Indian Institute of Technology, Roorkee

Lecture - 10
Optimum of Functions with Conditions
(Lagrange Multiplier Method)

Welcome friends into the optimal control class. In the previous lecture we have discussed
about the optimum of functions with condition and the approach which we have seen that
was the direct approach. Say if a function is a variable of the, is a function of the 2
variable say x 1 and x 2. So, we will eliminate the one and then simply take the df by dx
equal to O to find out the optimum point and d 2 f by dx square to get the sufficient

condition if this is greater than 0 we get the minima if it is less than 0 we get the maxima.

Today we will continue the same topic optimum of functions with condition, but

approach here we will take the Lagrangian approach.
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Optimum of Functions with Conditions
(Lagrange Multiplier Method )

Consider the extrema of a function f(x,, x,)

subject to the condition o 20y — 0.

Form an augmented Lagrangian function
E(xhz?vA) = f(thQ) A Ag(:z:h:!:?)

A, is the Lagrange multiplier
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Let us see the problem our problem is we have a function, f which is the function of the 2
variables x 1 and x 2, subjected to a condition given as the g x 1, x 2 equal to 0 and
objective is to get the optimum value of the function f with the given condition. In the
Lagrangian approach we first define a augmented function called the Lagrangian

function given as the L which is also the function of the 2 variable x 1, x 2 and the third



variable we introduce that is lambda. And this is written as the f x 1, x 2 which is my
given function plus lambda times whatever be the condition g x 1, x 2 lambda we called
the Lagrangian multiplier. What is the role of the Lagrangian multiplier? That you will
see in this lecture. Normally lambda is the user choice we have to select the lambda

depending upon the condition arises. We will see in the next part.
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Optimum of Functions with Conditions
(Lagrange Multiplier Method )

L(z1,z2) = f(z1,72)
A necessary condition for extrema is
df =dL =0
The Lagrangian is optimum
dC = df + Adg =0

[a—f+Aﬂ]dx1+ [ﬂ+Xﬂ]de=0
9z oy 2 2
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So, if you will see my Lagrangian is nothing but equal to f x 1, x 2 y because g x 1, x 2 is
nothing but I have the 0 value. So, if I am writing L as f x 1, x 2. So, the minimization of
the f was say the, to determine the optimal value of the f is same as to determine the
optimal value of the L because my condition is 0. So, the necessary condition for an
extrema, so that is df equal to dL. equal to 0. So, I have to take the df the differential of
my function must be equal to 0 because the optimal value of the f is same as the optimal
value of the f, so we can say f equal to the differential of the L and that all must be equal
to 0. Because f we have taken as sorry, L. we have taken as the f plus lambda g. So,

differential of the L we can write as the df plus lambda times dg.



(Refer Slide Time: 03:48)

5 (1‘” )

Y, X )= 0

Al e Al m g
4 Jf
Jac T 5% d 4 }J 07(,1 ,{id Jlad
QJL';J Jjse /L 4 3
¥ SR Jx !

'\ (/)(z %DX ) Jx}“ =0

Now, if we will determine the value of the df and dg what actually we will get, that we
can see because f is a function of x 1 and x 2. So, I can write my df is nothing but del f
by del x 1 dx 1 plus del f by del x 2 dx 2. Similarly my dg what I can write and what
actually I have g x 1, x 2 which is equal to 0. So, I can write dg as del g by del x 1 dx 1
plus del g by del x 2 dx 2 and what we are defining for L? That is nothing but f plus
lambda times of g and dL. we are writing as df plus lambda times d g. So, if I will place
the value of df and dg what actually we will get del f by del x 1 dx 1 plus del f by del x 2
dx 2 plus lambda times del g by del x 1 dx 1 plus del g by del x 2 dx 2.

So, in this expression if I will collect the terms of the dx 1 and dx 2, so I can write this
nothing but as del f by del x 1 plus lambda times del g by del x 1 dx 1 plus del f by del x
2 plus lambda times del g by del x 2, dx 2. So, this dL or we can say dL that I can
represented as in terms of the dx 1 and dx 2 which we can see here. So, we are
representing by this and this whole is equal to 0 because del is equal to 0, so this equal to
0 and this equal to 0. So, anyway we can say my del f by del x 1 plus lambda times del g
by del x 1 multiplied with the dx 1, del f by del x 2 lambda times del g by del x 2 dx 2

equal to 0. So, this we are trying to get the necessary condition.
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Optimum of Functions with Conditions
(Lagrange Multiplier Method )

*  dx, and dx, are both not independent

*  Choose dx, to be independent differential and then dx,
becomes a dependent differential

*  Choose the multiplier , to make one of the coefficients of
dx; or dx, zero
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Now if we will see what actually x 1, x 2 x 1 and x 2 are not independent because this is
the 2 variables related to each other. So, this means dx 1 and the dx 2 are also not
independent, if we will choose one of the variable say x 1 is the independent variable
then x 2 will be the dependent variable on x 1. So, I can choose dx 1 as my independent
variable then dx 2 will be the dependent on x 2. Now here comes the role of the lambda
what actually lambda we will take. So, this lambda we can choose the value of the
lambda such that say in this case if I will choose lambda such that my coefficient of the
dependent variable if this will become 0. So, that will be the, that will be my choice for
the lambda.

At one take if having this if I will choose a lambda which will make the coefficient of the
dx 2 as 0. So, my initial conditions simply will be which is dependent on the dx 1. So,
that is why we say we have to choose lambda to make one of the coefficient of dx 1 or dx
2to0 0.
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Optimum of Functions with Conditions
(Lagrange Multiplier Method )

let A take on the value A* that makes the coefficient of the
dependent differential dx, equal zero

that is

o
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In this case we are selecting the lambda say the value lambda is star which will make the
coefficient of the dx 2, 0. So, in that case what was my coefficient of the dx 2? This we
are making 0, so this means del f by del x 2 plus lambda is taking the value of the lambda

is star del g by del x 2 that will be equal to 0 if this term is 0.

(Refer Slide Time: 09:19)

Optimum of Functions with Conditions
(Lagrange Multiplier Method )

Therefore

of ﬁ] i
3_:1:1'*-'\81:1 d:L‘]—C

Of.. wlg
8.’!.‘1 g 6:1 b
and

NNNNN ONLINE
@ e CERTIFCATION COURSE

So, I will left only with the del f by del x 1 plus lambda times del g by del x 1 dx 1 which
will be equal to 0.



Now, in this equation my dx 1 is a arbitrary function which can take any value. So, the
coefficient of the dx 1 this will also be equal to 0. So, what was my condition? My first
condition was the del f by del x 2 plus lambda times del g by del x 2 is 0, x is x 1 is the
independent variable dx 1 is the arbitrary, so the coefficient of the dx 1 that will also be

equal to 0.
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And if you will see what is my L, as my L is nothing but f plus lambda g. So, if T will
take del L by del lambda this is nothing but my g which is 0. So, even I can write my last

equation as del L by del lambda equal to 0.
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Therefore for extrema of a function f(x,, x,) with condition
g(x,, x,) = 0, the following conditions must satisfy
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So, I have the three conditions now, if f is a function of x 1 and x 2. So, my to get the
minimum my equation will be del f by del x 1 plus lambda ties del g by del x 1 equal to
0, del f by del x 2 plus lambda times del g by del x 2 equal to 0 and the third equation is
del L by del lambda equal to 0.

So, to get the necessary condition we can apply this. So, these three equation will give
me the x 1, x 2 and lambda these are the three variables which we have to determine. So,
simply by writing this I will have the number of equation equal to number of variables
and these can be solved to determine the value of the x 1, x 2 and lambda, and these will

be my optimal values.
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Optimum of Functions with Conditions
(Lagrange Multiplier Method )

Consider the extrema of a continuous, real-valued function

f0)=flx, x,, ... x,)

subject to the conditions
q1(x) = gi(z1,22,-++,24) =0
92(x) = g2(z1,%2, -, 2a) =0

gM(x) = gm(.’ﬂl,.’tg, R 1xn) =0

where, f and g have continuous partial derivatives, m < n.
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So, this was the case in which we are considering only the 2 variables x 1, x 2, but if we
will generalize this case then suppose we consider a function which is a function of a
vector x means f x is equal to f of x 1, x 2 and x n. So, it is a function of these n is states.
So, this n optimal value we have to determine and this is subjected to the condition g 1 g
2 g m all are the function of x 1 to x n all equation. Where my g 1is0 g2 xis 0 g m x is
0 and for a feasible solution the value of the m means the number of the condition must
be less than the number of the variables which we have considered at the most they may
be equal to each other, but m cannot be greater than n in that case my number of
variables will be more than the number of equations and we are not able to find out the

solution in that case. So, we put the condition that m should be less than n.
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Fettmi o e ie s laerange Sl tipliers
corresponding to m conditions

K

L(x,A) = f(x) + N'g(x)

where, A" is the transpose of A.

@ IIT ROORKEE

So, in this case also we can write our augmented function Lagrangian function, L as f x

plus lambda prime g x where f is a function of x 1 to x m and lambda prime is a vector.
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So, let us write this as my f is a function of x 1, x 2 and x n or we are saying my x is a
vector of x 1, x 2 and x n. So, f will be the function of this. We have the conditions g 1
equal to 0 to g m equals to 0 I have the m number of the condition. So, the Lagrangian
multiplier lambda which we have to select this will be nothing but a vector of lambda 1

lambda 2 each multiplier for each condition to lambda m. So, once we have to write my



Lagrangian this will be nothing but my f the function which is given x 1, x 2 sorry, this is
equal to n, x n plus lambda prime; lambda prime we are writing is lambda 1 lambda 2 up
to lambda m multiplied with the condition g 1 g 2 and up to g m. This means lambda 1 g
1 plus lambda 2 g 2 plus lambda m g m. So, that will be my augmented function L.

And this we are writing as f plus lambda prime g, where lambda prime is nothing but
representing the vector lambda which we have selected here. So, prime represent here the
transpose of lambda. So, transpose of the lambda will be lambda 1 to lambda m. So, we
can write my augmented function as L equal to f plus lambda prime g. The optimal value
x and lambda are the solution of my equations del L by del x del f by del x lambda prime
del g by del x as we have seen in the first case del L by del lambda which is nothing but

equal to g x that must be equal to 0.
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(Lagrange Multiplier Method )

The optimal values x* and A* are the solutions of the following
n+ m'equations
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So, this the first del L by del x this is represent the n number of the equation because this
is del L by del x 1, del L by del x 2, del L by del x n.
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So, here if we are saying del L by del x equal to del f by del x plus lambda prime del g by

del x and this we are saying equal to 0. So, this will contain n equation.

So, if we are taking del L by del x as del f by del x plus lambda prime del g by del x
equal to 0. So, this means this is representing my n number of the equation which is
equivalent to del L by del x 1, del f by del x 1 plus lambda 1, del g by del x 1 equal to 0
del L by del x 2, as del f by del x 2 plus lambda 2 del g by del x 2 equal to 0 and last
equation del L by del x n as del f by del x n lambda m del g by del x m equal to 0. So,
sorry, del g by del x n equal to 0 because g is a function of x 1 to x m f is a function of x
12xn.

Number of Lagrangian multiplier is equal to number of condition which is given. So,
these are the n number of the equation these are my n equations, n equations will come
from my second condition which will say del L by del lambda equal to 0 this means del L
by del lambda 1 equal to 0 del L by del lambda 2 equal to 0 and del L. by del lambda m
equal to 0 and this will give me m equations. So, I have total n plus m equations which is

to be solved to find out the value of x 1 to x n and lambda 1 to lambda n.

So, what the values we are finding there, that all will be my optimal value. To understand

clearly let us take one example which we have taken in the, for the direct method also.
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Optimum of Functions with Conditions
(Direct Method)

Problem:

A manufacturer wants to maximize the volume of the material stored in a circular
tank subject to the condition that the material used for the tank is constant. Thus,
for a constant thickness of the material, the manufacturer wants to maximize the
volume of the material used and hence part of the cost for the tank.
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The same example we are taking here which is a manufacture want to maximize the
volume of the material is stored in a circular tank which is subjected to the condition that
material used in the tank is constant. Thus, for a constant thickness of the material,
manufacture want to maximize the volume of the material used has he wants to simply
reduce the cost, so in a minimum sorry; in the lower cost he can is store the maximum

volume.

So, this is the same problem which we have discussed for the direct method approach.
So, our objective here is to maximize the volume if we will consider d is the diameter, h

is the height.
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So, we have to maximize the volume which we are taking V which is a function of d and
h and can be written as pi d square h by four let me change this and. So, I have to
maximize this volume which will and surface area is a again a d h which is equal to pi d
square by 2 plus pi d h. So, what is our problem? We have to maximize the volume if my
diameter is d and height is h. So, this volume will be pi d square h by 4 my surface area
is pi d square by 2 plus pi d h, what is my problem, my surface area is constant let say A

naught.

So, I have to maximize my volume subjected to the condition for a constant surface area.
So, what should be my d and h, so that my volume will be maximized? So, first we are
solve this problem by the direct approach in which we are one of the variable, we are
finding in terms of the A naught and substituting this value into the V taking d V by that
particular variable equal to 0, so this give us the condition. In this case this is my f and
condition I can write it as pi d square by 2 plus pi d h minus A naught equal to 0 and this
is nothing but like my g equal to 0. So, as my first step I have to define my Lagrangian.
So, my Lagrangian will be in this case f plus lambda g. So, I will have plus lambda g
which again is a function of d and h, V I can write as pi d square h by 4 plus lambda
times and g is pi d square by 2 plus pi d h minus A naught. So, this will be my

Lagrangian.



So, this Lagrangian if I will say, this L is a function of d h and lambda. So, in my
Lagrangian approach I have to take del L by del d equal to 0, del L by del h equal to 0,
del L by del lambda equal to 0.
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So, if L is this what I have? Del L by del h equal to 0 and this gives me with respect to a
h I am differentiating del L. by del h pi d square by 4 plus with respect to h I have to
differentiate. So, pi lambda times pi d because this is independent of h this is
independent of h, so I will left only the pi d that is equal to 0. My next condition is del L
by del d equals to 0, I have to differentiate this with respect to d. So, this is giving me pi
d h by 2, 2 d to 2 this will give me pi dg by 2 plus lambda times pi d and this will give
me the pi h and this equal to 0 and my third condition is del L by del lambda equal to 0
and this will give me nothing but whatever we my condition which is pi d square by 2

plus pi d h minus A naught equal to 0.

So, these three equations n is 2 here I have the 2 variable, m I have the one condition. So,
as the total three equations; I have the three variables d h and lambda, these three I can
find out by solving this equation. So, solving these equations find t star h star and lambda
star. So, the solution of the equation gives me lambda star is A naught by 24 pi and as we
have find in the previous case my h height is equal to diameter and this is equal to 2 A
naught by 3 pi. So, in this way we can find out the optimum of a function which is

subjected to a given condition.



So, simply we have to write first the augmented Lagrangian function which is nothing
but my function which I have to minimize f plus lambda times what is my condition g
then I have to differentiate L. with respect to all my variables. Like in this case d and h
versus the x 1, x 2 x n del L by del x 1 equal to 0, del L by del x 2 equal to 0 and

similarly for all the lambdas.

So, today’s lecture we stop here and in the next class we will start our discussion on the
optimum of the functional. So, till now we have discussed only the functions and in the

next class we will start our optimum of the functional with the given conditions.

Thank you very much.



