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Hello. Welcome to this lecture. The topic we'll be studying today is easily the most important
reason why anybody studies vector spaces, which is linear maps and the matrices associated with
them. So vector spaces by themselves are not as interesting. Linear maps are really what makes
everything very, very vital. In fact for the rest of the course, from now on, we'll primarily be
studying properties of linear maps, okay? So let's get into it.

So here's a quick recap of where we are. All that we studied last week and just a quick summary.
| think it's good to have a quick summary as well. We studied, we looked at the definition of a
vector space over a field [F and we primarily said we are going to look at the real or the complex
field. And we looked at linear combinations. And linear combinations are once again the most
essential operation that one needs to perform in a vector space. We define the notion of span in
which given a very small vector, list of vectors, how you can make all sorts of linear combinations
to get a much larger set.
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Recap

e Vector space V over a scalar field F'
= F real field R or complex field C in this course
¢ Linear combinations
= a1 +avy +---forv; € Vanda; € F
e Span(vi,...,vn)
= All linear combinations
e Subspace
= Subset closed under linear combinations
» Linearly independent set of vectors
= No non-trivial linear combination is zero
e Sums, direct sums
= Given a subspace U, there is a subspace W suchthatV =U @ W
* Gaussian elimination
= Find linear dependence by reducing a set of vectors to echelon form
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We described notion of a subspace which is very crucial again. Breaking up vector spaces into
smaller subspaces. And then the important notion of linearly independent set and what that implies.
We looked at bases, you know, all those definitions. Dimension, all very important definitions,
And then this notion of sums and direct sums. This is also very important and this lets us do this
divide and conquer of vector spaces with subspaces, looking at them by, you know, assembling
subspaces together. And finally one of the numerical things we looked at to study actual examples
and do some calculations. Gaussian Elimination is very useful, it gives you a very useful form for
the basis, this echelon form for the basis which lets you conclude a lot of things like, you know,
finding linear dependence, extending vectors to a basis. All of that is made possible by Gaussian
Elimination, okay? So this is a quick recap.

Let's jump into linear maps in which | said... This, like I said, is the most important thing in linear
algebra, okay? So before that, let's just look at what are these functions or maps, okay? So why is
it that these play an important role in mathematics in general. And what you have studied before,
| think most of this will be familiar to most of you but maybe you have not thought about it in this
fashion, okay? So usually when you want to model real life or want to look at, you know, the world
around you and make some statements about it, make some mathematical statements about it,
physical statements about it, it's always about relating one quantity to another, okay? So you might
have studied this from school. You would have said - okay, there’s pressure, temperature, how do
| relate pressure to temperature. If you look at electrical circuits for instance, there’s voltage,
current, how do | relate voltage to current. So there's always multiple quantities, and you want to
say when one quantity increases in a certain fashion or decreases in a certain fashion, another
quantity has the corresponding behavior. And | have a function or map which tells me how one
quantity varies when another quantity varies, okay?

So this is a very typical thing in mathematics. Anytime you define a new object, you want to really
figure out functions or maps from one set to the other which has these objects, okay? So there are
various types of these functions, you must have a lot of experience studying these functions. You
must have studied so many functions of one scalar to another scalar, right? So from real numbers
to real numbers or complex numbers to complex numbers. You must have studied so many
functions so far. The most popular and simplest function you can do is what's called linear function,
okay? So in linear functions, just one quantity increases in proportion with the other quantity. It's
like a straight line, you know? When, irrespective of how large the quantity is, if it varies by a
certain amount the other quantity also varies by a proportional amount, right? So that's the linear
function. It's very popular. In fact most models use linear functions to start with. Only when linear
doesn't work people look at, you know. maybe something non-linear which could be quadratic,
polynomial. exponential, logarithmic, trigonometric. You might have seen all these functions and
their properties and behaviors and all that, and this dominates, you know, modeling of real life,
okay?



But the most important function of all this is the linear function, okay? There are lots of reasons
why that is true. In fact any nonlinear function in a short enough interval, linear function is a good
approximation for it. So this piecewise linearity is very popular again. And so linear functions are
very, very important and that's what one focuses on always. You first understand linear functions.
If you cannot understand linear functions, then you can't, you probably can never understand any
other function as well. So first start with linear functions and see what happens, okay?
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Functions or maps

* Functions or maps from real numbers to real numbers
= Express relationships between quantities and understand underlying mechanisms
Linear function: one quantity increases proportionally with another
Quadratic, polynomial, exponential, logarithmic, trigonometric etc.
= Most common and simplest starting point is a linear function
« Functions or maps from vectors to vectors
= Express and understand relationships between multiple related physical quantities
= Linear maps: most important class and simplest starting point
* This course: we focus on algebra of linear maps
= Very little (or no) emphasis on physical aspects of the maps
= We will study how linear maps operate on vectors and try to simplify/classify them
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So we've been studying vectors, right? So we've been studying vector spaces, you know subspaces
etc. So maybe there are multiple vector spaces and we are interested in functions or maps from
one vector space to another vector space, okay? So this in real life, I'll give you a very simple real
life example towards the end of this lecture. But there are, in real life this models situations where
there are multiple variables and mapping to multiple variables, right? So multiple outputs, right?
So and then you want to express some relationships between them, understand, you know,
complicated interactions between these variables and things like that. So in that case, this is very
useful and linear maps are the most fundamental and simplest and important of starting points,
okay? So what we'll do in this class - how we’ll look at linear maps. Once again this is a sort of a
mathematical introduction, so we will focus very little on the physical aspects. Except when I give
you some explicit examples, we will really not worry about the physical aspects of it. Except we
will study the linear maps in sort of an abstract way, define what it is and think of an abstract
vector space to another abstract vector space - an arbitrary linear map. How should it be, you know,
what should be the definition, what are its various properties, how to study it.



We’ll really go into depth and understand everything about these linear maps, okay? So that's
going to be our goal. We'll do that and once you do that, in real life when you actually apply it to
a situation and you realize something is a linear map, then all this will come to help you, okay? So
every single thing that you proved about linear maps here will help you in a real situation be it,
you know, solving electrical circuits, doing finite element methods or whatever. And then there is
a whole bunch of applications - networks, graphs... I mean there’s countless applications for these
kind of things, okay? So we will study the mathematical aspect. So hopefully that gave you like a
high level introduction to why these things are important. As I go further I may not have that much
time to keep repeating it, but remember this little point. We are ultimately trying to find a
relationship between quantities, express them, you know, succinctly. And this linear map is a very
good model for many actual phenomena in real life, okay? So let us go on.

Okay, so here is the definition for a linear map. We need two vector spaces, right? So anytime you
have a map, it’s from one set to another. So in this case we will look at both sets being vector
spaces, okay? There is a vector space V and the vector space W, and my linear map or map is
going to go from V to W. Input is from the vector space V, output will be from the vector space
W, okay? That's the way to think about these things, okay? So here's the definition - a linear map
from V to W. Usually we'll denote it with T. T : V — W means T is a linear map which takes you
from the set V' or the vector space V to the vector space W, okay? And it has to satisfy two
important properties, okay? Anything linear, when you say linear, what you mean is these two
things - additivity and homogeneity, okay?

What is additivity? You give me two vectors u and v, okay? | know | can add them right? Where
they are, | can add them, right? Two vectors u and v, | can add them. Now this linear map, the so-
called linear map T would have taken u to T'(u), right? So u under the linear map T goes to T'(u).
So let me write that down maybe a little bit more clearly for you, okay? So when | say T goes from
V to W, and if | give you a v in VV under the transform T, under the map T, T (v) belongs to W. So
this will be my notation, okay? So if you want a pictorial representation, this is a good picture to
keep in mind. You have a vector space V, you have a vector space W. All these little ellipses are
basically a, you know, pictorial representation of all the vectors in the vector space V, all the
vectors in the vector space W. And my map T is going to take v to T (v), okay?

Okay, this is all notation. This is how we will denote it. Now remember the v, small v, actually
belongs to the vector space capital V. But this T'(v), right, will belong to the vector space W, okay?
This is what a map does, okay? Now what is this linear map supposed to do? | know that u will go
to T'(u), v will go to T (v) and I can do the addition u + v. I will get another vector right? u + v
is another vector in V. Now if this T operates on u + v, what should happen? The vector that |
get should actually be the sum of T'(w) and T'(v) in W, okay?

So maybe I should illustrate that for you. | have a u which under T goes to T'(u), okay? And I will
also have au + v, right? So maybe u + v is here, | do not know where it is, right? So this could



beu + v, orin general let me write it as au + bv, okay? Or maybe let me not do that... Sou +
v, okay? Now this u + v will get transformed to something here under T. And what should that
something be for it to be a linear map? It needs to be this T(u) + T(v), okay? So that is the
condition. So that sort of condition tells you the linear map. When is a map linear? It’s supposed
to be linear if it satisfies this kind of condition, okay? It should take u to something, of course. It
will take v to something, that is also fine. But then | canadd u + v here. In the domain, | can add
u + v. And in the range on the other side where it takes me, | can add T'(u) + T(v), right? Both
of these have to be identical. Where, as in, when | map u + v under T to something, that should
be exactly the same as T (u) + T(v), okay?

So that is a restriction. We will see how that affects the definition of linear map, how it restricts
the linear maps or something like that later, okay? So this is the sort of thing, this is a sort of picture
to keep in your mind when you see these kind of definitions, okay? The next thing is homogeneity
and that also has a very similar picture, right? So | have v going to T (v) and then I can do this
whole bunch of A(v), right? So this whole, you know, the line so to speak passing through v, right?
That entire line should go to the line passing through T (v), okay? So that is how linear maps work.
Now if you have a line, it gets mapped to another line, okay? That's how it works, right? That's a
good picture to have in mind. So that's additivity and homogeneity for you, okay?
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Linear maps

V', W: Two vector spaces

A linear map from V to Wis a function T' : V' — W satisfying the following two properties:

1. Additivity: T'(u + v) = Tu + Tvforu,v € V

2. Homogeneity: T'(Av) = AvforA € F,v e V

Fora,b€ Fandu,v € V,
T(au + bv) = aT'(u) + bT'(v)

Linear maps preserve linear combinations
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So you can put additivity and homogeneity together and in short say that linear maps are those
maps that preserve linear combinations, okay? So if you have au + bv here, and then you hit it



with the linear map T, It should be the same as aT'(u) + bT (v), okay? So you hit u with the linear
map T, hit v with the linear map T and then do the same linear combination, you should get the
same thing on W, okay? So you have all these nice... I mean these two conditions maybe sound a
bit too restrictive to you. Maybe you think there's not too many linear maps... But it's not true. So
you have quite a few interesting linear maps and this set of linear maps is also very rich. There's
lots of linear maps out there, and we'll keep studying them, okay? Hopefully this definition is clear.
Quite often when you read these definitions maybe the entire significance doesn't come to you
immediately. We will study more and more aspects. And as you study more and more, you will
see how this linearity plays an important role, okay?

A good picture is this picture that | drew here. You can think of this set sort of picture VV to W and
T keeps mapping, and there are these connections on, all these restrictions on what it has to map,
okay? So straight lines have to go straight lines and all these things have to be true, okay? All right,
so that's linear maps for you. So we've seen the definition. Let's see a whole bunch of examples.
So most of these lectures and even other lectures on linear maps I'll primarily give a lot of examples
to motivate. But we will also see some general results as we go along. But right now let's start with
some examples, okay? Are there many linear maps, right? You may ask. So here are some very
simple examples.

The first and the most... The first two examples we will see are sort of trivial in some sense, okay?
They're very simple definitions in some sense, but they are also important, they'll play an important
role as we'll see later on. The first linear map is the zero linear map. What is the zero linear map?
| simply take any vector and map it to 0, okay? So you will see that many things we denote it as
the same in this course, right? So that might be one of your complaints. For instance 0 stands for
the real number 0, stands for the complex number 0, stands for the 0 vector in any vector space,
you know, in F?, in F3, in F> whatever, it stands for the zero vector. Now zero will additionally
stand for the zero linear map, okay? All zero linear map, any vector | map to zero I'll again denote
it by 0, okay? Hopefully this is not confusing to you. Depending on the context it will be
abundantly clear what 0 is. But, you know, keep that at the back of your mind. Sometimes we'll
write, you know, some equation equals 0 and then you have to sort of interpret it based on that
equation what zero it should be, okay? So that's something to keep in mind.

Anyway, so that's the zero for you. Definition is very simple. You can again draw a picture okay.
So these pictures are good to draw. So when I think of a zero, what am | doing? | have a V, | have
a W. There is the zero in the W. What does my T do? It takes my entire vector space V, and it
maps it to 0, okay? So you can check sort of trivially that this is a, this is the 0... T equals 0 maps
everything to 0, right? You can check that this is a linear map. See, remember, anytime | give you
a definition, you have to go back. Any time I claim something is a linear map, you have to go back
to the definition and make sure that those definitions are not violated, okay? So if | do this, you
can check that both the definitions are not, both the conditions are not violated. Additivity holds,



homogeneity also holds, okay? Any linear map, whatever you may do, finally you always get zero,
right? So it doesn't matter what you do, that condition is satisfied, okay?

Another linear map which is again trivial but very important is when V and W are the same, okay?
So your W, which is another vector space is the same vector space of V. So you are mapping
vectors from V to itself, okay? Such linear maps are called operators, okay? So later on we'll study
much more about operators. Operators are much much more interesting to study. But once you say
IV to V, you have this very interesting linear map which is the identity linear map, which will be
denoted as 1, okay? Once again, 1 stands for many things in this class. So in the world of operators,
1 will be the identity operator, okay? What does it do? As the name specifies, any vector you give
to it, it will simply spit out the same vector, okay? Identity linear map, you give it v it will give
you v again, okay? So that's the identity map.
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Examples of linear maps

Trivial, but important

» zero, denoted 0, from V to W
= 0(v) =00r0v =Oforallv e V
0 denotes multiple things in the definition above
e identity, denoted 1, from Vto V'
= 1(v) =vorlv =vforallv e V

Polynomials: P(R), denotes polynomials with real coefficients

« differentiation, denoted D, from P(R) — P(R)
= D(p(z)) = p/(z), which is the usual derivative
= Whylinear? (p + q)' = p' + ¢’ and (Ap)’ = Ap/
« integration, defined as T'p = j;,l p(z)dz, from P(R) — R
= Integration is linear
« multiplication by z2, defined as (T'p)(z) = z*p(z), from P(R) — P(R)
= Check linearity
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A few more examples here which are in the polynomials. Just to give you, just to emphasize that
not just finite dimensional vector spaces. Any vector space in fact has linear maps. Many
interesting linear maps are there out there, here are a few examples. If you look at the vector space
of polynomials with real coefficients... Remember this is infinite dimensional, right? I am not
putting any degree restrictions, any degree is okay. On that space, on that vector space, I've given
you here three examples - one is differentiation, another is integration, another is multiplication by
x2. You can think of other examples. So multiplication by x3, multiplication by something else,
you can think of so many nice interesting examples. All of those are linear maps and you have to
go back and check your conditions. And these come from just the basic definitions that you have



out there, and all sorts of interesting linear maps you can have. Linear maps from polynomials to
polynomials, polynomials to reals, all sorts of interesting things you can do there as well, okay?
So I don't want to go into too much detail here, but just just to show you there is a rich set of linear
maps out there, even in the other sorts of vector spaces that we've been studying, okay?

So that's simple examples. Now it turns out the most interesting linear maps are these kind of maps,
maps that take you from F" to F™, okay? The n-dimensional vector space over the field F to the
m-dimensional vector space over the field IF, there are many linear maps that do this. And most of
the time in this class we'll study only these linear maps, okay? These linear maps from finite
dimensional vector spaces to another finite dimensional vector space, that's what is most
interesting to us, okay? So this is very important, and in this slide | have a whole bunch of examples
for you. And these examples are very important. Just think about them. This is the first time if
you're looking at it, look at them for a while, think about them and then figure out if each of these
are linear maps or not.

By the way one more thing | want to mention. Quite often people will say linear transformation
instead of linear map. | might also do that a lot. I might say linear transformation later on. But both
of them are exactly the same, okay? So linear transformation, linear map, both of them mean the
exact same thing, okay? So let us go on and look at each of these examples here. There are a whole
bunch of examples. And next to each of them | am going to write either linear or not, okay? So if
| say linear, then it is a linear map. You can check those conditions, it'll be true. Now if | say not,
then it's not a linear map, okay? Some condition is violated, okay? So let's see that.

The first one is the most trivial example. It's just T'(x) equals 4x. F — IF, you can check both the
conditions will be true. It's a very, very easy thing to check. This is linear, okay? The next one is
sort of agonizingly close to this 4x. This is T'(x) equals 4x, this is just 4x + 3. Okay? So all of us
think of this as also linear. | mean, quite often this is thought of as linear but this will not satisfy
the conditions that you have, okay? You can do a quick check, you know? You put x,, x,. x; goes
to 4x; + 3, x, goes to 4x, + 3. x; + x, will go to what? 4x; + 4x, + 3. But what is
T(x;) + T(x3)? 4x, + 4x, + 6, okay? So there is a violation there, okay? Because you are
adding this constant to every transformation, that constant will double and you have no way of
capturing that doubling in your definition, okay? So this is not linear, okay? Anytime you have a
constant, addition it's not linear. A lot of people study this under what is called affine maps and
affine maps are quite close to linear. They're easy to study as well but in this class we'll primarily
focus on linear maps, okay? So for us 4x + 3 is not a linear map, okay?

So 3x + 4y isfrom F? - F, okay? R? - R, like, you know, plane to the real line. And that you
can quickly check is a linear map, okay? So you can check. Both of those conditions you can put,
you know, (x1,y1), and then look at (x2,y2). Then look at (ax1, ay1), (bx2,by2). And then
plug in the formula. You add, you will see you will get the exact same thing, okay? So you can see
itis3x + 4y.You can see where the linearity comes in also. The variables are involved only with



linear terms, you cannot have constant term, you cannot have cross terms, you cannot have higher
powers, okay? That’s the way to think of linear, right? So only x and y should come, okay?
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Maps from F'"* — F'™

(z) =4z fromF - F

(z) =4z +3fromF — F
(

z,y) = 3z + dyfrom F? » F
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(z,y) = (3z + 4y, 5z — Ty) from F? — F?

e T(z,y) = (3 + 4y + 5zy, 5z — Ty + 2) from F? — F?

T(z,y,2) = (3z + 4y + 2,5z — Ty — 22,9z + 2y — 4z2) from F* — F3
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So here's another example F? — [F2. There are two values now (3x + 4y,5x — 7y). Again, it's
all linear. You can check with the actual examples, this will end up being linear, okay? So here's
another example. It’s (3x + 4y + 5xy) then (5x — 7y + 2). And it turns out these two make
it non-linear, okay? So it's not linear, all right? And the last one if you check it out you see it's all
a bunch of linear terms. So this is linear, okay? So this is sort of, gives you a feel for how a linear
transform will look from F™ — F™. And like | said, that's the most important example. You have
a bunch of coordinates, n coordinates at the input, and every coordinate at the output should just
be a linear function of that. So it can involve x,y, z but nothing more, right? It cannot have x?, it
cannot have, you know, xy, cannot have even a constant, okay? If it has a constant also, there is a
problem, okay? So for instance if you want a simple exercise, what about this one? T(x) = 2. Is
this linear, okay? Okay, think about it, okay? This is a simple little exercise for you. The answer
is quite easy but still think about whether or not this is linear, okay? So it will give you an
interesting notion of what linearity really tightly means, okay?

So hopefully this gives you a sense of what it is. And like | said we will primarily study these
linear maps in most of the rest of this course. Okay now... So we have this notion of linear maps.
We have defined it. So how do you specify a general linear map? So how do you think of a linear
map? You know, what should we do to fully specify a linear map, right? So what is the meaning
of fully specify? So anytime you want to specify a map, what do | do? | want to define a function



f(x). What do | do, okay? You have to sort of tell - given an x, how do you find the f(x), right?
So supposing you take f(x) equals /x, for instance, right? So all of us know that given x, you
know what v/x means. You know, | mean you can go into a calculator, put it in, it will give you
the answer. There is a very well-established method to compute that function. So likewise in a
linear map | should be able to tell you, when I define a linear map, right? A clear and precise
method to compute that output given an input, right? So how do you do that, okay? And for doing
that, for vector spaces you have to use the basis. Basis is a very simple way of doing it. Of course,
there may be other ways of doing it but specifying a linear map through the basis or specifying
how to compute the output of a linear map given the input through a basis is the most direct and
simple way to do, okay?

So here's the method. I put it inside a box for you. You have a linear map T from V to W, okay?
V' is some vector space, W is another vector space and T is a linear map that goes from VV to W'.
You start with a basis of V, okay? Any basis. You know that there are infinite bases. So many
different bases are there. You pick your favorite one, maybe the standard basis, right? So when
you're confused, you don't know what basis to pick, you pick the standard basis, isn't it? So you
take some standard basis or some sort of a basis like that in a finite dimensional vector space.
V1, Vy, ..., Uy, Okay? So it turns out it's enough if you specify T'(v;), T (v,), ..., T(v,), okay? So
once again think about it. I have this big vector space, and it looks like for every vector | have to
specify what T'(v) will be, right? So that’s how you are thinking you have to specify a vector
space, But it's enough if you specify, for a linear map it’s enough if you specify, given a basis,
where each of those basis vectors go, okay? | have a basis with n vectors vy, ..., v, all | have to
do is say what v, gets mapped to, what v, gets mapped to so on till what vn gets mapped to. Once
| give you that, it turns out for any other vector v | can find out where that will map to okay? So it
is not too difficult to imagine. Linearity plus specifying it in the basis is enough for you to specify
the map for the entire vector space.

The proof is so silly. Here you can, you see what | have done here. If you take any vector in the
vector space, | know since we this vy, ..., v, is a basis, | have a linear combination of these v, to
vy, Which give me V, right? So that much | know. So | make that linear combination. I get v. So
now how do | find T(v)? So you know it's sort of... The linearity directly helps you, right? So T
of the linear combination a,v; to a,v,, | know all of that can be taken out. So I get simply
a,;T(v,) + a,T(vy) + -+ a,T(v,). And | know T (v,) to T(v,,), okay? So once | know that, |
am done, right?

So again the picture is important to keep in mind. So what is the picture you want to keep in mind?
| have my V here, | have my W here, okay? All I need to worry about is my basis. So maybe I’ll
take the basis in red, okay? My v,, v, so on till v,, right? | have to say what each of these things
will map to, right? This maps to something here, this v, maps to something here, this v,, maps to
something. What is that? So let's say, you know, | can put down some w;, w,, so on till w,,. See, |
am showing w, and w,, as all being different, but that is just, you know, just to cover the general



case. And w,; and w, can be the same, right? So I can pick anything I like, okay? Whatever | want
here, I can pick for w; to w,,, okay? And | simply specify v; maps under T, you know... Under T,
v; gets mapped to wy, v, gets mapped to w,, like that. | can pick my favorite basis v, to v, | can
pick my favorite set of vectors. In fact there can be repetitions here. All the w's can be 0, right?
Anything | want I can pick here. Any set of n vectors | will always have a linear map which takes
me from v, to v, to those vectors, okay? So that's what this result means. So linear maps get fully
specified by specifying them on one basis of your choice to a set of vectors of your choice. Once
you do that, you have a linear map, okay?
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Linear maps and basis

Suppose T' : V' — W isa linear map and V is finite-dimensional with
abasis {vy1,v2,...,v,}.

T'is fully defined by specifying T'(v1), T'(v2), . . . , T'(vn)-

Proof

e Anyv € V canbewrittenasv = ajv; + - - - + apvp,a; € F
* 50, T(v) = a1T(v1) + - - - + anT(vy,)

In other words, for any n vectors wy, . . . ,w, € W and a basis {v1,v2, ..., v,} of V, there is a linear map
T :V — Wsuchthat T'(v;) = w;.

4
> »l o) 28:58/38:44

So this also tells you that there is a rich class of linear maps out there, right? So we know so many
bases are there, okay? You just pick a basis and then there are, if supposing there are so many
vectors in W, then you can just keep mapping, right? So as and when you keep mapping, you get
linear maps. Will you get different linear maps? How do you know when you get different linear
maps? How do you know that the two linear maps specified using two different bases are the same?
All those are interesting questions. We will address all of them as we go along but for now at least
this much is clear. Given a basis, given a set of vectors, | can specify a linear map for you and that
completely specifies it. You can go ahead and use it to compute the linear map for any vector in
your vector space, okay? So that is specifying linear maps through bases. This is very, very
important. This is how we will specify linear maps, right? So give a basis, specify the output for
the basis vectors then you can figure out every single output for any vector that you want, okay?



Okay, so now next comes the next most important thing, right? So now that you know... See | am
doing a linear map from a finite dimensional vector space to another finite dimensional vector
space. So it's like F™ to F™, right? So | know, once | know the vector is, you know, finite
dimensional, I can pick say the standard basis or some basis, some form of a basis. Maybe not
standard basis, some basis | can pick with n vectors in it. So every vector can be represented as n
coordinates, | know that is possible. Once I pick a basis. Same thing happens with W also, right?
So once | pick a basis with m elements, | know every vector in W is represented simply by m
coordinates. So | have that, you know, comma comma comma picture that | draw for vectors, |
know I can do that, okay? So now how am | specifying the linear map itself? | am saying T (v)), |
am specifying it as a linear combination of w, right? Once | have a basis, | have to specify
T(vy),T(vy), ..., T(v,) and each of these T'(v)’s is actually a vector from W, which is a linear
combination of the basis w; to w,,, okay? So | will have a picture like this, okay?

So in general every output I specify will look like this, isn't it? Right? So the, every basis v, to v,
| have to specify what T (v;) is, T'(v,) is. Now each of these T'(v) is actually a vector in W. So it
has to be a linear combination of the small w's. And look at the coefficients. Those coefficients |
can pick, you know, some coefficients will come there, okay? Those will be what v; gets mapped
to, right? So that is how I specify. So these coefficients as it turns out end up specifying the entire
linear map, okay? So the scalars a;; are crucial. Once | specify the scalars a;; fully, right? For all
values of i, i goes from 1 to m, j goes from 1 to n. Once | specify that the entire linear map is
specified from V to W under this chosen basis, okay?

So these values a;; you conveniently capture into a matrix form, okay? So that is how the matrix
gets formed, and that is the connection between matrix and linear map, okay? So when you have
am X n matrix, you have to think of it like that, okay? So where did it come from? There is some
linear map, no? And once you fix the basis, the result of a linear map acting on each basis element
will give you a vector in W and that can be represented in another basis in W, and those coefficients
give you the elements of this matrix, okay? Specifically think about this. This guy is what? This
column is T'(v,), okay? This column is T (v,), so on till this column is T'(v,,), okay? So every
column represents the output corresponding to the basis vector at the input, okay? So the first
columnis T(v,), okay? What do we mean by saying first column is T'(v;)? The coordinates there,
the coefficients there multiply the basis w, to w,, to give you the vector in W, right? So that
represents the output T'(v,). The second column is the output T (v,). The last column is the output
T (vy,), okay? So this is how you find a matrix corresponding to a linear map.

How do I find a matrix corresponding to a linear map? You have to fix the basis. Only when you
fix the basis, you have a matrix. If you don't fix a basis you will never have a matrix, right? So you
fix a basis for I/, fix a basis for W. v, to v,, okay? And you take and evaluate your map T on each
of the input basis vectors T'(v,), T (v,), ..., T(vy,). And then what do you do? You express T (v;)
in terms of the basis of W, find those coefficients, put them in the j column, okay? T(v)'s



coefficients put in the j™ column, you get a matrix. You get am X n matrix with elements from F.
And that is your matrix representing the linear map. Is it okay? So this is how you go from a linear
map to a matrix.
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Matrix representation of a linear map

Suppose T" : V — W is a linear map, V is finite-dimensional with a basis {v, . . . , v, } and W is finite-
dimensional with a basis {wy, - . . , W, }.

Let T'(v;) = Ajwy + - - - + Amjwm, where A € Ffori =1,...,m,j=1,...,n.Thescalars A;; fully
specify the linear map 7" under the given bases for V and W.

They are written in matrix form as

All A12 e Aln
A‘Zl A'.Z'.Z U A‘Zn
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You can also quickly see how you can go from a matrix back to a linear map. We'll see that later
on in more interesting examples. So this is how you have to think of a matrix. A matrix usually
represents a linear map, okay? And that is very important to know, okay? So a whole bunch of
examples here. | will pick the example to go from F™ to F™, and | will say it is a standard basis,
okay? So that there's no confusion about choice of bases etc., okay? You know what the standard
basis is, right? (1, 0, 0), (0, 1, 0), (0, 0, 1), like that, okay? So we pick standard basis and " to
F™, and let's see a whole bunch of examples of this linear transformation and the matrix
corresponding to it and all that, okay?

So that's your transformation. The first example | took T'(x) = 4x, right? So what is my basis? It's
just IF. So basis is just 1, okay? There's only one element here, there's nothing much to go. So the
matrix is just, you know, 4, right? There's nothing much to worry about there, right? So | took the
basis, found the T corresponding to the basis, right? The basis was just 1. | took T' (1) which is just
4, so the matrix is just 4, okay? So it's a 1 X 1 matrix, there's nothing much interesting going on
here.

So the next example you can take is 3x + 4y. Now | have a transform from F? to FF, okay? So
my basis has 2 different elements, (1, 0) and (0, 1). How do | find the matrix corresponding to this



transformation? | evaluate T'((1,0)), | get 3. And then I evaluate T((0, 1)) I get 4. Put T((1, 0)) in
the first column. T((0,1)) in the second column, | get a matrix (3 4), okay? So that's the matrix
corresponding to this. So let's look at the next one (3x + 4y,5x — 7y). | have 2 basis vectors
again. T((1,0)) now gives me (3, 5). T((0,1)) gives me (4, -7). And now | have to put it in
columns, right? So (3, 5) goes into the first column. (4, -7) goes in the second column. That's my
matrix.

Same thing you can do again, now you know what to do, right? So once you have a T'(x, y, z), |
have [F3 to IF3, now how does it matter? So I need to find T(1,0,0),T(0,1,0),T(0,0,1). I will
have a vector with three coordinates now, right? So | am going to F3, so (3, 5, 9), (4, -7, 2), (1, -2,
-4), correct? So | have to put them in corresponding columns, | will get my matrix, right? So (3, 5,
9), (4, -7, 2), (1, -2, -4), sort of child's play, right? Just looking at the thing and figuring out what
it is. Believe me, we will study more complicated properties of the linear maps, but for now it's
just simple things with what these are, okay?
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Examples: F'"* — F'™, standard bases

e T(z) =4z fromF — F
= T(1) = 4, Matrix: [4]
e T(z,y) = 3z + 4yfrom F? — F
« T(1,0) = 3,T(0,1) = 4.
= Matrix: [3 4].
o T(z,y) = (3z + 4y, 5z — Ty) from F? — F?

« T(1,0) = (3,5),T(0,1) = (4, 7).

= Matrix
M . B

o T(z,y,2) = (3z + 4y + 2,5z — Ty — 22,9z + 2y — 42) from F3 — F*

= T(1,0,0) = (3,5,9),T(0,1,0) = (4,—7,2),7(0,0,1) = (1, -2, —4).
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All right, so let me finish this lecture with a very practical sort of example. Maybe it’s very relevant
today given the context, but this is sort of an example - how people do modeling. So | was talking
in the beginning about physical aspects of these maps, how they capture some quantities and their
relationships in real life. So let's say here's the situation. I have this (xq,y;) (x2,v,). What is x,?
x4 Is the number of people who got flu, some sort of flu, let's say, you know. Given the situation
it's an apt topic to talk about. Who got flu in 2020, how many people got flu in 2020. y; is the



number of people who did not get flu, okay? So | have x; who got flu, y, did not get flu. And
(x2,y-) is the corresponding number for the next year, okay? Number of people who will get flu,
let's say in 2021 and y, is number of people who will not get flu in 2021. So these numbers you
can imagine are very important right? For planning and all that. So a lot of modeling happens like
this, believe me, real life works a lot with models and models are like this. So what's my model?
I'm going to have a model which predicts that people who already got flu in the last year, their
incidence for flu will be 10 percent, okay? I'm just cooking up a number here. | have no basis to
ground it in any reality. Please take this as an abstract model. Just in my own head, I've just put
those numbers, okay? The next number is incidence of flu in people who have not gotten flu in the
previous year, okay? That I'm going to take is 30%, okay? And let's say these population changes
equal number of people means number of people who die are number of people who are born, and
we're not going to look at those kind of differences and just sort of keep it simple, okay? So if you
want to do that with this model you can start writing out equations, okay? So you see x, is going
to be 0.1x; + 0.3y;. Then y, is going to be 0.9x; + 0.7y;, okay? So there you go, that's the
linear map. And T'(x, y) is that linear map and there is a matrix associated with this linear map,
okay?
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Simple modelling example

Variables

¢ z1: number of people in India who got flu in 2020

¢ y;: number of people in India who did not get flu in 2020
e x5: number of people in India who will get flu in 2021

¢ yo: number of people in India who will not get flu in 2021

Model

« Incidence of flu in people who already got flu in the previous year: 10%
« Incidence of flu in people who have not gotten flu in the previous year: 30%
» Overall population change is insignificant

Equations

z9 = 0.1z + 0.3y,
yo = 0.9z + 0.7y

Linear map and matrix
T(z,y) = (0.1z + 0.3y,0.9z + 0.7y)
0.1 03
0.9 0.7

» »l o) 3800/38:44 v

So a simple example. I mean, of course you can think of more complicated examples. Like for
instance you might have seen electrical circuits, a bunch of voltages in some nodes, currents
through some components. You can write a linear relationship between the currents, those
components as a function of those node voltages and you know how to write those, how to solve



those etc. etc., right? So more complicated relevant models are there, but | just wanted to throw a
very simple model at you to end this lecture, okay? So at the end of this lecture once again there
is a quiz here. 1 will urge you to please fill this quiz with what you know, it gives me very good
feedback on what concepts have gone through, what have not gone through. I can pick up on these
and clarify during our interaction sessions, okay? Thank you very much.
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Linear maps introduction

Vectors are written as rows in these questions. R*n is the real vector space with n
coordinates. Enter your answer as concisely as possible

Is T(x,y) = xy a linear map?

O True
QO Fralse

Is T(x,y) = x2 a linear map?

O True
O False
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