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Theorem (Unobservable and Unconstructible subspaces) NPTEL

Given two times ty > 1y > 0,

'llU[!.‘.h] = kqlulu[fn.f_[}‘ H{’.'[F...h] = kB].'H'(',.[Ju. f[}.

From the definition of the chservability Gramian, for every rg € B", we huve

- I o .

' 3(ta, 11 )20 £ W1, ty)" Clr)" Clridir, ty)zqdr

\futr ty) Tatr, tg)T Cir)TEr)8(r, ty)zgd
ta

1 ‘]
f’ Clr i, ty)eg | d
L")

Therefore
x € kerWpltp, t1) m= C(r)dir, lg)zg m 0, ¥r € [tg, ]
5 £y € UD([lg, 1] from definition
Caonvariel y,
g € UB[Ey, by] == Cir)bir,tg)zg =0, ¥re [ig.fy

> g € kexWpollg, b))

For the second implication, we are using the fact, for any given positivesemidefinite matrix WarlWr=0
implies that Wz = 0. This implication is not true for nonsemidefinite matrices. A similar argument can be
made for the Enconstructible sibspace ]

So, far we had seen about the subspace characterization using Gramians. So, whatever the
result we have obtained in this theorem, we can directly apply to determine whether the system

1s observable or not.
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Subspace characterization using Gramians L

This result provides a first method to determine whether a system
is observable or constructible, because the kernel of a square matrix
contains only the zero vector when the matrix is nonsingular.

Theorem (Observable and Constructible systems)

Suppose we are given two times t; > ty > (.
Q The system (CLTV) is observable if and only if

rankWo(ip, 1) =n |

@ The system (CLTV) is constructible if and only if

i 0,0

So, this results not only provides a first method to provide to determine whether a system is
observable or constructible, but it also provides the characterization of the sub spaces which
we would use in the later concepts. So, this Gramian has a direct implication. So, let us see.
So, it says that the unobservable sub space from t naught to t 1 is equivalent to the kernel of

this a square matrix W o dimension n.

Now, if we go back to the dimension the definition of the observable observability, it says the
unobservable subspace should contain zero vector right then the system is observable. Now if
it contains the zero vector then the kernel of that matrix should be 0 it should not contain any
vector and this will only possible if the matrix itself is non singular. Because in the previous

theorem we had seen that the Gramian matrix is a positive semi definite ok.



So, based on this we have the next result that suppose we are given 2 times t 1 greater than t
naught greater than equal to 0 the system continuous time LTV is observable if and only if the
rank of the observability Gramian is equal to n similarly its for the constructible system. In

satisfying this rank condition means that the square matrix are nonsingular ok.
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Gramian-based reconstruction

Consider the continuous-time LTV system

F=Alt)r+ Bltju, y=C(t)z+ Dy, reR", uek’, yeR™

We have seen that the system’s state ry := x(ly) at time fy is related to its
input and output on the interval [ty ;] by

i(t) = C{t)b(t to)aa, V€ [to, 1],
+

where

i
(1) = yit) f('u]ctn;r_.—'|Iir,r'|uf,.—_|r!.— D(tyu(t), ¥te [ty ti].

fy

Now we can again use this Gramian to actually reconstruct the state. So, consider again this
LTV system given by this pair ABCD, we have seen that the system state x naught at t naught
is related to its input and output on the interval this one and this we have obtained from the
variation of constants formula we had seen earlier. So, y tilde is nothing, but a subtraction of

the terms containing the output signal and the function containing the input signal ok.

So, basically we want to construct this x naught and we had seen earlier difficulties that if my

C is a non singular matrix or its in is not invertible, then I cannot compute this x naught, but



using the Gramians we would say we would see that how we could do the reconstruction of

the x naught ok.
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Gramian-based reconstruction m al £
ulh = (hd(tk)1 y = A
v J
Premultiplying by ®(t.1,)7C(t) and integrating between £, and f, yields

U . - 1 . .
[ Bt o) O ()t = ] Bt to)TC (1) O (1) B(L, 1) ot
fa fa

]

which can be written as

rh ; "
/ bt t)TC O §(1)dt = Wolto, t)xo,
iy

s

So, we will premultiply by this vector where phi is a straight translation matrix and C is the
output matrix and so, let us write it here once again. So, that there is no confusion we have y
tilde this is the question we had obtained. Now if I pre multiply this above equation by phi
transpose and C transpose and then integrated I would obtain on the left hand side phi
transpose C transpose y tilde dt and on the right hand side I would obtain phi transpose C
transpose multiplied by C phi and x naught and here x naught is a constant. So, I can take it

inside the integral or outside the integral right.



Now, keeping the left hand side as it is and notice this whole term this is nothing, but your

observability Gramian. So, I can replace this on the right hand side as observability Gramian

multiplied by x naught ok.
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Gramian-based reconstruction Z

Premultiplying by ®(t.1,)TC(t)7 and integrating between £, and 1, yields

f| . - 'f| - -
f au;r.a.‘]’f‘r.rﬁzi-:rm:-] bit, ) )T O(B(L, L) rodt,

fa L]

which can be written as

/ B(t, 1) OO0 = Wolto, ty)zo,

s

If the system is observable, Wal(lo, 1) is invertible, and we conclude that
xo = Wolto,t1) ™" [, @k, o) C(1) (1)t ,

which allows us to reconstruct x(t;) from the future inputs and outputs on

[ta.t1]. A similar construction can be carried out to reconstruct 2(f, ) from past
inputs and outputs for reconstructible systems.

Now, taking the property of the observability which says that the observability Gramian is
invertible or it is full (Refer Time: 04:36) then it is possible to take the its inverse which is a
square matrix to perfectly reconstruct this x naught using this formula ok. Similar construction

can be carried out to reconstruct x of t 1 from past inputs and outputs for reconstructible

systems right.
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Theorem (Gramian-based reconstruction) D T

Suppose we are given two times t; > ty > 0 and an input/output pair
u(t), y(t), vt € [f, ta].

© When the system (CLTV) is observable

!
i(t) = ylt) —f C(t)b(t, 7)Blr)ulr)dr — D(tyu(t), Y€ [tg, ).
tg

@ When the system (CLTV) is constructible

aita) = Wealto )1 0t "Cl 00t

where

I}
ilt) .= ylt) —[ f‘[f’]ll'(f.r].'iTr]u(.'}:fr = D(tyu(t), L€ [tg,ts].
f

So, we have the immediate result that suppose we are again given 2 times t 1 t naught and an
input output pair u y for all time t belonging to a t naught and t 1. So, when the system CLTV
is observable we can compute x of t naught using this formula where y tilde is given by this
one and when the system CLTV is constructible again we can compute this x of t 1 using this

constructible Gramian.
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Consider the discrete time LTV system 1 ThE NPTEL
a4+ 1) = A()z(t) + Bt)u(t), y(t) = Cl)x(t) + D(t)u(f), (DLTV)
for which the system's state x;, := z(ly) at time f; is related to its input and

output on the interval £y < 1 < 1) by the variations of constant formula,

-1
ylt) = Cltpdit, to)an + Z C()0(t, )B(r)u(r)dr + D(thu(t) Wiy <1<t

rety

Definition (Unobservable and unconstructible subspacas)

Given two times #; > Iy > 0, the unobservable subspace on :fn- t1), UWO[to, t1)
consists of all states x;, for which

CIOPMmESD, vi, <t <.

The unconstructible subspace on [tg, t), UE[ty, t) consists of all states iz, for
which

ClObit. ) > b, vi<t <,

Now generalize whatever the results we had seen we its in the continuous time domain, we
can generalize all those results and the discrete time domain also. So, consider this ABCD
again the time varying matrices where t is now an integer. So, by using the variation of
constants formula we had seen in the first week the solution of the discrete time LTV system;
where again phi is a state transition matrix and ABCD or CBD are the parameter matrices of

this LTV system ok.

So, along the same line of the continuous time domain we can define these two sub spaces
unobservable and unconstructible on t naught to t 1 consisting of all states x naught for which
C phi x naught is equal to 0 right because again I can take this entire part onto the left hand
side and then denoted its y tilde so I would have y tilde is equal to C phi x naught and if my C

phi x naught becomes equal to 0.



So, for all those x naught for which we have C phi x naught is equal to 0 would below
comprise the unobservable subspace. Similarly the unconstructible subspace on t naught to t 1

consists of all states x 1 for which this equation is satisfied.

Now, in the continuous time domain and the discrete time domain we had seen a key
difference in computing the state transition matrix that in the continuous time domain we can
compute the state transition matrix in both the directions ok, but in the discrete time domain
we had seen some limitations, when this limitation arises because if you pay attention to this
state transition matrix which is phi t comma t 1, where t is from t naught to t 1 which means

that I need to compute the state transition matrix backward in time.

Say for this one phi t comma t naught where t is t naught to t 1 again. So, the initial point is t
naught and the final point is t which is greater than t naught. So, I am computing here state

transition matrix forward in time, but here my initial point is t 1 and t is from t naught to t 1.
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Discrete-time Case

The definition of the discrete-time unconstructible subspace requires a
backward-in-time state transition matrix $(1, f; ) from time {; to time
t <t = 1 < t,. This matrix is well defined only when

afty) = Alty — 1Al - 2)-- A(F)a(t), fo<r<t-1

can be solved for (1), i.e., when all the matrices
Alta), Alta +1),..., A(ts — 1) are nonsingular. When this does not happen,
the unconstructibility subspace cannot be defined

Definition (Observable and Constructib

Given two times 1 > ty > 0, the system (DLTV) is observable whenever its
unobservable subspace contains only the zero vector, and it is constructible
whenever its unconstructible subspace contains only the zero vector,

So, here I need to compute the state transition matrix backward in time and this is only
possible that this matrix is well defined only when I compute x of t 1 which is represented by
this one for all x ts then and this is only possible when all the matrices at different time from t
naught to t 1 minus 1 are nonsingular. This is the same restriction what we had seen in the first
week while computing the solution of the discrete time scenario. So, when this does not
happen the unconstructability subspace cannot be defined ok, but the there is no limitations in

the unobservable subspace right.

So talking about the systems, now given two times t 1 t naught the system DLTV is
observable whenever its unobservable subspace contains only the zero vector and its

constructible whenever its unconstructible subspace contains only the zero vector and the



same definitions, but we had used while understanding the concepts of the continuous time

case.
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Definition (Observability and constructibility Gramians)

Given two times t > Iy > 0, the observability and constructibility Gramions
of the system (AC-DLTV) are defined by

-1

Wolta,ta) := Y #(r.to)" Cr) " Clr)b(r, o),
=iy
=1

Wealto,t1):= Y @(r.1)"C(r)"C(r)(r,11)

raly

Theorem (Unobservable and Unconstructible subspaces)

Given two times ty > ty > 0,

I[Uifﬂ.h} = kl!r“‘u[fu.f\ ) ll(;'[f...h] = ker |':'n[1'0.fl}

The Gramians the Gramians would remain the same with just the summation would appear
instead of the integration and also the time is in integer instead of the real number. So, this is
the Gramians the observability Gramian and this is the controllability Gramian and the key
results which characterizes these sub spaces in terms of the Gramian is given by it remains the

same in also the derivation remains the same.
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Dicrete-time Case

Theorem (Gramian-based reconstruction)
Suppose we are given two times t; > by > 0 and an input/output pair
u(t),y(t) by < 1 < .

©Q When the system (DLTV) is observable

-1
a(to) = Wolto,t1) ™" Y #(t,t)" C(t)"i(0).

=ty

@ When the system (DLTV) is constructible

=1
x(ti) = Welto, il Y #(t,t0)7C(0)"3l0).

I=ty

So, we will not go into the derivation of these results ok. Now in the discrete time case if |
want to reconstruct this is the formula, you can use it if your system is observable to
reconstruct x t naught if your system is constructible, you can compute x of t 1 using this

formula where we had seen key use of the Gramians the respective Gramians ok.
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Duality (LTI

Consider the continuous-time LTI system
t=Ar+ By, y=Cr+ Dy, reR", uek ,yeck". (CLTI)
So far we have shown the following

The system (CLTI) is controllable <= ranklWe(lo,hi) = n,

where We(to, t) : |"r' to) BT AT (7=t g

The system (CLTI) is observable on [fy, ;] = rankWo(fy,ti) = n,

& 4T
where Wa(tg, 8] : |',r'v Vir=tal o T pAlr=tal gy

Now, the next concept in this observability is duality. So, duality is a very important concept
by which we will see our relationship between the results what we have derived during the
controllability and also the test for the observability for the LTI system. So, let us recall first of
all the controllable systems for the LTI specifically. So, given these ABCD matrices note that

here that x is n dimensional u is k and y is m ok.

We will give some importance to that in the next slide that is so, far we have seen that the
CLTI is controllable if and only if the rank of the controllability Gramian is equal to n where
controllability Gramian is defined by this ok. Now, the CLTI is observable if the rank of the
observability Gramian is this. So, here we made use of the AB matrices and here we made use

of the AC matrices right.
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Duality (LTI '“' ‘ g

Suppose we construct the following dual system
i= A"+ 0T = B'i+ D" FeR"ieR" ijE k-
(DUAL-CLTI)
For this system we have the following,
The system (DUAL-CLTI) is controllable < rankWe(to, ti) = n,

ty AT

where Welto,tr) := [0 AT -0 geAr-t)gy
The system (DUAL-CLTI) is observable on [y, ty] <= rankWol(ty, (1) = n,
where Wo(to,ty) 1= [11 A1) BRT AT (=t0)gr,

f ) ATy
Welts i) ] «Mr=to) gpT A (r=ta) gy
g

H ATis - Alretal
Woltp, 1)« ]'.-l (r=todoTge(T=tolyr,
g

Now, I will define a dual system in the sense that the x bar would be of n dimensional, but u
bar would be the dimension of the output. So, if you see previously we have y n number of
outputs but in my dual system I am representing it by u bar m number of u bar and k number
of'y bar and I represent my dual system is x bar dot or by A transport C transpose B transpose
and D transpose where, C transpose in this dual systems becomes my input matrix and B
transpose here becomes my output matrix and the state matrix and the input matrix and the
output equation are taken as that transposes ok. Now let us see the controllability and

observability for this dual system.

So, for this representation again I need the conditions would remain the same it just I need to
compute the controllability Gramian and the observability Gramian ok. So, by taking A

transpose and C transpose to compute the controllability Gramian I would obtain this one ok.



Now for observability I need to see A transpose and B transpose and using that pair I can

write the observability Gramian in terms of that AB matrices ok.

Now try to see the relationship between this dual CLTI and the actual LTI system. So, recall
these controllability Gramian and the observability Gramian which we had seen in the last
slide. So, I put this thing on the same slide so, that we can easily visualize the relationship
between the controllability of the original system and the observability of the dual system. So,
this WC and WO are the gramians of the original system and this WC bar and WO bar are the

gramians of the dual system ok.

So, here WC you see the a matrix the pair AB matrix. So, this WC and this WO bar basically
is the same right. Similarly WO that is the controllability Gramian of the original system and

the controllability Gramian of the dual system also remains the same.
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Duality (LTI
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NPTEL

Theorem (Duality controllability /observability)

Suppose we are given two times {y >ty > 0

@ The system (CLTI) is controllable if and only if the system (DUAL-CLTI)
is observable on (1, f ).

@ The system (CLTI) is observable on [ty, 11| if and only if the system
{DUAL-CLT1) is controllable,

Theorem (Duality reachability/constructability)

Suppose we are given two times {y >ty > 0

@ The system (CLTI) is reachable if and only if the system (DUAL-CLTI) is
constructible on [fg, 1.

@ The system (CLTI) is constructible on [lg, 1) if and only if the system
{DUAL-CLTI) is reachable,

The pair (A, B) is controllable if and only if the pair (A', B') is observable.



So, based on this we have the immediate result that the system CLTI is controllable if and only
if the dual system is observable right. Similarly the CLTTI is observable if and only if that dual
system is controllable. So, they both are equivalent the result would remain the same for the

reachability or the duality between the reach ability and the constructability.

So, we can also summarize these two results in the form that the pair if we only talk about the
pair. That pair AB is controllable if and only if the pair A transpose B transposes observable
and this is only valid for the LTI system we will see that how these conditions varies for the

LTI system.
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Observability Tests A %
| i L %
Consider the LTI systems L =T :
NPTEL
izt =Ar, y=Cr, z€R"yeR" (AC-LTI)
Fram the duality theorems , we can conclude that a pair (A, (') is observable if
and only if the pair (A T €7} is controllable

This allows us to use all previously discussed tests for controllability to
determine whether or not a system is observable.

To apply the controllability matrix test to the pair (A”,C7), we construct the
corresponding controllability matrix

e=[c" ATCT (ATPCT o (ATPUCT),. =0
where O denotes the observability matriz of the system (AC-LTI), which is
defined by
¢
CA

So now moving forward to the observability test. So, we had seen that there exists there is a
duality between the controllability and observability. Meaning to say that whatever the results

we had obtained for the controllability they would be directly applicable to analyze the



observability. So, we will list out all the results of the observability without going into the

proofs of those results.

So, consider the LTI system. So, here we use the notations so, that we can represent the
discrete time and the continuous time with the same state equations. So, from the duality
theorems we can conclude that a pair AC is observable if and only if that pair A transpose C
transpose is controllable or because in the previous we had seen AB is controllable if and only

A transpose B transposes observable it just the pair.

So, here we have replaced B by C and the results would remain the same. So, the this allows
us to use all the previously discussed tests for controllability to determine whether or not the

system is observable particularly for the LTI system. So, this we can visualize also.

So on this pair A transport C transpose if I compute the controllability matrix this would be
given by this one of dimension kn cross n. Now I can define this matrix as the transpose of the
observability matrix where my observability matrix is given by this one ok. So, the
controllability matrix of the pair A transpose C transpose given by this and whatever the
matrix I have obtained after doing some simplification, I defined the observability matrix as
this one. That is to say the controllability matrix is actually equivalent to the transpose of the

observability matrix ok.
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Since rank¢ = rank’ = rankD , we obtain the following tests. oy o= ;
i m \ NPTEL
Theorem (Observability tests)
The following s are equivalent.
Q The system (AC-LTI) is observable.
@ rankd =n,

@ No eigenvector of A is in the kernel of C'.

Q rank ['l;,“] =n, YAeC.

Theorem (Lyapunow test for observability)

Assume that A is a stability matrix/Schur stable. The system (AC-LTI) is
abservable if and only if there is a unique positive-definite solution 1V to the
Lyapunov equaticn
ATW4+WA=-C"C | ATWA-W=-C"C

Moreover, the unique solution to this equation is

= T -
W= [ f"“'_('{f'r ATdr = lim Wolts, t;)

o by =tg—ee
| W=Y ATy CTeadr= im Woltot).

So, based on this equivalence we know that if I compute the rank of the controllability matrix
and it is of full rank, then the rank of the transpose of that observability matrix would also
remain the same and the rank does not change under any transpose ok. So, we obtain the
following results that the following statements are equaling the system AC-LTI is observable,

rank of the observability matrix is n which is the dimension of the a matrix.

So during the controllability we have defined this as the matrix test, the third is that no
eigenvector of A is in the kernel of C this is the eigen vector test and the simplification of the
eigenvector test which we have defined as the PBH test that the rank of this matrix is equal to
n for all lambda belonging to the set of complex numbers ok. Now there was one additional
results that is the Lyapunov test for the observability which a assumes that the matrix A is at

stability matrix.



So, we can say that the system is observable if and only if there is a unique positive definite
solution W to this Lyapunov equation in the continuous time and this Lyapunov equation in

the discrete time and moreover the unique solution to this equation is given by this one.

So, we had seen that detailed results or detailed proof of these results during the controllability
week. So, the equivalence or the duality between the controllability and observability
particularly for the LTI systems remains the same right. So, the proof remains the same as

what we had seen earlier.
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Observability Tests: LTV N . f i}

¥ chaarvably 3t time Ly if and caly theve exists 2 finite £y >ty such that the n X n

; il T T 3
Walto, th) : ®(r, ts)" C(r)" Clri#(r, to)dr,
L]

Theorem (Sufficient condition)

Let A(t) and C'(t) ben — 1 times continuously differentiable. Then the
n-dimensional pair (A(t), C(t)) is observable at Ly if there exists a finite 1

A by ol

ty >ty such that N1 L;.(.mqjg%(ﬂlmmmj
Nitr) +

. =N

S Noa(t)

Nosr[) = Na(DAQ) + }‘: Nult) m=0,1,...,n-1
[l

N, = Cft).

y i mare “complicated”, becausa the state transition matrix of the dusl system
transition mutrix of the ariginal system, but this is not obtained by simply

tramsposing A(t).

Now talking about the LTV systems. So, the result we had seen earlier. So, this is the same
result what we had seen earlier that the this WO matrix should be nonsingular either for LTI

system or for the LTV system. But in the controllability week we had seen that for the time



varying system it is a bit difficult to compute this controlling the observability coming why?

Because it requires the computation of the state transition matrix.

For the LTI system the state transition matrix is basically exponential, but for time varying
system it is not necessary that it would be or it requires detailed computation. So, but so, this
is if an only if this is if and only if because this is the necessary in sufficient condition for the
observability. So, if you recall that for the for analyzing the controllability of the LTV system
we take a different approach and we had defined only the sufficient condition and similarly we
can define the in a similar way for the observability that like A and C be n minus 1 times

continuously differentiable.

Then the n dimensional pair AC is observable at t naught if there exists a finite t 1 such that
the rank of this matrix is equal to n. So, now, instead of ensuring the nonsingularity of this
observability Gramian we compute the matrix n and then using those matrix n for 0 to n minus
1 be computed strength and this is how you can compute the n the n matrices ok. So, this is

only a sufficient condition, but not the necessary condition.

So, for time varying system duality is more complicated because the state transition matrix of
the dual system must be that transpose of the state transition matrix of the original system
right, but this is not obtained by simply transposing the A matrix right. So, because of this
reason we cannot say that the controllability of the pair A t B t or let us say the controllability

of the pair A t B t is not equivalent to the observability or A transpose B transpose right.



