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Discrete-Time Case i B
1 JK
Consider discrete-time LTV system nhﬁug: X
= % NPTEL
t+1)= Alt)=(t) + B(t)u(t), reR"uck® (AB-DLTV)
A given input u(-) transfers of state x(ty) = g at time fj to the
state x(ly) = x; at time £; given by the variation of constants
formula,
I | \‘ I, T 117 |
where ¢(-) denotes the system’s state transition matrix.

We want to express how powerful the input is in terms of
transferring the state between two given states.

So, moving forward into the Controllable and Reachable Subspaces Sections; so, far we have

discussed about the LTI systems and in fact, the continuous time, linear time varying and

linear time invariant systems. So, one of the important conclusion we reached that for the

continuous time systems, the controllable subspaces and reachable subspaces basically

coincide.



Now, the natural question arises whether they also coincide for the discrete time scenario. So,
today we will start with the discrete time systems. So, consider the discrete time LTV system
given by these A t and B t pairs. Now, t is belongs to a set of integers. So, a given input u
transfers the state x naught at time t naught to the state x 1 at time t 1 given by the variation of

constants formula.

So, we would be using the similar concepts that with which we started by doing the analysis
for the linear systems. So, again we want to express how powerful the input is in terms of

transferring the state between the two given states.
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Discrete-Time Case e f}
m 7

Definition (Reachable subspace) NPTEL

Given two times £y >ty = 0, the reachable or controllable -jmm-!fu -Origin on
[to, ;] subspace '.Hf.u.lf\rcunsists of all states x; for which there exists an input
i |Ju.l.. +1.....4 l} + ¥ that transfers the state from z(ty) =0 to
o(ty) = xy; i.e.

h-1
Rlto, 1) - {.r; eR": Ju(), 2 = 2_" dlby, T+ |3Ji[.—|m[.—]}.

Definition (Controllable subspace)

Given two times {; >ty 2 0, the controllable or controller-to-the-origin on
|to, 1 | subspace C|fg, f |: consists of all states xy for which there exists an input
w: {to,fo+1,...,t = 1} = B* that transfers the state from z(ty) = o to
() =0; e,

r=ig

=1
Clto,t1] = {.r..-:— R" : 3u(-),0 = ¢(ty, to)zo + z dlt1, 7 + 1'|H\'r]u{.—;|}.

So, these were the two subspaces we have discussed for the continuous time systems. So,

again recalling them for the discrete time systems; given 2 times t 1 greater than t naught



greater than equal to 0. So, note that again that do not forget, in fact, the t here is belongs to

the set of integers. So, we are talking about the discrete time systems.

So, the reachable or controllable from the origin on within this interval t naught to t 1, consist
all those states x 1 for which there exists an input starting from, so it would be sequence of
inputs starting from u t naught to up to t 1 minus 1, that transfers the state from x t naught

equals 0 to x 1 which is given by this set. So, this is the reachable subspace.

In a similar, way we define the controllable subspace. There we want to see or we want to
form a set of all states x naught for which we could ensure that there exist an input u that
transfers the state from x naught to the origin. So, again there are two concepts one from the
origin we want to take the state to some value, so let us say x 1 which is the which would give
me the reachable space the controllable space, we I am looking for all those points where,

starting from where I can reach to the origin.
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Discrete-Time Case P
Theorem ( lity and controllability Gramians) i"nhi‘:' = i"i, i
Given two times ty > fy > 0, the reachability and controllability Gramians of ~ T NPTEL

the system (AB-DLTV) are defined, respectively, by

f-1

Walto,r) := ¥ o(ts,7 + DB()B(r)'d(ts, 7 +1),
ratg
t =1

Welto,ty) = z dlto, 7+ 1)B(r)B(r)' dlto, 7 +1)'.

ety

The discrete-time controllability Gramian requires a backward-in-time state
transition matrix ¢{fo, 7 4 1) from time 7+ 1 totime fo <7 <7+ 1.
The matrix is well defined only when

z(r+1) = A(T)A(T = 1) - A(to)z(to), hhsT<t~1

can be solved for z(fg), i.e. when all the matrices A(to), A(to+1)... A(t; = 1)
are nonsingular,

When this does not happen, the controllability Gramian cannot ’i defined.
These Gramians allow us to determine exactly what the reachable and

controllable spaces are

So, talking about the Gramians in a similar way what we had discussed for the continuous
time systems. So, we defined two Gramians, one is the reachable Gramian and or rechability
Gramian, another one is the controllability Gramian. So, the idea of introducing these

Gramians is to characterise the complete subspace.

So, for the reachability Gramian it is given by this summation starting from t naught to t 1
minus 1, the state transition matrix from t 1 comma tau plus 1 into B tau and it their
transpose. Now, note here about the controllability Gramian. So, here the summation here is
taken from t naught to t 1 minus 1 and phi is t naught comma tau plus 1 and B tau and their

transpose.

So, here you need to make a bit of attention there that the discrete time controllability

Gramian requires a backward in time state transition matrix because say for example, if



starting with tau is equal to t naught it would give me phi t naught comma t naught plus 1 and
the state that two are (Refer Time: 04:26) in within the state transition matrix says that

starting whenever the input is applied at this time I am collecting the response at this point.

So, that I need to compute the backward in time which is quite visible in the state definition
of the state transition matrix; so, it imposes some restrictions in the sense that this matrix is
well defined the state transition matrix is well defined only when all these matrices the
matrices at different times are non-singular. Say for example, if we see the response of the
discrete time systems this is how we computed the response by using the advances in the time
because in fact, solving or computing the solution of a discrete time state space system is

basically solving algebraic equation. So, we use some recursions to compute the solution.

Now, if I want, so this controllability or controllable subspace is basically we want to
characterise all these points starting from where I can reach to the origin. Now, if I want to
compute this point x of t naught, what I need to do? I need to pre multiply both sides by the
inverse of these matrices. So, I need basically I need to compute this one. So, to compute this
one and for the solution that all these matrices should be non-singular, ok; so, when this does

not happen the controllability Gramian cannot be defined.
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Discrete-Time Case X

Theorem (Reachable and controllable subspaces) L -1

ey,

e
.
( e 3

NPTEL

™

Given two times ty >ty 2 0,
Rlto.t1] = ImW(to, 1),
Clto, 1] = InWe(to, t1)

Moreover

Q ifry = Wgllo, t1)m € InWg(to, 1), the control
ult) = BO)olt,t 4+ 1) 'm, tetoti=1]

can be used to transfer the state from x(lg) = 0 to (1)) = =, and

@ ifry = Well, b1 € IsWe(to, 1), the control
u(t) = —B(t) dlo,t + 1), L€ [fati 1]

can be used to transfer the state from x(ly) = zq to z(ty) = 0.

Logical idea of the proof

The proof can be done in two parts
o 1y € InWg(to, ) => o, € :l€|h|.hi

® I III'l”-”UnnFLI =1 & i'€|ﬁ...h|

Then the characterization of the subspaces in terms of the subspaces given by the Gramians;
so, given 2 times t 1 greater that t naught greater that equal to 0, the reachable subspace is
basically equivalent to the subspace formed by the image of the reachability Gramian.
Moreover, if x 1 belongs to the this subspace is equivalent to saying that I can write x 1 is
equal to reachability Gramian into some vector eta 1 this control which is given by here can
be used to transfer the state from the origin to some point x 1, In a similar way, we give the

result that the controllable subspace is equal to the image of the controllability Gramian.

Moreover, if x naught belongs to this image of or belongs to this space this specific control
for some eta naught can be used to transfer the state from x naught to the origin. So, we will
not be taking the or going to the proof for this because we have already seen the proof for the

for the continuous time system, but which you can do by yourself.



So, the idea here we need to do the proof in two parts, basically both ways implication this
that is to say if x 1 belongs to this subspace implies that x 1 also belongs to this reachable
subspace, the other and the other side implication. So, once both these implications are shown
for the reachability Gramian and controllability Gramian then you could have the proof for

this Gramian.
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Discrete-Time Case: LTI _f*‘\z

Consider now the discrete-time LTI ststem

-

NPTEL
{z + Bu, reR" uel (AB-DLTI)
For this system, the reachability and controllability Gramians are
given, respectively, by
I
Writo,tr) = Y A" 1-"BBY(A
t-1
Welty.t))! =} A 1-7BBT(A
and the controllability mafrix is given by

¢=[B 4B - A™'B]

The controllabildy Gramian can be defined only when A 15 nonsingular

Now, for the LTI system when we discuss about the for the continuous time continuous time
scenario, we introduced one metrics which is which we called the controllability matrix. So,
again the controllability matrix can be computed in a similar way. So, there are three
important parts, one is the discrete time system itself, the controllability and the reachability
Gramian, in addition we define the controllability matrix and we set up one relationship

between the Gramians and the controllability matrix, right.
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Discrete-Time Case: LTI P
A i
) ) = ™ NPTEL
For any two times {, > 1o > 0, with t; > 1)+ n, we have!
Rto, 11] = ImWp(ty, t1) = In€ = ImWe(fy, 1) = Eto. t1].

In discrete time, the notions of controllable and reachable subspaces
coincide only when the matrix A is nonsingular. 1,20
Otherwise, we have

Rito,t1] = In€ C E[ty, 1],

"The results regarding the controllability Gramian implicitly assume that A

15 nonsingular

So, this was one of the key result where we have shown the equivalence between all the
subspaces formed by the reachable subspace its characterization with the help of the
Gramians and for the LTI case we use the controllability matrix and we have shown the
equivalence of for of all the subspaces. So, in the discrete time case, the notions of
controllable and reachable subspaces coincide only when the matrix A is non-singular. One of
the reasons we had seen there because you will not be able to compute the solution or you

will not be able to compute the x naught.

Now, if it does not happen it might be possible that at certain x m point, x m time this matrix
A could be non-singular or could be sorry singular. In this case, the reachable subspace would

be equal to this space given by the image of the controllability matrix and this both these



spaces would be subset of the controllable subspace, ok. So, try to visualise what is

happening here.

Now, if the matrix a in non-singular it is pretty much clear that we will have both sides
equivalence, ok, but now let us say we have this bigger space and subset or sorry the
subspace. Now, this we here we have all the points the which is the reachable subspace where
from origin we want to go to x 1, right. Now, this subspace says starting from x naught we
want to go to origin, right. So, this in inner space is basically the reachable subspace and this

is the outer one is the controllable subspace.

So, what does it tell? Let us say if I pick any point, if I pick any point here then it says that
there are some points or there are some states from starting from where I can go to the origin.
But, these points start or starting from origin I cannot go to these points because these points

are out of this subspace, ok.
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Discrete-Time Case: LTI P
=~ 7 NPTEL

For any two times {, > 1y > 0, with t; 2 1o+ n, we have!

Rlto, 11 = ImWp(ty, t1) = In€ = ImWe(fy, 1) = E[to. t1].

Attention

In discrete time, the notions of contrallable and reachable subspaces
coincide only when the matrix A is nonsingular.
Otherwise, we have

Rito,t1] = In€ C E[ty, 1],

but the reverse inclusion does not hold, i.e., there are states ; that can
be transferred to the origin, but it is not possible to find an input to
transfer the origin to these states,

Because of this, one miust study reachability and controllability of
discrete time systems separately,

"The results regarding the controllability Gramian implicitly assume that A

15 nonsingular

So, this is the geometrical meaning the reverse inclusion does not hold because if the reverse
inclusion holds then it means to say we would be having the equal sign with which we were
having in the main result. So, that there are states x 1 that can be transferred to the origin, but
it is not possible to find an input to transfer the origin to the states to these states, ok. So,
because of this one must study reachability and controllability of discrete time systems

separately.

Now, for the for the continuous time system we could study either of them and proved our
result prove our results. Now, for the discrete time if the matrix A is non-singular, oh, I am
sorry if the matrix A is singular then we need to study separately both these concepts the

reachability and the controllability.
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Discrete-Time Case: LTI e
Theorem nhi“-‘; e

For any two times ty >ty 2 0, with t; >ty +n, we have!

Rlto, 1] = ImWp(to, t1) = In€ = InWe(ty, 1) = Clto, 11].

Logical idea of the proof

Controllable subspace
——————
:R.[.ru‘ f” = I]]'l”’H(_fn, “) = ]m\f = Im”}'“u‘ FI) = (::_'fll"rll
—_—

Reachable subspace

The proof can be done in two parts
o 11 € Rlip, ty] = ImWglto, )] = 2 € InC.
® I E :erfu.f[] = Imll};:lu.h] — I E InC,

+

"The results regarding the controllability Gramian implicitly assume that A

is nonsingular

Again, the proof could be done in two parts, similar to what we had done previously. This
equivalence comes from the controllable sub space and its characterization and this reachable
subspace, we need to only show these two equivalence both sides which you can do either

starting from reachable subspace result or from controllable subspace result ok.

Note that here whatever the results we are talking about where we have considered the
controllability Gramian it implicitly assume that the matrix A is non-singular, ok. Because
why, because the controllability Gramian includes the backward computation of the state
transition matrix and the backward computation is only possible if the matrix a is
non-singular for all time t in case of time varying and in case of time varying it should be only

non-singular, ok.






