Digital Signal Processing
Prof. C.S. Ramalingam
Department Electrical Engineering
Indian Institute of Technology, Madras

Lecture 31:
Properties of Z-transform (3)
-Time reversal

(Refer Slide Time: 00:17)

WIHGP4 L0 " 08K [[L-2-@-94F- S
HENEEEEN NOE v SAVAY
Jio -1 ( Jw) \,.5
4 Xle ) = ftam \A_/L odd NPTEL

XK (!‘}b)

Henee Wﬁd’;? X(C')“;) Oven [0,753 s nouph

(5) Jeme Revinsat

1{ %) oy X&) 7‘-[</-z-/<1*',_
fun

X [~n]

So, the next property we can look at is Time reversal. So, if z[n] has Z-transform, X (z). Yes, question.

Student: (Refer Time: 00:52) Z-transform (Refer Time: 00:54) categorized that for a real function
(Refer Time: 01:00).

So, what you can do, that is a good question. So, you need to exploit the fact that X (z) = X*(z%),
right.



(Refer Slide Time: 01:14)

AdH@P4 00" " 088 | L-L-e-34F-

3/ NENEENEE HOE y SN
N 4
-] NPTEL
Proof : > wm) s
Ni-u0
= ¥
N (Z‘ 2] 2 )
Na-pg
- X’(i‘*) M o< [2% < "
mo< (2l <1y
¥ ¥
X(z%) s ()
2aed?

2¥m) oy XF()

So, one fall out of this, X(z) being equal to X*(2*). So, if z were real, z* will be the same as z. So,
for real z, X(z) will be the same as X*(z) for a real sequence x[n| because X (z) = X*(2*). When the

variable z is real, you can conclude that the transform also is real.

o0
So, that is not surprising because if you look at this, just from the plain definition, this is Z x*[n]z

n=—oo

—-n.

I

if z[n] were real and if z also were real, the quantity has to be real. So, that is another way of seeing
this. So, these are some of the inferences can that can be drawn from the Z-transform. But, typically
this property is exploited in the case of DTFT for real valued sequences, where half the information is

enough.
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So, z[-n] +— X(z7!) and proof again this pretty straightforward here. All you need to do

2

is



[e.9]

Zw[—n]z‘” and then replace n by —n and re-label this one. So, this becomes Zm[n]z”, but re-

o0

o0
ally this is Z x[n] (2_1)—717 2" can be written as (z‘l)_n because you want it of the form the complex
variable to the —n. So, this is really X (27!) and you want 71 < |27 < ra.
Student: (Refer Time: 03:52).
Let me see if I got that right. So, we can see whether I made an error there. So, this is what?
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1
So, if you look at this. So, this is r; < —, correct? Therefore, this implies you have.

||
Student: (Refer Time: 04:20).
L 1 : 1 1 -
So, this is |z| < —. So, I should have this as — < |z| < —. So, this is what you meant?
T T2 ™

Student: (Refer Time: 04:40).

1
So, this should be —, correct?
T2

Student: Yes.

1
—, did T get it right now? Thank you. So, the RoC should always be of the form |z| between two
T1

1 1
quantities, you are right. Therefore, this is now — < |z| < —, ok. Now, it is correct, right?
T2 1
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And, again we can use this property to derive this transform. We know that a"u[n| <—

1—az"t’

1
|z| > |a|. And, we also know that —a™u[—n — 1] +— [y |z| < |a|]. So, we will derive the second
—az

1
transform starting from the first using the time reversal property. So, a"u[n] has PR |z| > |al.
—az~
1 1
Therefore, if you replace n by —n, you have a~"u[—n|. So, this is ——, |z| ﬂ
a
(Refer Slide Time: 06:57)
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Now, let us multiply numerator and denominator by —a~'z~!. Therefore, this becomes —a~'z~! and
this is 1 — a~'2z~!. All I have done is multiplied numerator and denominator by —a~'z7!. So, this is

1
|z| < Tl which I have written as |z| < |[a™!|. Now, I have a factor z=! in the transform, I want to get
a



rid of that. To get rid of that, I need to multiply by z. If I multiply in the transform domain by z, I
can get rid of this 27! factor. But, if I multiply the transform domain by z, in the time domain I have
to replace wherever n is there, I have to replace n by?

Student: n — 1.

Not n — 1. You have to multiplying by z; you have to replace n by n + 1, ok. Therefore, I have —al),
wherever n is there I am going to replace n by n + 1 and this is a~™+Yu[—(n + 1)]. Now, I can get rid
of this. And, now I can cancel sorry, I can cancel one a~! factor and take this minus sign to the other
side. Therefore, this becomes —a "u[—n — 1]. So, I have taken this minus sign to the other side. I have

cancelled one a~!. So, therefore, this is [Ep—— |z] < |a™t.
—a 1z
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So, now let a=! = b; therefore, this becomes —b"u[—n — 1] and this is nothing, but ———— with

1—bz1
|z| < |b]. So, again we have used properties to derive the transform of one starting from the transform
of the other. Note that time reversal causes a causal sequence to become anti-causal and vice versa; if

x[n] were causal, x[—n] is anti-causal.
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And, also notice this difference between these two properties. You had (—1)"x[n], this is X (—z) whereas,
x[—n] is X(27!). And, time reversal causes a causal sequence to become anti-causal and vice versa.



