Linear Systems Theory
Prof. Ramkrishna Pasumarthy
Department of Electrical Engineering
Indian Institute of Technology, Madras

Module - 09
Lecture - 03
Controller Design using Pole Placement

Hi everyone. So, in this lecture of lecture 3 of week 9, we will look at explicit Design
methods for arbitrary Pole Placement. So, and then we will also eventually prove that a
necessary and sufficient condition for arbitrary pole placement is that the system should

be completely controllable, ok.

(Refer Slide Time: 00:42)

Pole Placement

I

The objective of pole placement is to find matrix feedback gain matrix K, given the
desired values for p, pa, ..., pin, the closed loop poles locations.

» The state space model with state feedback control is given by:
X=(A-BK)x

» following are the different ways of designing the feedback gain matrix K to get
desired pole locations:
1. Direct substitution method
2. Using Controllable canonical form
3. Ackermann'’s formula

» Note that K can be obtained for any desired pole locations if and only if the system g
is fully obsesvable canhellt \
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So, let us start with one of the very basic methods of pole placement, ok. So, what is the
objective again? The objective is to find a feedback matrix K, such that the close loop
poles have the desired locations from p; until till y,, ok. So, we will look at these 3
methods. So, should be controllable here, ok. So, towards the end of the lecture we will
prove this that the K can be obtained if and only if the system is completely controllable.

So, we will first start with the direct substitution method, ok.



(Refer Slide Time: 01:21)

Direct Substitution Method

I

» This method is convenient only for lower order (n < 3) systems as it becomes
tedious for higher order systems

» Let us consider a system of order and the feedback gain matrix be K = {hl ky hj}

» In this method, the above K is substituted into the desired characteristic polynomial
|sl — (A - BK)| and then equate it with (s — pu)(s — p2)(s — p13) 1, A, B
= - Y by
Isl = A+BK)[ = (s = m)(s — pa)(s — p3) [51- A=
L VI, VR,
» The coefficients on both sides are compared to obtain the values of ki, ky and ks
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So, let us say I am looking at a as a third order system. So, my feedback law u -Kx will be

X1
of the form say —[k;k, ks3] [le, it will be given as —k,x; -k,x,-k3x3, ok.
X3

So, what is known to us? I know A, I know B, additionally what do I know is that,
additionally I also know the closed loop characteristic equation, ok. Where does the close
loop characteristic equation come from? That comes from the location of the desired poles.
So, T have (s - pq)(s-p)( s — Uz), ok. So, the everything in this expression is known to me,
ok.

Now, what is unknown? Unknown is these 3 numbers k,, k,, k3, ok. Now, what is the
characteristic equation of the close loop system? That will just be the determinant of this
(s I -A + Bk), ok. Where did this come from if I just look at x = Ax I am looking at the

characteristic equation of this form (sI— A) = 0.

Now, if I have input to the system x = Ax + B u with u of the form - Kx, then my system
close loop system takes this form A - BK x, and the poles will now correspond to the
characteristic equation which is obtained by this matrix A - B k. And therefore, the close
loop characteristic equation will be of this form (sI - A + BK), and all the unknowns now

are in this matrix k, ok.



So, now this kind of looks on the left hand side I have a equation of all the everything is
known to me, on the right hand side I have equations of 3 unknowns and I can just solve

it by via some simple simultaneous equations, ok.

(Refer Slide Time: 03:50)
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1

I just do a very small example on this. So, [ have x = Ax + B u, ok. I will go back to the

0 1 0 0
black colour, ok, where A =1 0 0 1 |, B is also of the form [0|. And let us say
-1 -5 -6 1

easy to check that this is actually in the controllable canonical form, right.

So, let us say I want to place my close loop poles in the following locations. So, these are
the desired poles. So, one pole is decided to be at 2 + j 4, the other would obviously, then
be at 2 - j 4 and the third pole would be at -10, ok. So, first is, ok, check if the system is

controllable. Well, the answer is yes, a the system is actually controllable.

I leave the steps for you to verify that you know you can gate easily check that the rank of
C is equal to 3 and also because I have it in the controllable canonical form of the system
is actually controllable, ok. And the characteristic equation of the uncontrolled or the open

loop system would just be of this form s3 + 6s2 + 5s + 1, this is what is given to me.

So, now based on the close loop poles can I find out what is the desired characteristic
equation? Ok. That will be from, (s + 2 - j4)(s + 2 + j4) (s + 10), right, from here. So, this

is how the close loop characteristic equation knows and I know what is p4, u,, (3, which



are essentially these 3 numbers here. And this looks in the following this is s3 + 14s2 +
60s + 200, ok. So, now, what do I need to find? So, I know, I know this, right. Now, I need
to find what is u = -kx that is useless. So, u will be of the form -k;x; -k,x,-k3x5 or I am

looking at the characteristic equation of the close loop system which is (S I - A + BK), ok.

Now, if | compute this, if I compute this in terms of this unknowns k;, k, and k5 it turns

out that the close loop characteristic equation, in terms of the unknowns k4, k,, k3 is I am

s 00 0 1 0
just looking at the determinant of this. So, this will be, |0 s 0f-] 0 0 1]+
0 0 s -1 -5 -6

0
[OI[klkz k3], ok.
1

I can expand this and then this is s3 + (6+k3)s? + (5+k;)s + (1+k;). Now, I can actually
look compare the coefficients now, right. The coefficient of s? here is 6 +k; which must

be equal to 14, and therefore, k3, so with this to I will have 6 + k3= 14 which means k3 =
8.

Similarly, I can look at the coefficient of S, it is a 5 k, times S is 60 and therefore, k, is
sorry, there should be a, this should be (5 + k;)s, 5 + k 2 is say 60, therefore k, = 55 and
the last expression says, 1 + k; =200 and therefore, k;= 199, ok. That is looks pretty neat
and straightforward, right. I can do everything with hand ah. But where the drawback is if

as n becomes much larger these computations become tedious to do by hand, ok.
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[l Using Controllable Canonical Form

~
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~ » Consider the controllable canonical form of a SISO system:
—eq _

1 0 1 0
p—

1 0 0 0
= 1= i X U

A

A =0y =0he1 vwe =01 1
—e

M » for a SISO system, K will be of dimension 1 x n. Let K = {h” | Pe‘}
¥ » The characteristic polynomial can be determined from the matrices as follows:
N [0 1 0
0 0 ... 0 0] ;

. s--vgi=ls- | = e e
A 5 5 . I 4
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Now, what is the second method? The second method comes via the controllable canonical
form, right. So, assume that my system is in the controllable canonical form, if it is not in
the controllable canonical form I actually know how it works, right. I will tell you how to
even deal with the system which is not in controllable canonical form. At the moment I

assume that let the system be in controllable canonical form, ok.

Again [ will do it for the case of the SISO system. And again my problem is to find these
unknowns, K which is from k,,, k,,_; till k;, right. Again, I am now looking at the close
loop characteristic equation, again obtained by sI —(A — BK), ok. Let us actually do this

the do this computations and check where we are, ok.
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Where do I start from? So, I start from assume that the system is in the controllable
canonical form that, and also I assume that n equal to 3, so that my computations become

easy and they also look a little neat, and would not look too tedious. So, I have a

0 1 0

0
0 0 1 ] This will be my A matrix, B will be of the form [O], ok.
—-az —a, —aq 1

Now, what do I know? I know the following, right I know the close loop poles are the
same steps like here, right. So, [ know the desired poles. So, with the desired poles let them
be at some arbitrary p,, 4, and ps such that (s - gq) (s -i2)(s - 43) expands this one s™ +
alpha 1. So, for the case of n = 3 this will be s3+ a;s2, a,s + a3. Let us say all these are

known to the ps and as are known. Now, they are given to us, right, ok.

Now, what should I find is what is what is K, right. So, I compute close loop characteristic

equation which for the case the 3 by 3 case will just be like this as I have sI - A which is
0 1 0

0
0 0 1 ], plus have a B times K here [0], [k1k; k3], ok. So, how will this look
—-a; —a, —a 1

like? So, this will be S here 1 to the minus 0 0 S, another minus 1 and here will be a; +
ks, here we will have a, + k,, here we will have a; +k, ok.

And then I am looking at the determinant of this. And this turns out that it will be
something like this I have s™ + a; +k;. So, in this case I am looking at s3; s3 + (a;

+k,)s%+(ay +ky)s+ as +k; = 0. So, I just look at these two equations now, right. So, this



which, ok, this is a characteristic equation this and then I go about comparing the

coefficients, ok.

What do I have now from the first term is that a; +k; = a4, ok. [ know what is what is a 1
that comes from my given system, [ know what is @, that comes from by desired roots, so
therefore, I can compute k; as @; — a;. Similarly, I will have a, + k, by equating the
coefficient of S here, with the coefficient of S that is a, a3 + k3 = a3 and so on, if I have

a system of dimension n, ok.

Now; so this is ok. What is a subtle difference between here? Right. So, here if I know,
ok. What is [ know; do I know a 1? Well, a 1 is directly given from here. Do I know a;?
Well, the answer is yes, ok. So, give me this and give me this I can directly compute what
is the k 1, similarly for k, and so on. A little distinction from here is that we were trying
to explicitly compute the close loop characteristic equation in terms of k, k,, k3 and so

on.

But here, just give me these two numbers and so, this can be can be obtained a, the as can
be obtained by the close loop characteristic equation a4, a,, az are known to me, ok. So, a
little caveat and which is not very bad for us is that the system is assumed to be in the
controllable canonical form. So, the K, I obtained here is in the controllable canonical

form, ok.

And let me assume now that well I do system is not in the controllable canonical form, but
I get it into the controllable canonical form via some transformation x = TX, and the system
in X is in the controllable canonical form, ok. So, the K I compute here, the K I compute
in the controllable canonical form would just be related to the original K via just this

transform, ok, that is that is an easy process to check.
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So, if I do not have the system in the controllable canonical form. So, we decided this
distance, right. So, if I do not have the system in the controllable canonical form first
transform it into this controllable canonical form via x = TX, ok. Now, compute K, let me

call this K because I am looking now at the controllable canonical form using these

formulas here, right, that, ok, what did [ have; a; + E = a, and so on, ok.

Now, what is the original K? Original K for the system in x well this all this was in the x
cap, right well the k turns out simply to be KT %, ok. It is a very straightforward thing

once you understand how one can arrive at the similarity transformation, right starting

from any given system, ok.
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Using Controllable Canonical Form

5 1 0
0 $ o0
Isl - (A - BK) :‘ : ‘ o ‘
= Bey=See oo i k‘
[sl = (A= BK)| ="+ (01 = ky)s"™" 4+ + (@1 = Ro)s + (00 = Re) (1)
[sl— (A= BK)| ="+ 15"+ -+ ap15 +a, (From desired poles) (2)

» Comparing the coefficients of the characteristic polynomial in Eq.(1) and (2);
K:[h,; bt .. By

K:[(a_-n,,) (Do)

(01— )

Ramkrishna P. 5/

Module 9 Lecture 3 12 y

Ackermann’s formula

For a system with n state variables, the feedback gain matrix is given by:

K:[o 0. 1] {B AB .. AB|o(h)

where ¢(.) is the characteristic polynomial of A := A - BK
Derivation: Let
A=A-BK
The desired characteristic equation is:
Isl = A = (s = p)(~m)... (5 o) (3)
5|7}S\:vsﬂArnS”'1v~‘+1vﬁ:O (4)

As per Cayley-Hamilton theorem, A satisfies its own characteristic equation, we can write: #&

("r(fi):r&"—(nf\”’i—~-+n,‘|:0 (5)

Module 9 Lecture 3 Ramkrishna P. 6/12
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=R Ackermann's formula

= Consider the following identities:

1
.T A=A-BK
“s = (A BK)? = A~ ABK — BKA

A A3 _ 3 _pd 2 A A2

A’ =(A—BK)' = A" — A'BK — ABKA — BKA

A
’T‘ Using the above identies and Eq.(3),(4)(5), we can derive the Ackermann'’s formula for a
T 3rd order system which can then be generalised to an n' order system.

Module 9 Lecture 3 Ramkrishna P. 712
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So, that is pretty easy and neat ah. So, I will just do that the last thing which is a little

tedious, but it is it is nice to know the Ackermann’s formula, ok.

(Refer Slide Time: 18:54)
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This might look a little ugly and tedious, but let us still do it ah. So,  have x = Ax + Bu

S e N

0438 PV

which I transform via u = -Kx to % = (A-BK)x which I also call as Ax, ok.

Now, what is a characteristic equation of the close loop system? Characteristic equation

of the close loop system with (s

- A+ BK) is (sI - A) that will be again (s - 1) (s -) . .



... (s-pyp). So, all these close loop poles are given to me, and I can expand this and write

it in terms of the coefficients of the polynomial in S, ok. Now, ok so this is good.

Now, let me go to the Cayley Hamilton theorem and what it tells me is ®(A) is that a
matrix satisfies its own characteristic equation A™ + a; A" * + .. . a,_1 A + a,] = 0. This
is the n x n identity, ok. So, what do I know that A =A - Bk, A tilde square is what I just
expand this (A - BK)? square and I can write this as A% -A BK - BKA — (BK)(BK).

I can also write this in a little simplified way as yeah sorry, A2- ABK - BKA. Similarly,
A3 can be written as A% - A?BK - A BKA - BKA?, ok. I will just do the proof for n = 3

again for simplicity and then to just to avoid ugly looking computations, ok.

Now, I put this all these values into the characteristic equation and what I get is the
following. So, I am looking at a3l + a,A + a; A? plus sorry, A3, ok. So, I will skip some
steps and just write down how it looks in front. So, I will have some terms to do with a3l

+ a,A + a, A% +A3all this in A, then I will have -a,BK -a; A BK -a;BKA - A?BK, ok.

So, we have again that @(A) = 0, right. And, what can then I what can I then say in terms
of ®(A)? ®(A) which looks like a3l + a,A + a; A% +A3% is ®(A) and this is not 0, right
because a this a s are the coefficients for the characteristic equation corresponding to A
and, therefore they will not be the coefficients corresponding to the matrix A and therefore,

@(A) will not be 0.

But I can write @(A) now as, ok, see the entire thing here is ®@(4), ok. So, this is @(A) -
a,BK -a; A BK -a;BKA - A?BK, ok. So, we will have two more terms here -A BK 4 -
BKA?, because I will just put them up here to A BK A - BKA?, ok. Now, this ®@(4) =0,
ok. Now, so, I can, so this entire thing will equate to a 0 here, ok. So, @(A4) minus all these

terms will equate to 0.
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And this we will simplify to some nice looking term here that, ok; I just take @(A) to the
left and what I will be left is [B AB A" !B], and allow some terms here, right a, K and
then K, ok, so ok. Something looks nice here, right. I just want if I just can do some magic
to just find what is this K then I am done, ok. I will just skip, I will just keep skipping all
the all these steps here, ok.

So, for controllability this matrix should be should be invertible if I am looking essentially
in the single input single output case. So, let me call this just C and I can now write this
equivalently as C 1@ (A) is this entire matrix here with some term star 1, some term star 2

and the K, ok, I call this star 1, I call this as star 2, ok, nice.

So, I just again want to do something here, right. So, if I just multiply to the left of both
sides by [0 0 1], this will be [0 0 1], times star of 1, star of 2, K, ok. What is this? This is
just equal to K and I just now look at this and this it turns out that the K is simply [0 O

1] C~1®(A), ok. This is the what is called as the famous Ackermann’s formula, ok.



(Refer Slide Time: 28:06)

Pole Placement: Example

I

Consider a system with the following state space model:

0 1 0 0
X=[0 0 1|x+|0ju
-6 -N -6 1

Find K such the closed loop poles are at -3, —4, -5 using all the three methods.

H
§
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So, that is, so that is what is we derive through the Ackermann’s formula, ok. So, I just
have this example I just live for you to solve this. It is again same application of the
methods that we had over here, right, ok. And I will maybe put up the solutions when |

when I upload the slides, ok, right.

(Refer Slide Time: 28:27)

Pole Placement: Proof of Necessary and Sufficient Conditions

-_
~
—eg
I The necessary and sufficient condition for arbitrary pole placement is that the sys-
1 tem be fully state controllable
ey A i i ———S
A
] Proof.
'7‘ Necessary Condition: Suppose the system is not fully state controllable, then it can
—— transformed using matrix P as:
X

. : L H
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Before I started this lecture we said that we should or; there were some hints that
controllability should be some kind of a necessary condition for pole placement, right. So,

you can start from the controllable canonical form, something similar was also seen in the



Ackermann’s formula where you where you needed inevitability of the controllability
matrix. So, let us spend some time and prove the following, right that the necessary and
sufficient condition for arbitrary pole placement is that the system is fully controllable and

observable, ok.

(Refer Slide Time: 29:04)
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So, then system is, so what does it mean? So, if I can place the pole placement is equivalent
to system being completely controllable, ok. So, let us start with part 1 of the proof, right.
Let us say system is not completely controllable, which means at the rank of C which is

[B AB A" 1B] let it be some q <n, ok.

In that situation, what I know is I can transform system into its controllable part and its
uncontrollable part, right, ok. So, so I assume that there exists a transformation that will
take my system from it is starting from it is original form to the to the controllable
decomposed form, right, ok. Now, this is easy to check that if I have the characteristic
equation in A and B, this will be the same as having the characteristic equation in A, where
A, B and all they correspond to be a controllable canonical form, ok. Now, how does this

expand to?

So, I just look at this term here this will be sl minus, ok. What is A? A looks something
A A
like this [ OC Alz] plus B will be [%C], some [K; K, ] , ok. So, this will be now of the
u

forms I am looking at the determinant of this. So, this will be sl;. So, this Aisaqxq



matrix here right. So, this will be sl - A, + B.K, all these controllable terms. Here I will
have a -4;, + B:K,, 0 here I will have the S n corresponding to this A, would be of
dimension n - q. So, the identity of sI,,_, - A,,, the determinant of this should be 0 which

essentially means that I have (sl - A; + BK.) (sl -Az2) = 0, ok.

So, I start with a system which is of the form x= Ax + Bu apply a control law of the form
u=-K x and I assume that the that the that the system is not completely controllable which
means [ can decompose it into this controllable an uncontrollable forms and I look what

happens with the application of control to the close loop characteristic equation, right.

So, what I know is that the close loop characteristic equation will tell me, where the close
loop poles are, ok. So, look at this, right. So, what are, what is the difference between the
close loop poles of A, and its open loop poles? Right. So, they are the same, right, open
loop sorry, I should call this A,,, right this to be consistent with the notation here, right.
So, this should also be 4,,, ok. So, this control law does not alter the poles of A4,,, there is
no change in poles here due to u = -K x, ok. Or other words the close loop eigenvalues of
A,, do not depend on K and therefore, if the system is not completely controllable I cannot
place the poles of this part of the uncontrollable part, ok. So, this is this completes one part

of the proof ah.

The second part of the proof would say that, start with a system which is completely
controllable, start with the system and prove that one can place all the poles of the close
loop system at the desired locations, ok. So, I just go back I know do the proof not repeated

over here again, but what we saw say for example, here in this example is that, ok.

So, if I have a system which is in this form this system is of course, completely
controllable, ok. It is in the controllable canonical form, if it is not in the controllable
canonical form I always know how to get it into the controllable canonical form. So, what
was the conclusion here is that if the system is in this form then I can always place the

close loop poles according to this formula. I can always compute k; till k,,, right.

So, what does this mean? Right. I start from a completely controllable system and I show
that I can place all the poles or a solution to this exercise, starting from this given
characteristic equation to this unknown equation always exists, right. So, that is a also

proof of saying that well start from a completely controllable system, then you can place



all the poles of the close loop system at the desired locations. I will not write down the

steps, but I think this is kind of very obvious from what we saw over there, ok.

(Refer Slide Time: 36:25)

Pole Placement: Proof of Necessary and Sufficient Conditions
= Sufficient Condition: if the system is completely state controllable, then all eigenvalues
’_‘I of matrix A can be arbitrarily placed.
1 » This is convenient to prove using controllable canonical form which exists because
i : the system is controllable
; 1 » For any arbitrary pole locations, let the characteristic polynomial be:
'T‘ ST a4 gS Fay
] » Then, we have shown that K= [(u =) (Goor—anr) o (0 —0-1)} which
means that using K every coefficient in the characteristic polynomial can be chosen
and that implies that all eigen values of A can be arbitrarily placed
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So, that is kind of kind of writing down the text over here again.
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So, what we just saw is 3 methods of placing the close loop poles one from directly
comparing the open loop and close loop characteristic equation. Second is write down in
the controllable canonical form, so that the formulas become much easier. And the third

was a little more involved one of the of the Ackermann’s formula, ok. So, what we will do



is also have a little tutorial session where we solve a bunch of problems including partial
pool placement, how to even handle these pole placement problems via MATLAB and a
bunch of other practice problems that we will post online. And I hope that helps a bit in

the in the learning process.

So, this concludes a lecture on design controller design assuming the system was full is
like, T all the states of the system were available for measurement, so that I could just do
u=-K x. The question is what if all the states of the system are not observable sorry, are
not yeah are not observable. That would lead to then say, then I need to do something else
can [ do an observer design, can I add on top of some I just have the output measurements,
can I make use of the outputs to construct the states and then feedback those states to get

the appropriate control design, right.

So, that will come up in next week’s lectures in terms of a observer design. And we will
also look at simultaneously how to design control and observer, and also see if designing
an observer does it really affect the controllable, control part or and vice versa, right. So,

we will see this both together. That is, that will come up next week.

Thanks for listening.



