Linear Systems Theory
Prof. Ramkrishna Pasumarthy
Department of Electrical Engineering
Indian Institute of Technology, Madras

Module - 04
Lecture — 03
State Transition Matrix

Hello, everybody. So, welcome to this lecture series on Linear Systems Theory. So, we
continue with the week course lectures on what we call as solutions to the state space
equations and we coin the term called the State Transition Matrix earlier in this in this

week’s lectures.

So, we just continue around that or answering those questions and specifically in today’s
lecture we will focus on linear time varying systems. What was the advantage in the time
invariant case was that we are nice looking closed form expressions that a matrix
exponential et was essentially the state transition matrix and the properties were easy to
infer and even derive. So, let us first because we will just do a little example before we

warm up towards the general case.
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So, I will start with a simple example let us say I have a time varying system. So,
essentially I am looking at x = A(t)x(t) + B(t)u(t). So, that is the difference is that this

matrices A, B also now vary with time ok. So, is a little example; so let us say I have a



g] and x4 (t) x,(t) and let

us assume for the moment that u = 0 and I am actually looking at an autonomous system

ok.

system which is x4 (t) , x,(t) varying in the following way [S

How would the solution of this look like? If I write down the first equation that will be
x;(t) is 0 and let me assume some initial conditions at x; at 0 and x, at 0 that this could
be given by x;¢ and x,¢ ok. So, this is easy to solve that the solution x; (t) will be x;, for

all times t > 0 ok.

So, the second equation now. So, [ have x, = tx;(t) + 0 ok. Now, what is x; (t)? x,(t) is

simply this for all time say this tx;, sorry ok. Now, x,(t) would just be the integral of this
right. So, integral [ Ot Tx10dt and this will be equal to %tleo + x50 ok. That is the a simple

looking equation I can solve easily and let us me just yeah check for you know what if my

initial condition is (1, 2) the solution would be x(t) is 1 and then here I will have. So, x, is
2 +xq01s 1, so I will have %tz this is not t 1, this is t here ok. So, that is just in general; so

we are again looking at integrating the differential equation ok.

(Refer Slide Time: 04:29)

Solutions of Linear Time Varying (LTV) systems

-_
1
- The standard form of a Linear Time Varying (LTV) system in state-space is
T x=A(t)x+ B(t)u
’T‘ y=C(t)x+D(t)u
—— )
v
p—e
X

» A(t), B(t), C(t), D(t) can be time time dependent
» In this case how to find x(t) (¥t > 0)?
» let us start small, by trying univariate case
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So, so these are the equations that we will be interested in x is an A(t)x and so, all this A,
B, C and D matrices are now changing with time. So, the question again is the same right.
So, given the set of equations with a certain initial conditions how do we find x(t) for all

times t > 0.
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SR Example
-
am—
1
1
= Consider the following system
; x=a(th(t) (1)
am— :
- where a: Ry — R. Let x(0) be the initial condition.
X

“The Objective is to find x(t) for all t > 0"
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Similar to the to the LTI the time invariant case let us start with a scalar equation or a
univariate example ok; a is in R and you cannot and then let us start with some initial

condition objective is to find x(t) for all times t > 0 ok.

(Refer Slide Time: 05:13)

Sl Uni-variate system
—e ; .
~ Let us verify if the following solution works ’
i ¥ ‘
(1] )=o) - wlet @
=%
1 Differentiating the above equation with time we get
A d / d [fo{r)dr 0 U:O
= | 7 0=7e""0)
—i d /[ ey
X == (/c [](T)d?) elee7)my(0)
- = a(t)eh e7x(0)
=a(Dx(t)
A LV
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So, let us take some q from the LTI systems and so, we will add some kind of an

exponential solution at e4¢x,. Now, let me propose a solution which is like this ok.

Now, what [ would want to verify is this the solution right. So, first is so, it should satisfy

two things right as said yesterday or in the in the earlier lectures that it should satisfy the



initial condition at x t is a solution to this differential equation here if it satisfies the initial
condition and additionally it satisfies the differential equation too. So, let us see first what
is the initial condition right. So, x(0) is e power 0 to 0 whatever it is in the integral x, and

so, the initial condition is like written ok.

Now, does it satisfy the original differential equation? Well, again [ am I am talking of the
autonomous case where u =0. So, I just differentiate and then ok. So, all the steps are
written down here and actually reconstruct or regain my original differential equation and
therefore, I can claim that the equation labeled 2 is actually a solution to the scalar

differential time varying equation ok.

(Refer Slide Time: 06:33).

El Recap: LTI systems
;1 Remember that the solution to the linear time invariant (LTI) univariate;
’T‘ X = ax
1 is x(t) = e”x(0), this can be expanded into a power series as follows:
s 22 33 bk
atls ot At
A — " =
XD = (1+at+ T b )x(o), (3)
A
— We extrapolated it to multivariate system
v
’_‘X X =Ax
as
N BE A
)= (!.‘ +At+ Tt +-~>x(0).

and verified it that this try by differentiating on both sides.

“Can we do the same for the time varying case?"
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So, what did we do how did we extend this to the n-dimensional case in the LTI case right.
So, we had x(t) is e4tx, as the solution and we derived this also as a power series right.
So, if you remember those derivation and loosely we could kind of extrapolate this to the
multivariate case in my cursor in a very crude way saying just replace the small a with
capital A and things will work out. And, then everything instead of being a scalar is now

a vector and the one becomes an identity and so on right.

Of course, then we did actually we just do it do it blindly, but we actually verified that this
was actually a solution to the vector differential equation and by again verifying it with
the initial condition and also that this solution actually satisfies the differential equation

ok. And, now can I just do the same for the time varying case ah.
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N -
[l Extrapolation

t
The solution to the linear time varying (LTV) uni-variate system: Semn

Eu

x=a(t)x

)this can be expanded into a power series as follows:

x(t) = (1 + /;ﬂ(-r)dw 21! (_[U(T)dr): + % (/‘;’a(r)dr): +- )x(o)‘ )

If we extrapolate it to multi-variate case = Ax, we get wer”

1) = (JH + A Ao+ ; ( / iA(T]dr) ) ( /n lA(s)dS) A0,
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So, so let us start again with the set x = e4*x where x was of this form ok. Now, I can look

at this exponentially right. I have another exponential which with an integral sign

t
edo a4t now I can always expand this right. So, with the formula of the exponential and
I get something like this ok. Now, I can extrapolate all right. Let me try and extrapolate

this to the multivariate case where X = A x with x being in R™ instead of R ok.

(Refer Slide Time: 08:25)
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Bl Extrapolation

The solution to the linear time varying (LTV) uni-variate system:
X=a(t)x

is x(t) = el dx(0), this can be expanded into a power series as follows

x(t) = (1 + [ a(r)dr + 21! (./;ra(r')dr)j + % (/‘::O(T)dr)i\ +-“)X(D) (4)
/

If we extrapolate it to multi-variate case x = Ax, we get
ol 1 1 1
)= (JH . / Arlir+ 5 ( / A(T]dr) ) ( / A(s)ds) X0).
0 * \JO 0

“Let us verify if this is True!" v
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So, can I just write it directly in this way? So, and also verify if this is true. How do we

verify if this is a solution. So, I just try to do this for the for the vector case and just check



if this is actually true. So, again what do I need to verify? I need to verify the initial
condition, I also need to verify that this solution actually satisfies the differential equation

by just differentiating this x(t) ok.

(Refer Slide Time: 08:49)
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So, well, I just do all the computations, [ will skip them, but they are actually written down
quite nicely here. So, what we find is that if I just extrapolate this by just replacing small

a with a capital A, it turns out that this is actually not the solution right.

(Refer Slide Time: 09:09)

Multivariate LTV systems
;‘ Compute
—— d d / el 1 ol t
+ Sl =2 (a 4 _/] Moo+ (/ A(T)m) (/) A(s)ds) +-~)x(0)
e _ ! F o) : P | A 2
%) = (A(z) e (/ A(s)ds) Fa (/ A(r)dh )A(L) ks )xm)
— A1) (:.. s /:\A(.-)o‘r ba (/ A(r)dr) (/ A(s)ds) +) 0)
- \ v * JU JO

X
* Matrices A(t), J, A(s)ds do not commute!’
Hentd X (4= Alxtt)
o)l (o)
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So, then, essentially because these matrices do not actually commute right. So, therefore,
the solution to the vector differential equation x(t) = A(t)x(t) cannot be directly obtained
by extrapolating the scalar or the univariate cases this is the proof is written down quite
well here. So, I will skip reading those steps, but you can just write down for yourself. So,
the aim is to show that I just cannot do the crude way of extrapolation that I did in the LTI

case yes because I cannot I can if [ can actually show that this is actually not true ok.

So, there are ways to do this and that is called the Peano-Baker formula. It looks a little
ugly and complicated, but it is nice to know how people actually ended up building up
theory to solve this kind of equations of when and there were no tools how would people

actually think about even arriving at solutions ok.
(Refer Slide Time: 10:15)
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Sl Peano-Baker formula

Extrapolating from uni-variate case, we arrived at

e
1
t () (f +I/;A(r)dr = (/U’A(r)dr) (I/:A(s]ds) +---)x(0).
0

Instead, let us try the following:
() = (: +‘/’J Ar)dr + %(/' [A(T)A(s)mds) " »-‘)x(m.

» Differentiating it on both sides we get
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So, from the univariate case so, this is what we tried doing right in the in the univariate
case right and this actually does not work right. So, instead so, let me try doing something
like this right x(t) is identity this remains the same and I have some kind of I would double
integral and then I can expand this to have triple integrals and so on. Let me see if [ can

verify this right.

So, first is this the solution? Well, this is satisfy the initial condition well. The answer is
yes, because this integrated thing from 0 to 0 and you can retain the initial condition as
true also in the previous case in this case we could retain the initial condition, but the

solution did not satisfy the differential equation.



(Refer Slide Time: 11:05)
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Sl Peano-Baker formula
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’T‘ Hint: use Leibniz integral rule, to show that

d% / ‘[..A(T)A(s)d.—ds = a%/ A¢) (_[bA(:)d{) ds = %ZA(S) (_[A(r)d,-) _x %z

— A1) /:‘A(T)dr—
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Now, I keep doing on all the keep on doing the differentiation and actually see that this
satisfy my satisfies my original differential equation. Again, we use the Leibniz rule that
we used yesterday to verify solutions of systems with inputs right. So, instead of doing a
blind extrapolation we can do exactly different kind of extrapolation or possibly curve
mixed with a bit of intuition to actually find that you know something like this as a solution
can be proposed and can also be verified ok. I like it not do all the details of it I can just

write down for yourself ok.
(Refer Slide Time: 11:53)
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Sl Peano-Baker formula
Over all, the solution of x = A(t)x starting at time t = t; is given & ft'-l'}

()= (f e ./[zA(r)df , 2“ (/ ‘[‘A(T)A(S)dm's) ! ---)x(_q),
%

As a result the state transition matrix is given by

o(tto) = + [A(T)dr . (/ v/“.zA(r)A(s)des) g
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So, to conclude here about the solutions so, we will say that x(t) is given by this solution
with a with lot of integral terms in the middle and this thing inside the bracket is what I

call as the state transition matrix right ® at t starting at any initial condition t, ok.

(Refer Slide Time: 12:25)

SR Peano-Baker formula
~ %o AR
&= Qver all, the solution of x = A(t)x starting at time t = t; is given *'
1 () = (f ; /{ Ar)dr + 2“ (/ / A(T)A(s)drds) \ ---)xm.
% As a result the state transition matrix is given by &l
,; ot 1 t s 30 A
- o(tto) =+ / Alr)dr + & / / A(:)A(s)drds)+»-
S Jt o A\, te / "
X - ) ¢ €t
, bl AW ol
q,lb N Al 4 Al Lebel i )
PR LKL
Q
However, this is not easy to compute! ¥ - AW x)
vty P-8 dovmadn don the LTI Conl]
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So, one thing about this what is this @ and yesterday or in the previous lectures when we
were talking of solutions to even LTI systems we started also comparing it with the
solution to a matrix differential equation and that is what really obvious of where it actually
you know comes from. So, if I look at this phi let me check right. So, what does this ®
satisfy ®? ®(t,) the initial condition would just be the identity right because all the

integrals would just vanish ok.

Now, I do what is @; @ (t, t,) I differentiate the first term I get A(t) plus all this terms
right. So, what I can compute again I skip the computations and this should be easy to
follow that @(t, ty) can be shown to be A(t)dD(t, ty) ok. So, this is how we actually derive
the matrix differential equation or how we actually infer that the solutions actually can be
interpreted as coming from a matrix differential equation. This ® here is this is now when

n X n matrix and that is why we could actually do it that way.

So, what does it satisfy? Well, this initial condition is identity that is what we said that the
® actually has an initial condition identity and therefore, x(t) is ®(t, ty) with x(0) is

actually the solution of x(t) = A(t)x(t) right. So, this is where the matrix a differential



equation comes from and that is also the reason why I am actually doing this ugly looking

series very explicitly I just to show you the relation with the matrix differential equation.

Now, you can write this entirely for the LTI case x = Ax right and just do the substitutions
I will not I will possibly skip those and you can just verify of how this Peano-Baker
formula holds for the LTI case. [ will just as a exercise just verify the Peano-Baker formula
for the LTI case results would not be surprising, but yes it would be easy or it would be
helpful just if you write down the details for yourself just to your kind of get yet concepts
engrained into your mind ok. But, I do not want to do this kind of integrals all the time

right now are there easier ways to find this.

(Refer Slide Time: 15:39)

[l Alternative method
;1 Consider the system k = A(t)x, x € R",

- ’ , vi(H

1 » xi(to), -+ ,Xn(to) denote n linearly independent initial conditions.

1 » x(t), i="1,---,n denote the solution of the system x = A(t)x with initial condition
pra %(to). Also, let g0 Aoxd
4 X(E) = Palt), -+ . xo(8)] i A0 %

A e — ey i
p—sv

v
'T‘ » As a consequence, we have )il+| . AW "

X(O) = [a(0), -+ Ka(t)]
= [Ata(t), - At (0)]
=A(E)balt). -+ xa(t)]
= A(t)X(t).
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Well, it turns out that we can we can do something nice here right. So, again let us start
with the LTV the Linear Time Varying equation x is Ax with a being time varying and let
me start with n linearly independent initial conditions ok. There is a reason why I am

actually doing this ok. So, with each initial condition I will have a certain solution right.

So, let me denote those solutions starting from initial condition say x4 (ty) as x;(t). The
solution starting from x,t, as x,(t) right, let me have n different solutions and as a
consequence if I differentiate this, what I have is X is of course, differentiation of each of
this. Now, what does x; dot satisfy? x; with an initial condition x; at t; is also a solution
of this equation. So, I will have A(t) x,(t); similarly, for any i x,(t) is A(t) x;(t) and

therefore, I can write this as again some kind of a matrix differential equation right. So,



X(t) which is X, X is an have n x n matrix is A(t)X(t). So, I am just combining this solutions

right.
(Refer Slide Time: 17:19)
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[l Alternative method

Consider the system k = A(t)x, x € R,

» x(t) denote the solution of the system x = A(t)x with initial condition x,(to). Also, let

X(t) = [a(t), - xa(0)]

—
—eg
1
—4
1
-ﬁ » Xi(to), -+ ,%a(ta) denote n linearly independent initial conditions.

—
A

a—
v

p—
X

» As a consequence, we have
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Now, well key here is that this x; () till x,,(tp), the n initial conditions which I choose
must be linearly independent I will shortly tell you why that is important. So, because of

that we have now a matrix differential equation and ok.
(Refer Slide Time: 17:43)
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[l Fundamental Matrix

Consider the system x = A(t)x, x € R",

> X%(to), -+ ,Xa(to) denote n linearly independent initial conditions

» x(t) denote the solution of the system i = A(t)x with initial condition x(to). Also, let
()= Palt), - xa(0)] e

Al
» As a consequence, we have & [""‘" - onwl

» X(ts) is non-singular, then
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If X(ty) because I assume that these are n linearly independent conditions. So, this will
turn out that X at t; which is essentially this vector right if I just write down X(¢;) is just

this. In fact, this matrix collection of all these vectors x4 (o) till x, (to) ok.

(Refer Slide Time: 18:13)

Bl Fundamental Matrix
— Consider the system & = A(t)x, x € R".
1 » Xi(to), -+ % (ta) denote n linearly independent initial conditions.
1 » x(t) denote the solution of the system x = A(t)x with initial condition x,(to). Also, let
- X(0) = pt) -+ xo(0) Keald = Yutd
X &
v » As a consequence, we have
a—
= K(t) = ADX()

» X(to) is non-singular, then

X(t) is called Fundamental matrix and it is not unique

—
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If this matrix is non-singular, then well, what I call X(t) I call it as the fundamental matrix
ok. So, the reason I also said it is actually not unique because I can choose any different
set of n conditions and that will give me just say I choose say X, (to) till X5, (t;) which
is whatever initial condition in this states that will give me different set of capital X and
that will lead me to a different set of a fundamental matrix. So, I call this a fundamental

matrix, but this is not always or this is not unique it need not be unique ok.



(Refer Slide Time: 18:55)

Properties of fundamental matrix

~
— .

A » X(t) is non singular for all t
— =

f .
'—I* Exercise 1
e

¥ Prove this!
’_‘* Hint: In case X(t) is singular at t = t;, then there exist a non-zero vector v such that
———

v X(t)v=0.
——4 i

¥ Consider a vector

X(t) = X(t)v.
Further attime t =1, I
X(t) =Xty =0.
A 71 . . -
If x(t;) = 0, then x(t) = 0, ¥ t € R. This implies x(tg) = 0, which is a contradiction.
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So, the first thing let us see of why so, if I start with linearly independent initial conditions.
So, my claim is that X(t) is non-singular for all t right the fundamental matrix if I start with
linearly independent conditions then this matrix is non-singular which means it is it can it
is invertible, its determinant is non-zero and so on ok. Let us see how we will do this even

though this is say prove this I think I actually proved it here.

So, let us start with this matrix X(t) and let us do the proof by my contradiction. Let us
assume that it is actually singular at some time value t; ok which also means that there
will be a vector a non-zero vector such that X(t;)v =0 ok. Now, given this X at some other
time t # t;, [ can always construct a vector small x(t) as this capital X(t) v this v and this v

can be the same they are like non-zero ok.

Now, if I compute the value of this small x at t; what is small x at t; is capital X(t;)v =
0 ok. If x(t1) = 0, then x(¢t) = 0 for all time t in R right. What does it imply that x(t,) =0
which is a contradiction right. And therefore, we can prove that or we can show that X(t)
is non-singular for all t which essentially means that if x(ty) = 0, I start with 0 initial
conditions I just end up with the solution being also staying at 0 and that is not very

interesting to me.
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Example:

Exercise 2

Find the fundamental matrix of the system

1
e . oo
= [ Ox(l)

using the initial conditions (1,0), (1,2), and verify that it is a full-rank matrix
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So, this is example which we started with. So, let us see if we could find the fundamental
matrix of the system using two initial conditions so, (1,0) and (1,2) ok. Do not really
confuse it with you know that I am having a zero initial condition. Well, this is actually a
non-zero initial condition because both vectors are not 0 both the initial conditions are not

are not zero ok.

(Refer Slide Time: 21:23)

SR Example:

.
4

o~ Exercise 3

1
'—I< Find the fundamental matrix of the system
ey . {o o}

A k= x(t)
——— t o

A

v using the initial conditions (1,0), (1,2), and verify that it is a full-rank matrix.
4

X

Let (x,(0), x:(0)) be an initial condition. Then, compute

x(0)=x(0), %(t)=0.5%(0) +%(0)
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SR Example:
e
Rt

| Then,
1)
— (15(0)52(0)) = (1,0) = (at) () = (1,056),
—— (*:(0),%(0)) = (2,1) = (a(t)%(t) = (1,05t +2).
-

v Finally the fundamental matrix is given by
p—e

X

1 1
Xt) = .
0 {05{2 0.5t + 2}

Determinant of X(t) is 2. Hence, it's a full rank matrix.
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So, the first one we could we could compute. And, again all the steps are exactly the same
that we did earlier and therefore, I can say that the fundamental matrix is given by an
expression like this ok. This is straightforward a consequence of what we started off the
lecture with by defining an example, we can check that this is of a full rank because the

determinant is 2 for all times t ok.
(Refer Slide Time: 22:01)
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=l Definition

Definition (LTV state transition matrix)

. o tl
Let X(t) be any fundamental matrix of x = A(t)x. Then, 40

_xwx'M

- 1043, - 1o
(t, to) = Xt (to) } (5)
6. k0 r
is called the state transition matrix of = A(t)x Coa o'
TLopeld -

Exercise 2

Show that the state transition matrix is also the unique solution of
E¢>(1 to) = A(t)®(t, to)
UI W) = y 40
=

with the initial condition (to, to) = Iy
Hint: Use the fact that X = A(t)X(t). (Multiply both sides with X"(ta))
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Now, how do we construct a state transition matrix of LTV system starting from this

definition of the fundamental matrix. So, the claim here is that start with any fundamental



matrix of X = A(t)x, then the state transition matrix is simply X(t)X~1(t,) we also
eliminates the thing that I am not really looking at any zero initial condition that not does
not really exciting to me. Now, this @(¢, t,) is called the state transition matrix of A (t) x

ok.

As usual we will have to verify this claim right. So, can I show that well that the state
transition matrix is also a unique solution of this one ok. In the previous lecture we try to
verify how the state transition matrix is actually a solution to the matrix differential
equation and also to the to the vector differential equation again use one is by checking the
initial condition and second also that the solution must satisfy the actual differential

equation ok.

So, let us first say that is this solution to my differential equation. So, first just verify what
happens ®(t, t,), I have X at t, and X~ 1(t,). So, I have the identity ok. Second thing is
let me check what happens with @; & = X(t) X~1(t,); what is X(t)? X(t) was A
X(t)X ~1(t,) this is nothing, but A. So, X(t)X ~1(t,) is again O(t, t,) right. So, this actually

1s solution.

The uniqueness is guaranteed. Well, we assumed that we know that uniqueness is
guaranteed I will not verify those so called Lipschitz kind of conditions we will not
complicate out our lives. So, we just assume that god has given us all the equations for
which there is a unique solution right. So, let us make our life a simple for the time being,
we can dig deeper a little later in the course ok. So, this is nice here right. So, this actually

is the solution to the differential equation ok.



(Refer Slide Time: 24:55)

Sl Properties
;1 The properties of LTV state transition matrix
—eg
1 o(t,t)) = XX (ko)
p—se
'I_ are
Ly Gey=1 -
—{ (i) 07t t) = (MK () = Xt = Ot )
S R I (0 R N A (MY 44
X = I
Exercise 4
Prove d(t,to) = ®(t, t;)d(t, tp) —
Hint: use the fact
ot ) = X(OX (o). &~
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So, few properties which well we can I should take you from yesterday’s thing right. So,
show that this is easy to show we prove these two properties yesterday in the LTI case, but
the proof will kind of be the same or just follow the similar patterns right. So, the first one
is freewheel, the second one is also easy to show, the third one we just say that well these
are two equal functions. So, just check what happens to them at some initial conditions at
say to, to and then just satisfies I will just check if three satisfies the same differential

equation then the two functions are the same ok.

So, let us just at least satisfy just at least check the initial condition at ty,t, is
D(ty, t1) P(t1,t5) ok. So, if you use; so just the previous property this is the inverse, this
is phi inverse. So, I just have the identity and I can still I just look at the differentiation of
this and claim or easily verify that they satisfy the same differential equation. We have
done enough of those steps. So, I will leave that as an exercise for you ok. You can just

also use this specific form of solution just to make the proof a little easier ok.
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Example:

Exercise 5

1 Find the state transition matrix of -~
00
t 0}{(11

and verify all the three properties listed above.

Recall that the fundamental matrix of the above example is given by:
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As in as an illustration let us recollect the example that we started with that x was
[0 0
0

by this a matrix. So, we earlier computed the fundamental matrix to be of this form a

]x(t) and we wish to find the state transition matrix of the time varying system given

couple of slides ago.
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Example:

~
———

~ .

z Exercise 6

1 Find the state transition matrix of

A . 1000

X= X(l]
———4 t 0
p—sv | "
and verify all the three properties listed above.

a—

X

Recall that the fundamental matrix of the above example is given by:

0= |ose s ] > Ot =M {0‘5(;':7[‘) w

0.5t° 0.5t° +2

Staky Grams b
madex
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So, to compute the state transition matrix would just be application of this formula right
D(t,to) is X(t)X ~1(t,) and if I just used the definitions it just turns out to be that this matrix

over here is my is my state transition matrix for the given system ok. So, that is a



straightforward procedure to compute the state transition matrix of a of a linear time

varying system ok.
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I

Forced LTV systems

We claim that the solution of
K= At +B(u(t) (6)

with initial condition x(ty) = %o is

() = Ot oo + /‘[ib(t. 1)B(r)ulr)dr

- Ot + /‘[dl([. 10)0t, 7)B(r)u(r)dr

ot
= d(t, ) {X(, - j O(to, T)B(T)U(T)d'f’}
p— ¢
— N
where (t,tp) denote the the state transition matrix of LTV system % = A(t)x.
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So, the obvious way to look at is again it is it is a simple extension and much of the steps
here will be similar to the previous lecture right when we were looking at forced LTI

systems ok.

So, much of most of the things remain the same right. So, we claim that the solution to this
forced LTV equation where now B is also varying with time is just given by this expression
you can just do the steps and arrive at this right and again ®(t,ty) denotes the state

transition matrix of the system x = A(t) x ok.
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I

Forced LTV systems

I~
|  Weclaimthat the solution of
1
| io=A(t)x + Bt)u(t) )
g with initial condition x(to) = xa is l}
A
am— ot
s X(t) = O(t, oo + / oL TBNUr v
v g P
p—
X where ®(t, to) denote the the state transition matrix of LTV system x = A(t)x.
Exercise 1
Prove it!!

Hint: Differentiate both sides with respect to time.

Linear Systems Theory Module 4 Lecture 3 Ramkrishna P. 23/29

So, again the way we verified yesterday making use of the Leibniz rule, we can still verify
using exactly the same procedure. Just that in that case this @ was e4(~® now I have a
little more general @, but nothing really changes in those steps right. So, you just verify
just by differentiating both sides and you can say that even actually you realize these two
that x of t actually satisfies this differential equation. Again, the steps are skipped for
obvious reasons and I would really want you to work out few of these things by yourself

to get this concepts and grain into your mind.
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Qutput response LTV systems

I

The forced output response of

=)

= A+ B{t)u(t) (

1
p——4
i
.
= y = C(t(t) + D(t)u(t) (
—sq
L
X

=

with initial condition x(ty) = X is

y(t) = C(E)o(t, to)xo + C(t) /ch(r‘r)e(.-)u(r)dr +D(t)u(t)

where ®(t, to) denote the the state transition matrix of LTV system x = A(t)x.
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So, once I know x of so, when I once I know solution I can always compute what is the
output that is again a very straightforward extension of things that we that we have been

talking so far.
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Discrete time LTV systems

8
y—d
a—
|
1
o] Consider the discrete time state equations;
A
———
f X[r+1) = ARIX[R] + Blk]ulf],
p—-sv
v yIk] = ClRIx]k] + D[R]u[k]-
a—
X : :
The aim is to find the solution x([k] of the above equations for a given initial condition
x[ko] and input u[k], for k > ky.
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Now, so, the last topic of today would be how can how do I handle systems which are
discrete time and also varying discrete time LTV systems. So, the model would be the
same as just as that A would now be depending on k. So, the aim is to find solution x(k)

given certain initial condition and some input. So, the steps are again similar.
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State transition matrix

L "
»%4 State transition matrix of LTV continuous time systems is the solution of
1 D o(t,t) =ALO(L ), Oltoto) =
Fradl 0) =A(t)o(t, o), 0,%0)=In
A
»Ti In a similar way, for Discrete time case, the state transition matrix as the solution of
— g (ki) - AW W
— kel =ARHE Bl = s A X0
X . . ]
And it's solution is () = A0
3 [ Al ¥
- L a0l
Ok ko] =AlR—TAR-2]---Alk)] . AWAGQ XU
Ny Ronor

where ®[q, ko] = I, and h‘> Ro.
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So, we define an equivalent notion of a state transition matrix for the discrete time case.
So, the steps all remain the same right. So, I have discrete so the state transition matrix is
a solution of this matrix a differential equation and with solution being of all this form. I
guess it will be little easier for me to compute the closed form expression in the discrete
time as was also little easier in the continuous time what where we had was it was all

higher powers of k.

You can also check realize that condition here right. So, if all these A’s are constant, you
just have A ok. So, I did not really write down things to explicitly you know. So, or maybe
just for see if [ have x(k+1) = A(k)x(k) ok. So, what happens when k = 1? X(1) = A(0)x(0),
similarly x(2) = A(1)x(1) this is A at 1. What is X of 1? Is A(0)x(0). So, this will be
A(1)A(0)x(0) or here I just call it as k;, kg, and so on right. So, that is you know little

easier to verify than in the in the continuous time case ok.
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Sl Properties
-
—e
1
p——4
'I_ Some import properties of state transition matrix ®[k, ko]
4 () ofkk] =),
— (i) In Discrete time case, A[k] can be singular. As a result ®[k, ko), is only defined for
,;4 k > ky. And moreover propagate the state-vector only in positive-time direction.
i (iii Consequently, d~"[k, ky], may some time be undefined, and

(iii) ©[k, ko] = O[k, ka]®[k1, ko] always hold when k > ky > k.
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So, the properties again we will translate very nicely from the continuous time case to the
discrete time case of the of what is the identity and so on. The only thing we could
encounter and we will talk about this explicitly while we are talking of controllability of
our discrete time systems is that this matrix A; A times A of k can sometimes be singular

and therefore, the @~ may not be necessarily defined all the time ok.



We will postpone this discussion when we actually encounter a situation like this whereas
all the other cases actually remain the same. All the other properties of the state transition

matrix remain actually the same ok.
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LTV discrete time system solutions

e
| The solutions for discrete time LTV
’T‘ Xk +1] = AlR]x[R] + Blk]u[f],
T ylk] = Clk}e(] + DlkJu k).
i
i
are given by
v 7t
k
X (k] = Off. kolxo + Y O[k,m -+ T)B[m]u[m]
= m=Ry .
ylk] = CR®[R, kolxo + C[k] Z [k, m + 1]B[m]u[m] + D[k]ulk]
m=he
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So, similarly if I have input so, I just augment to my solution with the with the input terms
right. So, and similarly I can compute the output. So, just straightforward exercise here

once you have understood the continuous time case.
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[E) Overview
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1 Summary: Mod 4 Lecture 3 Contents: Mod 5 Lecture 1
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A » Continuous LTV systems » Equilibrium points
———

A » Properties of the state transition » Linearization
——

” matrix

X » forced response of continuous LTV

systems
-
» Discrete LTV systems
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So, to conclude so, we started this lecture by looking at solutions to LTV systems and we
actually made a nice justification to why we use the matrix differential equation as a basic
building block to compute what is called the state transition matrix and we also looked at

towards the n discrete time LTV systems.

So, this concludes week 4, starting week 5 we will look at different kinds of equilibrium
points of systems both from the linear and the non-linear case and then motivate our case
towards linearization of non-linear systems and what are the properties that are retained
and what are the properties that may not necessarily be retained while we do the
linearization procedure is there only one way of doing linearization or there are multiple

ways. So, all this will be covered in the next weeks lecture.

Thank you.



