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Review of electromagnetic principles, we will continue with that chapter. Previously we have
seen details of Maxwell’s equation module 1A and 1B. In this module that is module number

2, we will look into uniform plane waves in different media.
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Module 2

2.2, Uniform plane waves (TEM waves) in different media

Definitions

Wave equation

Lossless Media (pure dielectric)
Lossy Media (finite conductivity)
Skin depth



First we will define what is meant by uniform plane waves and what is meant by transverse
electromagnetic waves or TEM waves. We will derive the wave equation, then after that we
will look into wave propagation in pure dielectric that is lossless media, then in a lossy media
which has got a finite conductivity, we will also introduce the concept of skin depth which

will be used several times in the remaining chapters.
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1 Definitions

Plane wave - The electric and magnetic field intensity vectors
(Eand H) lie on the same plane (e.g; x-y plane in the picture)
and as the wave propagate (in the Z direction in picture) such
planes are always parallel.

Uniform plane wave - £ and J are independent of position
along the plane (e.g; for a given value of z, £ and A do not
vary in magnetitude or direction)

[Transverse ElectroMagnetic (TEM) waves - Figure 2.2
Electromagnetic waves in which both £ and H are transverse

(perpendicular) to the direction of propagation. Uniform plane For simplicity, £ and § are

wave is an example of TEM wave. Another example is wave aligned to £ and , respectively.
structure in ideal transmission lines that you will see in next §'is the Poynting vector or
section. direction of energy flow

What is meant by plane waves? For this look at the sketch over here in Cartesian coordinates.
Imagine that you have a wave that is travelling in the positive z-axis direction for
convenience. Then a plane perpendicular to this direction lies in the XY plane. Imagine a
sheet lying along XY plane and if all your electric field vectors and magnetic field vectors are
lying in this plane then we call it as a plane wave. So in a plane wave, electric and magnetic
field vectors are in a plane perpendicular to the direction of propagation so in this case in the

XY plane.

Now what is meant by a uniform plane wave? Imagine that the E vector and the H vector has
the same value independent of the position in its XY plane that is everywhere along the XY
plane, then we call it as uniform plane wave so it is uniform all along this plane. Now what is
meant by transverse electromagnetic waves? So uniform plane wave is a special case of
waves called transverse electromagnetic waves. It only means that E vector and H vector lies
in a plane that is perpendicular to the direction of propagation. Now another example of
transverse electromagnetic waves is a transmission line that is two parallel wires or one wire

above ground plane, we will consider transmission lines in later modules.



Now just from this figure we can derive some properties for this electric and magnetic field
vectors say for example, E and H vector do not have any component in the direction of
propagation and they are denoted with respect to X and Y because it is uniform. Now we

write these properties in terms of equation in the next slide.
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| Wave equation - Derivation

With reference to Fig 2.2, equation describing wave propagation is derived. Important steps are given below.
E and A are independent of position for a given z. Therefore,
2, 0k o, o, E-E@n

BN Ay Ox ' Ay H=H,(

From differential form of Faraday's law. From differential form of Ampere's Law
For harmonic variation VxH =aE+s i
F(zt) = F(z)e/ ér

Where phasor FH (2,0), . . JE(z1).
F(Z)=F0£'N=FD/9 S x=-0E (2, -6——=

From the above figure we can say that rate of change of E with respect to X is 0, being
uniform field, and E is aligned to the X direction by choice without any loss of generality and
H is aligned to Y direction without any loss of generality, so the other components are all 0.
Now, let us take the curl of the vector E and applying the Faraday’s law that we have seen
before. We take the differential form or the point form of the Faraday’s law. If you now
perform your vector algebra, the curl of E is defined by this matrix, here there are the unit

vectors with differential symbols corresponding to X, Y and Z and these are the components

of E vector.
JE, JE, gH J&H, 0 E=E (-.0)x
dx v dx v H=H/(=t)y

So since by our choice of coordinate system and without any loss of generality, E is aligned
with X direction, Ey and E7 are 0. Similarly, rate of change of E vector with respect to X and
with respect to Y are also 0, so this curl can be simplified by this equation over here that is
curl of E equals rate of change of magnetic flux density with respect to time is simplified like

this. When S vector is moving forward in the z-direction, vector E can change.



aH:GEX(z,t)A 0H,(z,t) .

VX E=—po oz 0 M ae

Now let us consider the time harmonic variation, so this is the function of space and time so
if the time variation is in the harmonic manner, in the sinusoidal manner, which in frequency
domain is represented by E to the power J] Omega t, where Omega is the angular frequency
and F with tilde on top this is the phaser and that phaser can be written as magnitude of the
phasor and this is angle with respect to your reference so we can write it like this also Fy
angle Theta. Now if you substitute this into this equation and similarly same equation can be
written for magnetic field also in phaser form then E to the power J Omega t in both sides
will cancel each other and what is remaining is this equation, rate of change of E with respect
to Z equal to - J Omega, J] Omega is coming from the differentiation of this, ] Omega Mu H

so this is one of the equations.

For harmonic variation
Flz,t|=F(z)e™

Where phasor F (z)=

dE,(z
dz

= jonTT, (2)

Now similarly, from the differential form of ampere’s law states that curl of magnetic field
intensity vector is equal to the sum of conduction current and displacement current. So this
can be simplified taking the curl here, instead of E it will be H in this form and in phaser
notation we can simplify it in this way, where d by dt of E vector will yield ] Omega here.
Now, from this equation and this equation combined that is differentiating with respect to Z
and substituting in each other we get the wave equation total like this, so 2™ derivative of E

with aspect to Z equal J] Omega Mu Sigma + J Omega Epsilon multiplied by E.

_ — E OH t
V x H:GE+£a—E=>M§<:—GEX(z,t)f<—

gﬁEx(z,t)&
ot 0z

ot



So this value ] Omega Mu times Sigma + J Omega Epsilon, so this is the function of material
property in terms of conductivity and electric permittivity and the frequency Omega, so this
factor is called as propagation constant square so Gamma square, so similarly with the H field

also we can write a wave equation.

d'E,(2) _ e
dzg ):JwH(G+Jco£)EX(z):y2EX(z);Also,T:y H,
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1 Wave equation - Propagation Constant

*E () =

T2 = Jou(o +jee)E () = P'E(2)
Propagation constanty = /jou(o + jwe) = a + j§

a.and [ are real and positive, « is called attenuation constant, and f is called phase constant,
Both « and f have units of m™', however a is expressed as neper/m and f in radians/m

A general solution for wave equation in terms of travelling waves in forward direction,
Ey(z,t) = Eppe "¢/t = Eyqee/@!-F2); Also H, (z,t) = HygeFe /!

The physical field (measurable with instrument) is the real part of above equation
Ey(2,t) 00 = Exoe~" cos(wt — Bz). The amplitude of the wave in the material decreases exponentially.

/
The phase velocity of the wave is obtained from the condition ;T(r-x -f)=0

f

¢

which implies d_;-: v= %
d'E,(2) _ e e
L) joplojoe B o= Bl

Propagation constant y=Vjou(o+jwe)=a+jg ~ Mu (Sigma + J Omega
Epsilon) that is, it is the property of frequency and the property of the material through which

it is propagating. Now this can be separated into real and imaginary parts, and let us say
Alpha is real part and Beta is imaginary part. Now the real part is called that attenuation
constant and this imaginary part Beta is called the phase constant. Now both Alpha and Beta
has unit per meter however, just to distinguish between imaginary and real part we call Alpha

that is attenuation part as neper per meter and Beta as radians per meter. Now a general
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solution for wave equation in terms of travelling waves in forward direction is given by E as
a function of Z and t equals some magnitude value E to the power - Gamma Z times E to the

power J Omega t.

A general solution for wave equation in terms of travelling waves in
forward direction,

E lz,t|=E e/ =E e "% ; Also H,\z,t|=H e "

So Gamma can be expressed in terms of Alpha and Beta so if you expand it, this part is the
attenuation part E raised to - Alpha Z then you have a phase part also similarly, H can also be
written in this manner. Now since it has got the real part and the imaginary part, if you try to

measure the field with an instrument, what we measure is the real part of the field that is the

physical real part of the field and that part is given by E,(z,t),q=E.e “cos(wt—pz)

So that is the real part of the field. You can see that amplitude is varying, not only that there is
a periodicity in the amplitude, not only that wave is going through the medium, it is also

decreasing exponentially by this factor.

Now, the wave has a velocity into the medium and that velocity we can derive by tracking the
points where (wt—fz) becomes constant, or you can say that okay you pick up a fix point
along the time varying and attenuating wave, so that condition is rate of change of
(wt—pPz) with respect to time is equal to 0 and from this we get dz/dt if you differentiate
both terms with respect to time, so that is the phase velocity or v. From this we get it as
/B , beta is the phase constant. So this may not be speed of light because it depends upon
the property of the medium, and in vacuum or air of course will be the speed of light.
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Intrinsic impedance of the medium

We have seen previously E,(z,t) = Eqe™"7e/"

It can be shown that H,,(z,t) = Hype e/ = ;ﬂe‘"e’”‘

; : E
Where Z,, is the intrinsicimpedance of the medium given by | _ JO _ [ JOH Zo= =
n N
7 \o+joe

Now we can define another property of the medium, intrinsic impedance of the medium. We
have seen previously the expressions for E and H, and in general we know that impedance is
expressed as E./Hy, but even without using this you can manipulate wave equation and find
that H is given by E./Z, and Z. equal to Jop , so that is equal to \/& . So
)4 o+ jwe
impedance of the medium is given by the frequency as well as in properties of the medium,
there are 3 basic properties for a medium; one is the conductivity Sigma, the electric
permittivity Epsilon and the magnetic permeability Mu, so from this we get the impedance of

the medium.

E lz,t/=E e e

e—yz ejwt: ExO e—yzejwt

Hz,t)=H, ~

7 :jwﬂ:\/ joop
"oy O+ jowe
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Loss less Media (good dielectric); 0= 0

We have seen before that propagation constant is given by y = |/ jwp(o + jwe) = a + jf

Solving for a and g, we get

12
12| 1| Aftenuation constant

& \LoE.

ﬂ=mJg 1+ii.‘ +1
2 V €

For lossless media, conductivity @ = 0, therefore; ,, _ )

g |
a=oftE
-

12

Propagation constant

These equations are

B=oyue = ﬂ’ good approximations for
4 any dielectrics when
) u olog<<1, that is, when
In= = i d
€ conduction current is
o | dominant over

Vy2—=—= [/ &
B Jﬂ_ displacement current.

Now let us go to the lossless media that is a good dielectric, where conductivity is equal to 0.
Previously we have seen propagation constant y which can be expressed as o + jB. From this
equation we can solve for a and g, you know you can remove this square root by squaring
both sides and then equating all the real terms to the left and right, and equating all the
imaginary terms to the left and right, you will get for a this particular expression, that is the
attenuation constant and for B you will get this expression that is propagation constant. You
can try it at home and see that this is correct. Now a and f differs in this term over here, here

it is - and there it is +.

Now let us consider the lossless media where conductivity sigma is equal to 0 so we
substitute this value into this, immediately we see that this is (alpha) equal to 0 but this (beta)
will not be equal to 0 so this will be square root of 1 + 1, so basically 1 and here there is a
square root. So this square root of 2 and this cancels and you get Beta equal to Omega square
root of Mu Epsilon which is nothing but 27/A . Now intrinsic impedance becomes square
root of Mu by Epsilon that you can see by substituting Sigma = 0 in this special form intrinsic

impedance of the medium that we have seen before. Now phase velocity V = Omega by Beta



that is equal to substituting for Beta, one by square root of Mu Epsilon which is nothing but

frequency times lambda. When 6=0,

a=10

ﬁ:w LIE =£
1

2. = =

" £

v=E=L=_f/1

These equations are strictly true for sigma equal to 0 but we can use these equations with

very good approximation for any dielectric when we have 6/®We<<1. So when G/®E is far

less than 1, you get something like 0.002 and still these expressions can be valid. So we can

say that when conduction current is represented by conductivity G and M€ is displacement

current. So when conduction current is dominant over the displacement current or

6/we<<1, these equations are true we can say like that.
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Lossy media 0 #0

For good conductors (metals), that is, when (a/we>>1); (Usually this limit is taken as
alwe<1/100)

g~ o0
a=f -

Zy® SO _ (2K fay0 Z,, is also called the surface impedance
o a
20
VR [
1o

Now consider lossy media where Sigma is not equal to 0, now there is a special case of lossy
media and the good conductors like metals like copper, iron or aluminium, where the

conduction current is far dominant over the displacement current, displacement current is
negligible in those and conduction current is very high so 6/We>>1. Usually this limit is

taken as We/0<<1/100.

(Refer Slide Time: 21:07)
So in that case if you go to the previous slide (expressions for a A ¢ this under brackets is

far greater than 1, so 1 can be neglected, so you can simplify as G/®€. So in that case you

will see that both are Alpha, Beta are equal because whatever is in this bracket is simplified

as square root of G/E.

10



(Refer Slide Time: 21:55)

Lossy media 0 #0

For good conductors (metals), that is, when (a/we>>1); (Usually this limit is taken as
alwe<l/100)

[y
E=irym

Zy® Elc Y T Z,, is also called the surface impedance
o a
20
VR [
1o

So you see that Alpha equal to Beta and which is supposed to be equal to square root of
Omega Mu Sigma by 2. And intrinsic impedance of the medium is given by square root of J
Omega Mu by Sigma or Omega Mu by Sigma square root of J, in terms of phaser notation we
can take it as angle 45 degree so J represents angle 90 degree, this is called surface
impedance in the case of very good conductors or metals because the field is not very much
penetrating into the metal, so this is also called surface impedance or intrinsic impedance of
the medium. And phase velocity V is equal to square root of 2 Omega by Mu Sigma. You can
see that phase velocity is depending upon the frequency, it changes with frequency and it
depends upon the magnetic permeability as well as conductivity of the medium, now we can

look into the consequences of this, before that we define skin depth.

_ i
a= = 5

J o Ll 0
= = Z45
Zn J o Ja'

2w

VP —

Lo
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Skin depth

The skin depth & is the distance over which the amplitude, E;e2, of the
wave decreases by 1/e (about 37%). That is & = 1/a..

1 4 |
For good conductors, skin depth ~037T) ~0.371
o F [ ; b
ouc | o

Inside metal, Speed of wave v = 2rf§
Wave length, A = 216
Intrinsic impedance or surface impedance or characteristic impedance of metal

So what is skin depth? You know that waves are penetrating into the metals but it will be

attenuating very fast, so skin depth 9 is defined as a distance on which the amplitude

E Oe-az of the wave is decreasing by 1/e where e is the base of the natural logarithm. So

1 by e is about 0.37 so this is an exponentially changing right, suppose E 0 we take it as 1
here, now this is exponentially decreasing so this is the surface of the metal let us say and this
is the depth of the metal. So as we go into the metal, when this wave amplitude becomes 0.37
or 1 over e, we call this depth as 1 skin depth. So you will see that skin depth is equal to
square root of 2 by Omega Mu Sigma, you can verify it yourself and that is equal to ® is 2nf

so square root of 1 by Pi F Mu Si.

2 1
5 = =
Wl quoc

So this is a function of frequency, as the frequency is increasing you see that skin depth is
decreasing and it also depends upon Mu and Sigma. And similarly we can verify that inside
the metal speed of the wave V equal to 2 Pi F Sigma. At home you can substitute in your
equation and verify all these expressions, so wavelength A is nothing but 2z that is skin

depth. So intrinsic impedance or surface impedance or characteristic impedance, you can call

by any of these 3 names. So intrinsic impedance of metal is equals \/ 27
o
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Wave propagation in metals-Calculations
6=0,0, G, = 5.8x107 $/m (of copper)
H= Rl y=4mx107 H/m
Free space value of v = speed of light =3.10%m/s, & at | MHz =300 m, at | GHz=0.3m.
Freespace impedance Z,,, = 377 (1

Copper (5,=1, u,=1) Iron (5,=0.1, p,=500)

f 50 Hz 1kHz 1 MHz 1GHz 50 Hz 1 kHz 1 MHz 1 GHz
8, m 935¢-3  2.09-3  6.6le5  2.09%-6 132¢3 2964 9.35¢-6 2.96¢-7
vyms 2936 13.13 4152 1.31ed 0415 1.857 58.72 1.86e3
A,m 0.059 0.013 4.15¢-4 1.31e-5 8.31e-3 1.86¢-3 5.87e-5 1.86¢-0

7,9  26le-b L17e5 3694 0012 1.85¢4 8254 0.026 0.825

So let us do some calculation, so I have done all this calculation and represented it in the
form of a table here and want to points out some of the properties. Let us first define
conductivity, permeability, now conductivity of copper is very high perhaps one of the
highest in the common kind of metals that are in use in electrical engineering, this is 5.8 into
10 to the power 7 Siemens per meter. So usually the materials that we use in electrical
engineering are copper, aluminium, iron or some combinations of that so among them this
has got the highest conductivity so we take it as a reference for easiness. So conductivity can
be represented as reference conductivity, times conductivity of copper. And permeability we
know of a media is reference permeability or relative permeability multiplied by the

permeability of vacuum or air, and permeability of air is defined as 47 10”7 H/m

Free space value of V or speed of light is 3 into 10 to the power 8 meter per second, so we
can easily see that the wavelength at 1 megahertz is nothing but 300 meter that is 3 into 10 to
the power 8 meters per second divided by frequency 10 to the power of 6, so you get 300
meters so wavelength at 1 gigahertz in free space or air is 0.3 meter. Similarly we can say that
free space impedance is equal to 377 ohms. Now you remember these reference values, so in
free space you know wavelength is of the order of meters we can say or fraction of a meter

and impedance is of the order of 100 of Ohms, 377 Ohms.

Now let us consider this in medium copper and iron; so for copper relative conductivity is 1
and it is a non-magnetic material so ur = 1. In iron in this particular iron let say the

conductivity is already 10 percent of copper so 0.1, so the 0.5 10 to the power 7 Siemens per
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meter iron is magnetic so relative permeability let us say it is 500. So here we have this skin
depth velocity in the medium, wavelength in the medium and the impedance in the medium,
and here we have frequency 50, 1, 1 megahertz, 1 gigahertz, same thing for iron. Now the
skin depth you can see this is 10 to the power — 3 meter, so this is basically in terms of
millimetre, at SOHz the wave will penetrate into iron and within 9.35 millimetre it is reduced
in value by e that is 0.37 of the original value so that is my skin depth and it is travelling at a

velocity of 2.936 meters per second, so you see how different the velocity wave is in metal.

Here in free space it is 3 into 10 to the power 8 meters per second that is 300 million meters
per second and here it just 2.936 meters per second extremely slow. And what about lambda?
Lambda is 0.059 meters only, in free space what will be lambda? At 50 hertz it will be several
thousands of kilometres, so several thousands of kilometres versus fraction of a meter that is
5.9 centimetres wavelength in metal that is in copper and the intrinsic impedance of the
medium here is 2.61 milli Ohms, in free space it is 377 Ohms. So you see that properties of
waves in metals are very different from that in air or free space so this is very important in

EMC studies, this distinction.

(Refer Slide Time: 32:58)

Skin depth

The skin depth § is the distance over which the amplitude, E;e2, of the
wave decreases by 1/e (about 37%). Thatis 6 = 1/o..

I i I
For good conductors, skin depth ~037T) «0_371
d= i = \/I 5 3
ouc | afuc

Inside metal, Speed of wave v = 2rf§
Wave length, 1 = 216
Intrinsic impedance or surface impedance or characteristic impedance of metal

Now as the frequency is increasing, we have seen over here what happened to skin depth,
skin depth should be decreasing, impedance is increasing then the velocity is increasing and

the wavelength is decreasing, so let us see here kilohertz.
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TEJTRIN g0:4m(10'1’ H/m
Free space value of v = speed of light =3.10%m/s, . at 1 MHz =300 m, at 1 GHz=0.3 m.

Freespace impedance Z,, = 377 ()
Copper (5,=1, p,=1)

f 50 Hz 1kHz 1 MHz 1GHz
8.' m 935¢3 2093 6.6lesS 2096
v:’m.'s 2936 13.13 4152 1.31ed
A,m 0.059 0.013 4.15¢4 1.31e5

WQ 26le6 LITeS 3694 0012

Iron (3,=0.1, p,=500)

50 Hz

1.32¢-3

0415

8.31e-3

1.85¢-4

Wave propagation in metals-Calculations
6=0,0, G, = 5.8x107$/m (of copper)

1 kHz

2.96¢-4

1.857

1.86¢-3

8.250-4

1 MHz

9.35¢-6

58.72

5.87e-5

0.026

1 GHz

2.96¢-7

1.86e3

1.86¢-6

0.825

This is decreasing from 50 hertz, velocity is increasing, lambda has decreased further, the

impedance has also decreased further, so similarly you can calculate 1 megahertz and 1

gigahertz. Now for iron with 10 percent conductivity of copper, but 500 times more

permeability we have calculated the values here, so you can take 1 kilo hertz, you can see that

skin depth is even smaller in here which is more difficult to penetrate mainly because of this

permeability, we can see how it is happening.

(Refer Slide Time: 34:24)

Skin depth

The skin depth & is the distance over which the amplitude, Eye2, of the
wave decreases by 1/e (about 37%). That is & = 1/a..

r 1
i ~0.37

For good conductors, skin depth

2 1
d= = =
ouc | o

Inside metal, Speed of wave v = 2rf§
Wave length, A = 216
Intrinsic impedance or surface impedance or characteristic impedance of metal

1
~0.37

)

)

3

Skin depth, it is the property of product of Mu and Sigma, so 0.1 and 500 so it becomes 50

here whereas for copper it is 1 so that is why you see the difference.
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Wave propagation in metals-Calculations
G=0,0, G, =5.8x107 S/m (of copper)
H= ey u,=4mx107 Him
Free space value of v = speed of light =3.10%m/s, L at | MHz =300 m, at | GHz=0.3m.
Freespace impedance Z,,, = 377 Q1
Copper (5,21, u,=1) Iron (0,=0.1, p,=500)

f 50 Hz 1kHz 1 MHz 1GHz 50 Hz 1 kHz 1 MHz 1 GHz
8, m 9.35¢-3  2.09-3  6.6le-5  2.09-6  132e-3  296e4  935e-6  2.96e-7
v,ms 2936 13.13 4152 1.31e4 0415 1.857 58.72 1.86¢3
AL,m 0.059 0.013 4154 13le5  83led 1.86¢-3  5.87e5 1.86e-6

Q  26le6 1175 3694 0012 1.85¢4 8254 0,026 0.825

So for iron it is more difficult to penetrate because of the relative permeability, so you get
lambda but impedance of the medium is more compared to that in copper so you can do this

calculation yourself and verify at home as homework.
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Wave propagation in metals - some inferences

Characteristic impedances of metals, Z , are extremely small
compared to free-space impedance, Z, (377 Q).

Speed, v, and wavelength, A, inside metals are extremely small
compared to that in free space.

Now some of the inferences that we can take of the table that we have seen, first of all the
characteristic impedance of metals are extremely small compared to free space impedance,
this is one point that we can take away from this chapter. Second, speed V and wavelength
the lambda inside metals are extremely small compared to that in free space, so this is other

inference that we can take away and it has got consequences when we talk about how metals
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can be used to shield electromagnetic waves. Shielding property of metals that you see in

hapter 5 derives from this property.
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