LDPC and Polar Codes in 5G Standard
Professor Andrew Thangaraj
Department of Electrical Engineering
Indian Institute of Technology Madras
(7, 4) Hamming Code

(Refer Slide Time 00:16)

#Example: (7,4) Hamming Code

n

m c i s r=s+n £

"+ Encoder | Bitto-symbol Decoder | —+
4 bits 7bits|  mapper | 7gym.\

R=4/7

Message | Codeword Message | Codeword

0000 | 0000000 0100 | 0100111 Remarks

0001 | 0001011 1000 | 1001110

+16 codewords

0010 | 0010110 0011 | 0011101

0101 | 0101100 011 | 0111010 * Cyclic

1011 | 1011000 1110 | 1110100 :

0110 | 0110001 1101 | 1101001 o MESSBQE appears in

1100 | 1100010 1010 | 1010011 the codeword

1000 | 1000100 |

Ok so this is the 7 comma 4 Hamming code. So where do the 7 and 4 come from? So this is

your message vector, Ok. This is your message vector and this has k equals 4 bits
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iExampIe: (7,4) Hamming Code
«"5"{ y

"_’—~ Encoder L. Bit-to-symbol | ikl Decoder i.
k4 bits | 7bits|  mapper | 7sym.\_
R=4/7
Codeword Message | Codeword
0000000 0100 | 0100111 Remarks
0001011 1001 | 1001110
+16 codewords
0010110 0011 | oottion
0101100 011 | 0111010 * Cyclic
1011000 110 | 1110100 :
0110001 101 | 1101001 e MESS&QE appears in
1100010 1010 | 1010011 the codeword
1000101 | 1

of message. So previously in the repetition code, k was 1. In this case k is going to be 4.

We are going to take 4 bits at a time and then do the encoding, Ok. And your codeword,

which I will call ¢
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Example: (7,4) Hamming Code

L'-"‘L
,,&""‘t v
P Encoder || Bittosymbol Decoder _e.
k4 bits 7bits | mapper
R=4/7
Message | Codeword Message | Codeword
0000 | 0000000 0100 | 0100111 Remarks
o001 | 0001011 1001 | 1001110 «16 codewords
0010 0010110 0011 0011101
0101 | 0101100 o1 | 0111010 * Cyclic
1011 1011000 110 1110100 4
010 | 0110001 1ot | 1101001 * Message appears in
100 | 1100010 1010 | 1010011 the codeword
1000 | 1000101 un |
has n equal 7 bits, Ok.
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Example: (7,4) Hamming Code
l:."‘L
(&5"’{ i
”,’—- Encoder L. Bit-to-symbol Decoder —e.
k4 bits 17 bits | mapper
R=4/7
Message | Codeword Message | Codeword
0000 | 0000000 0100 | 0100111 Remarks
0001 | 0001011 1001 | 1001110
+16 codewords
o010 | ootot1o oout | oottor
0101 | 0101100 o1t | 0111010 « Cyclic
101 | 1011000 110 | 1110100 :
0110 | 0110001 101 | 1101001 * Message appears in
100 | 1100010 1010 | 1010011 the codeword
1000 | 1000001 un | mn

So 4 bits of message gets converted into 7 bits of codeword and your rate is 4 by 7 bits per

symbol,
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Example: (7,4) Hamming Code

P
.ﬁz‘ o 7
&
m ¢ i s é
“ . Encoder | -, Bit-to-symbol Decoder |+
k4 bits w7 bits|  mapper |7
_R:ﬂ]‘d-‘ﬁ/,y\-l g
Message | Codeword Message | Codeword
0000 | 0000000 0100 | 0100111 Remarks
0001 | 0001011 1001 | 1001110
+16 codewords
0010 | 0010110 0011 | 0011101
0101 | 0101100 011 | 0111010 * Cyclic
1011 | 1011000 1110 | 1110100 :
0110 | 0110001 1101 | 1101001 b MESS&QE appears in
1100 | 1100010 1010 | 1010011 the codeword
1000 | 1000100 |

Ok.

So once you convert it into a codeword, everything else remains the same. So each bit gets
converted into a symbol vector. And the same B P S K mapper is used, 0 goes to plus 1, 1

goes to minus 1 etc and
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Example: (7,4) Hamming Code

P

g W
0”‘&' e 570.‘"
m c ; s r=s+n é
¥ A Encoder KT a't;"a';;:l‘_b"l —/ Decoder |—»
2 17 bits s 7sym.\_
i X oA\ .
RATvyd 027
Message | Codeword Message | Codeword
0000 | 0000000 0100 | 0100111 Remarks
0001 | oooto1t 1001 | 1001110
+16 codewords
0010 | 0010110 0011 | 0011101
o101 | 0101100 out | 0111010 « Cyclic
01| 101000 110 | 1110100 :
0110 | 0110001 1101 | 1101001 b Message appears In
1100 1100010 1010 1010011 the COdeword
1000 1000101 111 1111111

then noise gets added which is Gaussian mean zero, variance sigma square.
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Example: (7,4) Hamming Code

5—‘{ !«‘L"J"L ‘i'fv\}‘ ”ﬂﬂ\."‘)
(\o e
k,,4'|:i’_ts. Encoder “ﬁ; Bit'r:’a';;zb"' %ym{ g’ﬂ Decoder i.
svsv-\ £
_.R_:_i’U Wyl ‘::; o
Message | Codeword Message | Codeword
0000 | 0000000 0100 | 0100111 Remarks
0001 | 0001011 1001 | 1001110
0010 | 0010110 0011 | 0011101 *16 codewords
0101 | 0101100 011 | 0111010 * Cyclic
1011 | 1011000 1110 | 1110100 ;
0110 | 0110001 1101 | 1101001 b MESS&QE appears in
1100 | 1100010 1010 | 1010011 the codeword
1000 | 1000100 |

You have 7 received values, r 1, r 2 till r 7.
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Example: (7,4) Hamming Code

ne M)
‘L'_J' \,\ n ,-rl\':‘
‘,\d’.‘( ¢ ‘ff;,u"‘

m c ; s r=s+n é
kot o Encoder T. Blt-r:,a-szzm 4./+)—~ Decoder |+
&40l i ; |
147 bits i Zam. by, "r]

R=4/7 Wbl 03
..—J]V /53 2 =\

Message | Codeword Message | Codeword

0000 | 0000000 0100 | 0100111 Remarks

0001 | 0001011 1000 | 1001110

0010 | 0010110 0011 | 0011101 +16 codewords

0101 | 0101100 011 | 0111010 * Cyclic

1011 | 1011000 1110 | 1110100 :
0110 | 0110001 1101 | 1101001 o MESSBQE appears in
1100 | 1100010 1010 | 1010011 the codeword

1000 | 1000100 |

And your decoder needs to work. It could be hard decision or soft decision and you get your c

cap, Ok.

So what is this encoding? And how does the Hamming code work? I have shown you
encoding as a table. Remember the encoder can be written down as a table. You have 4 bit
messages. There are 16 different possibilities, 0 0 0 0 all the way to 1 1 1 1, that is what is

shown in the first column here and the first column here, 16 different possibilities.



Each of these 16 message vectors gets mapped into a unique codeword and what codeword is
that? That is given on the second column here, Ok. So this is the codeword for the 7 4

Hamming code.

To just show you an example 1 0 1 1, if your messageis 1 01 1,
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Example: (7,4) Hamming Code

L 9
L.M-J" W el )
,Ac'y‘( yly'.'"\“
¥ 4;%* Encoder %. Bit—;::;;zbol %.G.)ﬂ, Decoder _é.
z its sym.
w7 bi 32“‘ ym.\ 4, ﬁ,»-"’]
= o ¥
Realrvrd 037
Message | Codeword Message | Codeword
0000000 0100 | 0100111 Remarks
0001011 1001 | 1001110
+16 codewords
0010110 0011 | 0011101
0101100 ou1 | 0111010 « Cyclic
1011000 110 | 1110100 :
0110001 1101 1101001 ¢ Message appears In
1100010 1010 1010011 the COdeword
1000101 111 1111111

you put out a codeword 1011000,
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Example: (7,4) Hamming Code

& Y)
RCS W el
,AU‘,"K ‘ ‘I’th'y‘

m ; r=s+n é
¥ Py Encoder %. B"h\“’a’;;:l‘_b"l 7’—-{ +I>—‘ Decoder |—+
2 W7 bits s sym.\_ X ’]

R=4/7 Wbl 0 X
R4/ 7wy -

Message | Codeword Message | Codeword
0000 | 0000000 0100 | 0100111 Remarks
0001 | o001l 1001 | 1001110
0010 | 0010110 ooit | oottor +16 codewords
o101 | 0101100 ou1 | 0111010 « Cyclic
(D) | (o) o | 1110100 M _
0110 0110001 1101 1101001 e essage appears In
1100 1100010 1010 1010011 the COdeword
1000 1000101 11 ui
7

Ok so that is it. That is just the code. I am not giving you a long explanation for where the
Hamming code comes from but I am just defining the code for you. This is the code one can

do it, Ok.



So it has got 16 codewords. It has the cyclic property which

(Refer Slide Time 02:30)

iExampIe: (7,4) Hamming Code
e
uw'

W el )
*,\0""( 9'{;-*4
m

i =5+n é
K 4his] Encoder ‘; Blt—:ﬂ-;;zbol L ( 1L k2 Decoder |
Al 17 bits 7 sym.

B¢ LA ;ﬁ 4 11(]

R=4/ 7wkl 07
R=4L7vHpy - )

Codeword Message | Codeword
0000000 0100 | 0100111 Remarks
0001011 1001 | 1001110
0010110 001t | oo1to1 'W_S_

0101100 011 | 0111010 * Cyclic.

@@ 110 | 1110100 e .
0110001 ot | o0t * Message appears in
1100010 1010 | 1010011 the codeword
1000101 |

4

| 4
just mentioning for general interest, so take any codeword, you do a cyclic shift you get
another valid codeword, Ok. So remember once again when you look at 7-bit vectors the total

number of possibilities is 128.

There are 128 7-bit vectors. Out of that 128, these 16 codewords have been selected carefully,
Ok. Only 16 have been selected. They have been selected carefully and put into this, put into
this Hamming Code, Ok and only these 16 are shown here, Ok so all these properties are

important.

Another important property is message appears in the codeword. What do we mean
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Example: (7,4) Hamming Code

ik
f wh?’
o
i ¢
:’—- Encoder | | Bitto-symbol Decoder | &
4 bits 7 bits mapper
ke 17 bi Pri :',\
& o
_R;ﬂ]v-b/s-y\hl ) =\
Message | Codeword Message | Codeword
0000 | 0000000 0100 | 0100111 Remarks
0001 | 0001011 1000 | 1001110
L]
0010 | 0010110 0011 | 0011101 ]_'_G_CEde_Wg_di
0101 | 0101100 011 | 0111010 * Cyclic
(1orT) | (Towooo) 1110 | 1110100 = :
om0 | 011001 1101 | 1101001 ¢ MESS&QE appears in
1100 | 1100010 1010 | 1010011 the CanWOI’a
1000 | 1000100 |

by message appears in the codeword? If you look at the first 4 bits of the codeword, what is
that?
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Example: (7,4) Hamming Code

4 e e o]
(\Oﬁ i
”,’—- Encoder |-, Bittosymbol | - =5t Dacoder —é.
ko 4 bits w7bits| | magper |7 sym.< 5 2| 4
E__f__iu““/ss‘“" ? : o
Codeword Message | Codeword
0000000 0100 | 0100111 Remarks
0001011 1001 | 1001110
lu;_:uo o011 | oonttor .lf_@-dew—omi
0101100 omt | 0111010 « Cyclic
D 1o | 1110100 = .
0110001 101 | 1101001 * Message appears in
1100010 1010 1010011 the CO ewor
1000101 11 11

In every codeword the first 4 bits of the codeword agree with the message, Ok. You can see

that throughout. The first 4 bits of the codeword equal the message.
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Example: (7,4) Hamming Code

e K ees’)
‘,\0""{ L ‘ff;,u*‘

m ; r=s+n é
¥ Hiy Encoder Lb’ B't'r:’a';;zb"l 54.[+>—~ Decoder |+
&40l i :

147 bits i 7sym.\_ 4 (y‘_,"]

R=4/ 7wkl 07
_—JJV‘/S‘) \ =\

Codeword Message | Codeword

0000000 0100 | 0100111 Remarks

0001011 1000 | 1001110

;_::m o | o +16 codewords

0101100 o | 0111010 + Cyclic
—_

( 1011000 )| 1110 | 1110100
—_— —

e o | wowor * Message appears in

1100010 o0 | oot the codeword -

1000101 u | mun
ity )

Ok, so that
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Example: (7,4) Hamming Code

ne )
‘“_J' \,\ n ,-rl\h‘
‘,\(”"K . ‘ffq‘,u“‘

m c i r=s+n é
abe] O Bltﬁ:;;?rbol g +>_~ Decoder | -+
&40l i :
147 bits i 7sym.A\_ 4 (y","]

R=4/ 7wkl 07
e divaks -

Codeword Message | Codeword

0000000 0100 | 0100111 Remarks

0001011 1001 | 1001110

0010110 oott | oottor .Wi

0101100 o | 011010 * Cyclic

@@ 1o | 1110100 e .

oot o1 | wioior * Message appears in

S| [ [ the codeword g »()‘;‘ -3
1000101 m | i o '-V'&

is the, that is one other property. If you do an encoding like that, it is called a systematic
encoder. The message appears in the codeword. So these are all nice properties. In fact there

are various other interesting properties. This is an example of what is called a linear code.

If you take any two codewords and do a bitwise XOR of the two codewords you will get
another valid codeword. Ok, so all these are nice properties but this point we are not
interested so much in these properties. Later on we will come back and look at it. But we are

primarily interested in seeing how to build encoders and decoders for such a code.



Ok, so now things are a little bit more complex than the repetition case. I cannot put down
simple intuitive things and explain it to you, but nevertheless the ideas we picked up in the

repetition code will work here as well, Ok. So how does that work?
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gard Decision Decoder

] LA Hard b=[bb,...b,] Find ¢ that | ¢
" Dedson | Minimizes |—»
di(c b)
I I-I > Ul E\ = U
Ifr<0,b=1

» Find codeword closest in Hamming distance
« Find distance of & from 2 codewords
« Complexity increases exponentially with k

So first is hard decision decoder, Ok. So you can do a hard decision first. You can do a

threshold at 0,
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#lard Decision Decoder

r=rrn..rn) Hard b=[bb,...b,] Find ¢ that | ¢

PR Decision ,A' minimizes
ees\al) 0 dy(c, b)
Tr>0,b=0

fr<0,b=1

» Find codeword closest in Hamming distance
« Find distance of b from 2 codewords
=« Complexity increases exponentially with k

Ok and you get this vector b which is the hard decision vector. And then one can find the

codeword which is closest in Hamming distance, Ok.

So far I have not described
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3

* Hard Decision Decoder

o

= = Find ¢ that
reluen | bbb | RO €
fesalf 0 dy(c, b)
I > UI Er =0

Ifr,<0,b=1

» Find codeword closest in Hamming distance
» Find distance of & from 2 codewords
« Complexity increases exponentially with k

what Hamming distance is. So let me describe what Hamming distance is. If you have 2

vectors u and v which are both binary and length n,
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i Hard Decision Decoder

= = Find ¢ that | ¢
relined | bzbibbd | TR | ¢
fesall 0 dy(c, b)
I > nl Er =0
Ifr,<0,b=1

» Find codeword closest in Hamming distance
» Find distance of & from 2 codewords
« Complexity increases exponentially with k

nz [y - oud
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#Hard Decision Decoder

= b=1[b,b,..b Find ¢ that | ¢
r=nn .. D:lcalr:! n [by b, ... by) Ehead il
fesall 0 dy(c, b)
I > nl E» =0
Ifr<0,b=1

» Find codeword closest in Hamming distance
» Find distance of & from 2 codewords
« Complexity increases exponentially with k

nz [y -oud
vl v, %)

both are binary vectors, Ok the Hamming distance

*Hard Decision Decoder

(Refer Slide Time 05:17)

= b=1[bb,..b Find ¢ that | ¢
r=nn..n D:lcalr:! n [by b, ... by) Rhsadids M D
fesall 0 dy(c, b)
I > nl E» =0
Ifr<0,b=1

» Find codeword closest in Hamming distance
« Find distance of b from 2 codewords
« Complexity increases exponentially with k

wz [ WU e
'lr"j:vl Vb B .]f:.s

between these two, d H of u v, Ok is defined as the number of places in which u and v differ.

So this is actually a quite a standard definition.
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#Iard Decision Decoder

= b=1[bb,..b Find ¢ that | ¢
r=nn .. D:Icalr:! » [by b, ... by) s i
fesalf 0 dy(c, b)
I > nl Er =0
Ifr<0,b=1

» Find codeword closest in Hamming distance
« Find distance of & from 2 codewords
« Complexity increases exponentially with k

= [w, \A,....\Q’j Bima
‘lf:['\f. V- . A l =
) V) unbed Q},\.w, i which W wd v g

If you haven't seen it this is the definition.

So you have 2 vectors. The number of places in which u and v differ is called the Hamming

distance between the two binary vectors, Ok. So once you find the hard decision vector here

(Refer Slide Time 06:00)

ﬁard Decision Decoder

Find ¢ that

= - ¢
r=rn..rn) D::ai’?n _i[b’b—’:“]. minimizes
'ﬂnq\jfd' L) "'t'i?\:: : dy(c, )
Tr>0,b=0
Ifr<0,b=1

» Find codeword closest in Hamming distance
« Find distance of & from 2 codewords
« Complexity increases exponentially with k

wz W WU ] ey

V:j:vl Vp' ]f‘:-& . M\J W
% V)2 bt Q}J\Aw, i Jhuth W v

Ok what you do is you find the codeword, find ¢ as in the codeword, Ok you have 16

different codewords and this hard decision vector
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Hard Decision Decoder

(o LJNL

i L Find ¢ that | ¢
r [nrzﬂ-'n]‘ o:fi'?n _;M. minimizes
| Pl .'&v-izn:;\ dy(c, b)

IFr<0,b=1.

» Find codeword closest in Hamming distance
« Find distance of & from 2 codewords
« Complexity increases exponentially with k

wzw U ] ey

v=lv, v, - ..]f“"s , i
A“\“, V)2 bk Q},‘.La i ohich W eV

can be any 7-bit vector.

Ok, so in general it won't be a codeword, Ok. So it can be any 7-bit vector
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Hard Decision Decoder

n '_.JWL
= Find ¢ that | ¢
: D:icair?n _‘l\—’h (b b;..... b minimizes
'ﬂ“l; o ﬂt’f‘:‘\:::‘ dH(cl b)

r=nn ..
——
r>0,b=0 N 3w -)
1fr<0b=1 yed™

» Find codeword closest in Hamming distance
» Find distance of & from 2 codewords
= Complexity increases exponentially with k

Rz U ey
.1;“’3'&

vefv, Vv, - - | o,
JL“\"\) V): MNuerh & 4)}\4@ w hich W VW

and it may not be a codeword. Your codeword is only 16 chosen things from the 128
possibilities. So what do you do is you go find that codeword among your 16 possibilities
which are closest in Hamming distance to, which is, that codeword which is closest in

Hamming distance to your hard decision vector, Ok.

So how will you do this? This will involve 16 different computations. You have your vector

b. You find the Hamming distance with the first codeword. Then you find the Hamming



distance with the second codeword. Then you find the Hamming distance with the third

codeword, so on.

And then you find that guy which has the least Hamming distance and declare that as your c
cap. Ok. So this has closest to b, Ok the vector b, alright. So,

(Refer Slide Time 07:10)

Hard Decision Decoder

P L‘JNL
refn.tll  Had | b=[ib..by | FRACHE) ¢
Decision ]_"&_‘u-ﬁ,\ i p
Ay &o v (<, b) b,v-l‘\' Yo

Fr>0,b=0 M"}\v\ .)
1f,<0,b=1. A

» Find codeword closest in Hamming distance
« Find distance of & from 2 codewords
« Complexity increases exponentially with k

uz[w v, - \A«} sy

r=lv, 7, 1;’3 .
“. V) Numy & Jb};‘a&m i which W M‘J\TW

so quickly I want to comment on complexity, Ok.

(Refer Slide Time 07:14)

Hard Decision Decoder

Co L‘JNL
r={rr..rnl Hard b=[bb,..b,) Find ¢ that | ¢
—=nn Dec\-iiifn W n:;n(ucm%s
el o Ve’ e c‘pV"'\’ Yo

r>0,b=0 (M\ 1_,\;\\’ .) b
1f,<0,b=1. aed™

» Find codeword closest in Hamming distance
« Find distance of & from 2 codewords
« Complexity increases exponentially with k

w= [ W, - \A«} ’S\,ma
[V\ b '

“ V)’ umh &4 Jb};‘a&m i ohich W -:*J\r)&%‘"

So here we have k equals 4 so 2 power 4 is just 16, 16 different codewords you can this
exhaustively. But you see if k were to even be 100, Ok, 2 power 100 is a very large number

Ok and you cannot do these kind of calculations very easily, Ok.



Finding the distance one codeword at a time is not going to work if you have large number of

codewords and in real communication systems k could be 1000, 10000 and all that, Ok.

So while this decoder is nice and sort of easy to describe from theoretical point of view, it is
not going to be very useful in practice and you will have to improve upon this definitely in

the complexity front, Ok but for now let keep this decoder going.

There are cases where this also might be useful; Ok at least for the Hamming code one can
implement this. Ok. This is the hard decision decoder. So you make hard decisions threshold
at 0 individually, you give up a lot of information but it is at least easier to handle, just bits,
you find Hamming distances and then find the codeword which is closest in Hamming

distance, Ok. So this is one decoder.
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i Example: (7,4) Hamming Code

. _ Find ¢ that | ¢
r=[nn "'r"]. Rad | 25l b"].’ minimizes |

Decision dc, b)

Ifr,>0,b,=0
Ifr<0,b=1.

Message | Codeword Message | Codeword

0000 | 0000000 0100 | 0100111 o h= [1010101]’ é‘: ?
0001 | 0002011 1000 | 1001110

0010 | 0010110 0011 | oot1101 ¢ b=0110110], é=?

0101 0101100 0111 | 0111010

1011 1011000 1110 | 1110100
0110 0110001 1101 1101001
1100 1100010 1010 1010011
1000 1000101 1111 111

Ok so here is an example just to illustrate how this can be complex, Ok. So here is the same
system as before, Hamming code. I have listed out all the codewords here and just for

example I am showing you, supposing your hard decision vectoris 1010101
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#xample: (7,4) Hamming Code

r=linen]l  Had | b=[biby..by | Findethat | ¢
Decision [T rzln(l::n |§;s i
\Cr
Ifr,>0,b=0
Ifr<0,b=1
Message | Codeword Message | Codeword
0000 | 0000000 0100 | 0100111 eh= [1010101]:. f= ?
0001 | 0001011 1001 | 1001110 e
o010 | cotorto oot | oort101 v b= [0110110]/ é=?
0101 | 0101100 o111 | 0111010
1011 | 1011000 1110 | 1110100
0110 | 0110001 1101 | 1101001
1100 | 1100010 1010 | 1010011
1000 | 1000101 m |

what is going to be your ¢ cap?

You have to take this 1 0 1 0 1 0 1 and look at each possible codeword and find the distance
from each of the codewords and find the codeword which is closest, Ok. So for instance,
distance between 1 0 1 0 1 0 1 and 0 0 0, the distance will actually be 4, Ok. You can keep

writing it down.
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iExampIe: (7,4) Hamming Code

r=[r1r,...r,,]’ Wad | b=[biby..b] Fmi;i;::' j
Decision dH(c, b

Ifr,>0,b=0
Ifr,<0,b=1
Message | Codeword Message | Codeword
0000 | 000000 - | 0100 | 0100111 e h= [1010101]' é=?
0001 | 0001011 1001 | 1001110 .
o010 | cototto o011 | oottton * b=[0110110], é=?
0101 | 0101100 ot11 | 0111010
1011 | 1011000 1110 | 1110100
010 | 0110001 1101 | 1101001
1100 | 1100010 1010 | 1010011
1000 | 1000101 m |

So likewise you have to find the distance. And finding the distance also is not so easy, you
know. And it looks like; I mean you have to count very, very carefully. For instance if you

lookat0001011,youseel,2,3,4,5, the distance goes to 5, Ok.
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ﬂample: (7,4) Hamming Code

r=[nnotl]  Had | B=[bby..b) | Findcthat ) ¢
Decision + —y  MINMIZeS |—»
dyc, b)
Ifr,>0,b=0

Ifri<0,b=1
Message | Codeword Message | Codeword
wn [ o [ow omn| o p=[1010101), é= 2
0001 0001011 1001 1001110 —
o010 | cototto tot1 | oort101 * b=1[0110110], é=?
o1 | 0101100 ot | 0111010
101 | 101000 110 | 1110100
010 | 0110001 1101 | 1101001
100 | 1100010 1010 | 1010011
1000 | 1000101 un |

So likewise you have to look at the various possibilities.

May be we will look at this 1 0 1 0 here. This is at distance 2 away
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* Example: (7,4) Hamming Code

r=rr..r) Hard b=[bb,..b,] Finqlclthat é

z iAF
Decision 4,06, b)
Ifr,>0,b=0
Ifr,<0,b=1
Message | Codeword Message | Codeword
0000 | 0000000 ff- | 0100 | 0100111 oh= [1010101]’ é=?
0001 | 0001011 1001 | 1001110 e
o0 | oottt o011 | oottton * b=[0110110], ¢ = ?
0101 | 0101100 ol | 0111010
1011 | 1011000 1110 | 1110100
0110 | 0110001 1101 | 110001
1100 | 1100010 1010 | 1010011 7 -
1000 | 1000101 m |

7

I think, yeah, this is at distance 2 away. May be I need to look at, so you see it is not trivial,
just to find which one is closest is not easy. May be one can look at this one, Ok, for instance,
thisguy 100010 1. Thisis at a
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*Example: (7,4) Hamming Code

relnen]  pad | belbiby.b) | et ] 2
Decision dyfc, b)

Ifr,>0,b,=0
Ifr<0,b=1
Message | Codeword Message | Codeword
0000000 # | 0100 | 0100111 eh= [1010101]’ é‘: ?
0001011 1001 | 1001110 R
0010110 0011 | oott10n s b= [0110110]/ c=?
0101100 0111 0111010
1011000 1110 1110100
0110001 1101 | 1101001
1100010 1010 | 110011 [p
too0m01 4 | mm |

| % " ..
distance 1 away, Ok. So it turns out this is the closest, Ok.

So ¢ cap became
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Example: (7,4) Hamming Code

r=[nn..rn) Hard b=[b,b,...b,] Finq c Ithat P
T e il — O
dH(cr b)

Ifr,>0,b=0
Ifr,<0,b=1

Message | Codeword Message | Codeword

0000 | 0000000 - 0100 | 0100111 oh= [1010101]’ é‘: ?
0001 | 0001011 1001 | 1001110 o

0010 | ooto110 oot1 | oorton s b= [0110110], é=?

0101 0101100 0111 | 0111010

1011 1011000 1110 | 1110100

0110 0110001 1101 | 1101001

1100 1100010 1010 | 1010011 |2,

1000 @@ 1 m1 |

1000101, Ok, so it was not trivial for me to find it just like that. So of course if you write
a computer program it will just brute force go through everything, find the distance and do it.

It is not easy, Ok.

So here is another example. You might have to do a little bit of thinking and worry about how
to go about this before you can be sure, Ok? So I don't want to do the next example also. So |

have done you one, this is how it works, Ok.



So we will see a small Matlab code for implementing these things just to get familiar with it,
Ok. So this is the hard decision decoder. And like I said clearly this is not going to be easy

when k becomes large, n becomes large, but nevertheless something to implement.
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iMaximum-Likelihood Decoder

Find ¢ that | ¢
minimizes »
|r-(2-2¢)

» Find codeword closest in Euclidean distance
« Find distances with 2% code-symbol vectors
= Complexity more than hard decision decoder
» Example: n=3 Repetition code; r=[1.9-0.6 -0.2]
» ML decoder; é=[111]
o P [LL1)12 = (0.9) +(16) +(1.2)? = 481
o |- 111 = (L9) +(0.4) +(0.8) = 4.41
« Hard decision decoder; é=[000]

r=rnrn..rl
N

Ok, the next is maximum likelihood decoder, the soft decision decoder that we spoke about,

Ok. So this is the soft decision decoder. So even here, the principle is same as what we did in
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Maximum-Likelihood Decoder

Sept-dedsion
é }ju- doe’

>

Find ¢ that
minimizes
|r-(1-2)|

r=nn..rn)
N

» Find codeword closest in Euclidean distance
« Find distances with 2 code-symbol vectors
= Complexity more than hard decision decoder
» Example: n=3 Repetition code; r=[1.9-0.6-0.2]

« ML decoder; é=[111]

o 7= [L11]12 = (0.9) +(1.6)2 +(1.2) = 4.81

o |7 -1 -1-1)2 = (19) +(0.4) +(0.8) = 4.41
« Hard decision decoder; é=[000]

the repetition case, Ok. Instead of making hard decisions and finding distances in the
Hamming domain using Hamming distance metric we directly find distances with symbol

vectors.



Ok, so you have 16 different codewords. You do B P S K mapping on each of the codewords,
you get 16 different symbol vectors. Ok, I have not written down all the 16 different symbol

vectors here but you have 16 different symbol vectors, Ok.

And then you find the Euclidean distance or the actual vector distance between the received
vector which is real and the symbol vector, Ok and then you find the one that is closest in the

Euclidean distance sense, Ok.

So I am not describing this in more detail here. We will write a Matlab code for this. You will
see how when we will write it, Ok. So complexity is clearly more than the hard decision

decoder. You have
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i Maximum-Likelihood Decoder

ob-dedsion
é > ﬁtt-“"

>

Find ¢ that
minimizes
Ir-(1-2¢))

r=[nn..n)
»

» Find codeword closest in Euclidean distance
« Find distances with 2% code-symbol vectors

= Complexity more than hard decision decoder
« Example: n=3 Repetition code; r=[1.9-0.6 -0.2]
« ML decoder; é=[111)
o P - [111]12 = (0.9) +(16) +(1.27 = 481
o P - [1-1-1]7 = (L9) +(0.4) +(0.8) = 441
» Hard decision decoder; é=[000]

2 power k calculations but each calculation is real number and all that, it is a little bit more

than that, Ok.

So it turns out we saw before in the repetition code itself. Here is a simple example that is
illustrated here to show you how the soft decision decoder can make a different decision from

the hard decision decoder, Ok.

So I am not going to go into the details of this example. Please look at it when you have time.

The soft decision decoders can make different decisions from the hard decision decoder, Ok.



So here is the simple example for the repetition code. So the soft decision decoder can be

strictly better.

So what have I described for the Hamming code, I have described the code itself just as a
lookup table. I showed you how the mapping works and all that. And then we discussed the

hard decision decoder and we discussed the soft decision decoder.
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i Example: (7,4) Hamming Code

n

m c " s / \r=s+n (4
B GET %, il Ml Bit-to-symbol i +\}—. ML i
mapper NG Decoder
4 bits R=4/7 7 bits 7 sym.

Maximum likelihood decoding: (soft-decision decoding)
1. Suppose r=[1.1130.8150.20.6 1.2]. €=?

2. Suppose r=[1.11.30.81.5-02061.2]. é=?

3. Suppose r=[1,113-081,5-0.20.6-0.1]. é=?

Here are some examples to see how soft decision decoder is going to work for your Hamming
code. Remember you might have a vector, received vector like this 1 point 1, 1 point 3, point

8, 1 point 5 so on. So what will be your c cap, Ok?

So it is hard for me to do this calculation. I have to take this received value and go through
every single codeword, right and then find the distance etc. There are possibilities to cleverly

minimize that work, Ok. I am not going to go in great details but it is lot of work to do, right.

So you have to go 16 different codewords, calculate the distances, the Euclidean distances
from each of these things. And then find the one that is least and put out as a codeword, Ok.

So definitely more complex, Ok and as k becomes more complex



(Refer Slide Time 13:30)

i Example: (7,4) Hamming Code

n
m (5 i s r=s+n é
= Brood Bit-to-symbol ML
i mapper f Decoder

4 bits R=4/7 7 bits 7 sym.

Maximum likelihood decoding: (soft-decision decoding)
1. Suppose r=[1.1130.8150.20.6 1.2]. é=?

et
2.Suppose r=[11130815-020612). é=? ¢

3. Suppose = [1.1 1.3-0.8 1.5 -0.2 0.6 -0.1]. é=?

than hard decision it is not going to be easy for me to do this for you.

And as k becomes larger and larger, more or less impossible to implement, Ok, hopefully you

understand why this is so.
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% * BER Curves for Hamming Code
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Ok, so if you manage to implement the hard decision and the M L decoder, here is how the

picture will look.

Remember this is uncoded,
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this guy is hard decision; this guy is
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Oops, this guy is soft decision.
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i BER Curves for Hamming Code
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Ok and you can see the gains already. Remember this is still a plot over E b over N naught

and what is E b over N naught?
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* BER Curves for Hamming Code
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E b over N naught, remember the rate is 4 by 7, so it is 1 by 2 into 4 by 7 or 7 by 4 sigma

square, so it is 7 by 8 sigma square, Ok.
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iBER Curves for Hamming Code
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So E b over N naught is that for the coded case; uncoded case will be 1 by 2 sigma square,
Ok. So E b over N naught is different in the two cases but nevertheless in spite of penalizing
for the rate in E b over N naught the soft decision decoder for instance, Ok gives you a

coding gain.

Look at this; this is the coding gain of the Hamming code. Isn't that nice? So simple enough

code, constructed well.
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iBER Curves for Hamming Code

10 T T T r e
= Unc

; ‘L
4 = N4 h)' [

g g |

\\1‘ ~

= \/\ =

10’ .ﬂ_,
: ) N
8 N
10° N\

Coding gain at BER of 10
R by
e

\
@, N\
10° (e \
Yok
10 \\
\

N

0 2 ‘ s © 12
I didn't tell you how the construction came from. It is a bit of a clever construction but if you

do that and if you manage to implement the soft decision decoder, the maximum likelihood

decoder you get coding gains.



It is not much, it is about a d B or so but still it is good coding gain and the complexity was

quite small, Ok? So what we are going to do next
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‘* Summary

» Error-correcting codes provide significant
coding gains
» Coding gain has to be calculated using the BER vs.

Ey/N, plot

« Longer codes provide better coding gains
« Need to find good codes
» Good decoders are important

» Efficient implementation of encoding, error
detection and error correction are most
important in practice

1s we will, we will do Matlab simulations for
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the Hamming code as well
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iSummary

» Error-correcting codes provide significant
coding gains
« Coding gain has to be calculated using the BER vs.

Ey/N, plot

« Longer codes provide better coding gains
» Need to find good codes
« Good decoders are important

» Efficient implementation of encoding, error
detection and error correction are most
important in practice

but before that I just want to summarize real quick what we saw.

So error control codes do provide significant coding gains in practice. So we did not see any
code already that gives that kind of gains. But you can see the Hamming code which is very
small case, very small n is already showing a lot of promise, about a d B of coding gain you

are able to obtain, Ok and it turns out longer codes have better coding gains.

Ok so typically you want to have codes which are at least like 100, 200 in length so that you
can have coding gains. But we need to find good codes. It is not easy to work with obvious
repetition sort of strategies. You have to design the code smartly and modern codes like L D P

C and polar codes we will study, a quite sophisticated in the way they are constructed.

Not only that, we saw that good decoders are important so let us go back here.
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iBER Curves for Hamming Code
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If you do a hard decision decoder you do not see coding gain at all, right so there is still a loss

for, for up to some point. After that it crosses over mildly. But soft decision decoders are

good, Ok.
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iSummary

» Error-correcting codes provide significant
coding gains
» Coding gain has to be calculated using the BER vs.

Ey/N, plot

» Longer codes provide better coding gains
« Need to find good codes
» Good decoders are important

» Efficient implementation of encoding, error
detection and error correction are most
important in practice

Particularly soft decision decoders are very, very important and you have to design them well.

But the problem is implementation, right. So if you have a good decoder, maximum
likelihood decoding is optimal but implementing it is very difficult. So you want to have
good decoders as well.

So here is the summary. The next thing we will see is Matlab implementation for 7 4

Hamming code. I will do that in the next lecture, thank you.



