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Professor Bratin Ghosh
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Indian Institute of Technology, Kharagpur
Lecture 15
Time - Harmonic Form of Maxwell’s Equations

So, let us start from where we left last time. So, after the constitutive relationships, we go to
the generalised current concept, we wrote that in the instantaneous domain. So, let us write

the generalised current in the time harmonic domain, it is a simple matter.
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So, J'=joD+J +J" that isJ' = josE+cE+J', and therefore that can be written
asJ' = (o + jwe)E+J". So, we call this equation 30. So, also the equation for the total

magnetic current M’ = joB+M' thatisM' = jouH +M' . So, this we call this 31.

So, using this, the complex form of equation 16 can be written as —V x E = jouH+M' and

that can be written as—V x E =7 (co)FI +M' where this jou, it is captured within this z(w) .

So, this z(w) = jou .
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AlsoVxH = (o + jws)E +J'. So, oF is the conduction current jweE is the displacement

current andJ' is the impressed current. So, therefore, [ can write Vx H
as=Vx H = &(w)12"+ji , we call this equation 33 with y(@w) = (o + jowe) . So, in equations 32

and 33, z(w) and y(®w) are the media parameters it specifies the characteristics of the media.
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Now, we go to the concept of complex power. So, how the complex power is calculated in
the time harmonic domain? So, we have considered the expressions for instantaneous power

and energy in terms of instantaneous field vectors. We shall now show that similar



expressions in terms of complex field vectors represent the time average power and energy in

the AC fields.

So, we shall write this as let us begin with two the expressions for the two quantities from the

instantaneous domain. So, A, = \/5 |A| cos(wt +a) that isﬁ Re(Ae’™) where A is|A| e,
similarly, B, = «/5 |B|cos(a)t + f) thatis \/5 Re(Be’™) , where B equals to |B| evr.

Now, let us multiply these two quantities, because ultimately the power is the multiplication
of voltage into current. So, if you multiply two quantities which are both varying with time

and which has different phases, what happens in the time harmonic domain and how that is

related to the instantaneous domain.
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So, AB =2 |A| cos(a)t+a)><\/§ |B| cos(wt+ ) . So, using the cosine rule simply we can

m - in

write A, B, as|A||B|[cos(a— ) +cos(2at +a + B)]. So, we call this 34. Now, we compute

that time average of this product, we see that there is a time dependent term and a time
independent term. So, when you compute the time average obviously, cos(2ar +a + ) is a

cosine function, so the time average of this will be 0.

So, the time average will only be contributed by cos(a — ). So, therefore, we find out the
time average of A, B, , and that will be equal to|A||B|cos(a— B) . So, the contribution

ofcos(Qwt +a+ ) term is going to be 0. We also now note that if we perform this



operation AB", then we are going to get|A||B| e/“? and that is expanding to
getcos(ax— )+ jsin(a—pf).
So, we find that the real part of this term AB® is the same as the time average of the

instantaneous product A, B, , so we write therefore A, B, is equal to real part of Re(AB") ,we

named this equation 35. So, this equation is the basis for our definition for the complex

power, so we will see how.
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So, we know the instantaneous pointing vector is given by Em X I:Im . So, Em if I expand that in

xyz coordinates will be E, =u E_ +u E, +u E. , similarly, H, =u H_, +tuH, +uH, .

x " xin y yin z7 7 zin?

—

So, now if I perform this operation §m it will ultimately be a product of these terms. So, S

in

u, ou, U
willbe|E,, E, E,|
Hxin Hyin Hzin
So, that will be equal
to I:ix (EyinHzin - EzinHyin) + ﬁy (_ExinHzin + Ezionin) + ﬁz(ExinHyin - Eyionin) * SO’ you sec now

this is a sum of terms, each of which is in the form of equation number 34.
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It therefore follows that the time the average of the instantaneous pointing vector is equal

to Em ijIm and that will be equal to real part of ExH" as we saw previously. So, if Em
isE, =«/§‘E‘cos(a)t+a) i.e.\2Re(Ee’™). H, is \/E‘I:I‘COS(G)I-#—ﬂ), that is~/2 Re(He'™).

So, H is equal to‘ﬁ‘em and H* is‘lfl‘e*jﬂ.
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So, in view of this we can define a Complex Pointing Vector. S is Ex H" whose real part, is
the time average of the instantaneous pointing vector for S’m . So, this assumes a very

important relationship, linking up the time harmonic form with the instantaneous form of the

complex pointing vector. So, after we have found out and discussed regarding the complex



pointing vector, let us now rephrase the power conservation theorem as we learnt in the
instantaneous domain. So, if we rephrase the power conservation theorem, as we learned is in
the instantaneous domain, we will again begin with different vector identity and in this case,

we will write.

First of all starting from the Maxwell's equation in the time harmonic domain. So, this is
Maxwell's equations time harmonic domain, we will now compute this one. So, it will

involve the complex conjugate while in the instantaneous domain we had only the
instantaneous quantities. So, that is equal to ELJ" + HIM", call this 39. So, we identify the

left-hand side as—VI(Ex H").
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And therefore, the equation will read VI{(ExH")plus ELV" +HM"is 0, we call this

equation number 40. So, similar to this equation now, as we did previously to this equation,
we will now find the region form this is the point form and the equation applied to a region of

space.

So, this is the point form of the power conservation. So, if we apply this to a region of space

we will perform the triple integration on the left and the right. So, we will

say m VIEx H")dv+ HI (EU"+HM™)dv=0. And by using divergence theorem

to Hj VIE x H)dv term, we will get j” (E x I—T‘)Eka j” (EJ"™ + HM ™ )dv =0. So, we call

this equation number 41.



So, we compare 40 and 41 with 18 and 19 for the corresponding instantaneous domain. So,

we call 40 and 41 expressions for conservation of complex power for a point and for a region.

So, as suggested by the point relationship we had the point relationship p, = Vﬂgm . We noted

this in the instantaneous domain that is equal to VE(E.n X I?Im) . We define a complex volume

density of power leaving a point as p,. So, this is the complex volume density of power

leaving the point as VLS thatisVI(Ex H), forty two.
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Now, the real part of this is a time average volume density of power leaving a point. So, the

real part of p, is equal to p, and it is the time average volume density of power leaving a

point. Similarly, we can define a complex power leaving a region as P, .

So, closed integral the pointing vector dot ds and that is equal to close surface integral Ex H

dot ds, the real part of this is the time average power flow. So, we write real part of f’f is f’f

or the time average power flow. So, let us stop here we will continue with the power

conservation theorem.



