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CONCEPTS COVERED

Phasor estimation techniques
» Discrete Fourier Transform
One cycle DFT, Recursive and Half Cycle DFT and Cosine Filter

Welcome to the lecture 7 on module 2 and we are continuing with phasor estimation, we
are learning different techniques in this lecture we will extend this idea of phasor estimation
technique using one cycle DFT, where you will see more efficient techniques using

recursive DFT, half cycle DFT and then will emphasize on cosine filtering approach.
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Recursive DFT:

v, = 109.53sin(1007t,, + 6) (V), t, = nAt, where At=0.0025 s

Voltage (V)
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So, let us continue with the same signal, last time we discussed on the
v, = 109.53sin(1007t, + 0)

We are continuing the same sampling rate 400 Hz for the 50 Hz signal and therefore the

corresponding At times remains to be 0.0025 s where this tn is expressed as
t, = nAt

Where, n corresponds to the sampling number. So, these are the samples that are being
acquired by the A to D processing part in the relay and then you can say that in last lecture
we mentioned about how the one cycle DFT calculations can be carried out with a with

progressing window, Vi, V2, Vs, V4 and so on.
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Recursive DFT:
v, = 109.53sin(1007t,, + 6) (V), t, = nAt, where At=0.0025 s
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So, we proceed with this one cycle DFT the corresponding first window phasor, this
window where the corresponding window samples are vo through vz and then the

corresponding equation becomes

So, we see for the second window when the first sample is acquired by the processor, now
the fresh sample is vg then you can see that the corresponding second window becomes v

through vs. So, we see here that the corresponding expression becomes in this case

N—
. W2
ZZWZ n+1e N

So, if you put n equals to 0 to N-1 and again same window but then you can see that the
sample sequence there becomes vn+1, and the Fourier coefficient remaining same as that in
the first window also. So, Fourier coefficient points remain same only the samples value is
shifted by this, so what you see from this one that a new sample is acquired in the second
window and the window is now updated and it discards the last sample of the first window

at the old resting point, in this these way the outgoing sample and we consider new sample



required by the second window. So, for this perspective we see that the common points
between these two windows and these common points are nothing but vi through v7, so 1
through 7, the seven points are common to window one and window two, so this set of
samples are common to window one and window two, therefore it is being expected that
there is a relation between V, and V;that is corresponding phasor for the second window
and the first window, we would like to explore what is that this commonness you can say
that provides us the corresponding relations between this and we like to explore how that
can be used for the further computation process.
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Recursive DFT:

Iv  _pm
VZ=Wzvn+1e N

1 :
I
|
\/7 _127m Zn(N 1) :
N Uns1€ N +—VNE L 1N i _ ﬁ
I K N
I
@ .2 \/—2' _;2m(N-1) |
e I
[
I
I
| \
: b
I
I
I

V2 | g N2 o am
=lV'_VV°le}N +yne TN e

2 2
V= +W(§N -v)]e’ ¥

Now, see here in these expressions for V, is

N-
.2
ZZWZ n+1e N

It can be simplified by

N-
_ \/_ \/E j271.'(N—1)
£ :WZ Vpire v +WvNe N
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From the phasor of window 1

. vz _ _i2mm 2 _ _2mm 2
Vi =72ﬁ=317n6’ TN == N lve ' + TV (2)
From (1) and (2)
. . 2 2 A2 _.2mN  2m
v, =W —Wvo)ejlv + T vne TN elw

. V2 2T
= [V + F(UN —vg)le’w

It shows the relation between V, and V, and that we are trying to explore, this gives us
platform for efficient computation of the phasor where we do not require all the
computations what we did earlier in the last lesson of DFT calculations using this

multiplication with the cosine and sine weight and adding them to find the phasor.
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Recursive DFT:

»The phasor at the (r + 1)** instant can be written as

2T

. : 2
Veir =V + W(UNH i Ur)]e] e

b

New phasor  Earlier phasor New Sample Outgoing Sample

So, in general we can conclude that at any instant (r +1)" instant that any phasor can be

obtained from the just earlier phasor computed at the r'" instance written as

21

. 2 21
Vr+1 = [Vr + W(UN+r - vr)]eJN



So, therefore this is nothing but a phase shift by %’T for each sample and this part is nothing

but in the last lesson we calculated it for N = 8, this corresponds to 45°, so the phasor
shifting by 45° in anticlockwise direction is nothing but the part of the computation of the
things. So, we will see how the corresponding the calculation process in a further
calculation can be obtained in a recursive way from one after the other from the phasors
computed with the acquisition of the new and new samples.
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Recursive DFT:

Example: Using recursive DFT:
v, = 109.53sin(1007t,, +22.257)(V), N=8

) T 2 2
V=" +§(Vs -n)le’ T

il ") (774526775 + 2 (4147-4147)] /3
01 Vo= 4147 = 8
0.1025 v;=101.01 = 77452 -22.75° (V)

0.105 V= 10137

01075 | vy= 4236 )

e Uy = 77452 - 6775 (V)
0155|  pe--10101 _

01150 p=10137 V, =T145.=2215° V)
0175 | v 423 4

012 vg= 4147
01225  vp= 10101

Let us see same example which we did in the last lesson

v, = 109.53sin(100mt, + 22.25°) V

And number of points per cycle is 8 and this is a 50 Hz signal. So, these about the time
index and these are the samples number acquired by the relay. So, let us consider the first
window from the vo through to vz and then gives us

V, = 77.452 — 67.75° (V)

Now, we like to calculate the V, using the recursive DFT, V, in earlier example using 1

cycle DFT similar to calculating for V; equals to

V, = 77.452 — 22.75° (V)



That clearly shows a 45° shifting in the anti-clockwise direction with this angle, the
magnitude remaining same. So, what you see now that using the recursive DFT we can

express this V, equals

. V2 2
V, =W +?(V8 —vp)]e’s

So, this case substitute the corresponding values V, is calculated as

’ 27
V, = [77.454 — 67.75° + (41.47 — 41.47)]e’s
= 77.454 = 22.75°

This is exactly matching with what you calculated for the one cycle DFT perspective. See
here these values of vg and vo are same here because of the only the signal contains only
sinusoidal perfect sinusoidal or 50 Hz systems but in practice the corresponding signal may
be contaminated by different harmonics, noise and also decaying dc, transient during the
fault situation the corresponding signal will go through lot of distortion also so we may not
find same value in this case, however this one cycle DFT we saw that how it can reject
different harmonics components also through an example also, so we will see how this
filtering process is being good to capture the corresponding fundamental component in

more details in further lessons also.
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Recursive DFT: Remarks

= New phasor is obtained using last phasor- reducing calculation

= With larger N, this can be more advantageous

So, in conclusion we say that that recursive DFT is very useful in obtaining new phasors
obtained from the last phasors and this reduces the calculation, like you can say that if the
corresponding N becomes more and more it means number of samples per cycle becomes
more and more higher sampling rate not 1 kHz you can go to the 2 kHz, 50 kHz, 80 kHz
then the computational burdens becomes more for a one cycle DFT and that can be used

substantially by using the recursive DFT algorithm approach. So, this is on recursive DFT.
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Half-cycle DFT for Phasor Calculation .

signal v, =V, sin(wt, +6)

half-cycle window 4 2 n ) (N) >

Defining ﬂ) 5

Veeal = (% zz [Vn cos| 2"_)]
7
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Computed phasor: V = V;.pq; = jVimag = V|26

_1. Vi
Where, [V] = [V2,+ Vg, 8 = —tan 1(%;?)
&



Now | will go to more, further more efficient way of doing things for the Phasor calculation
using the concept of discrete Fourier transform, the next one is on half cycle DFT, so we

see here same signal let us say
Vp = Vpsin(wt,, + 0)

A signal that we are considering and let us say similar to that signal which it earlier already
mentioned in our discussion signals, in this window we have a set of eight data points are

there in this one cycle of window and then will see.

Now, for this consider the half cycle, half cycle means that the corresponding window
becomes half, so instead of eight points in the one cycle, one cycle window, one cycle DFT
we are considering, now consider for the half cycle window vo, v1, V2, vathese are the four
points, so that constitute the half cycle of the 50Hz and sinusoidal signal so using that if
you now apply the half cycle DFT concept then the corresponding voltage phasor V can be

written as

¥y

. 2\/52 _jzmm
V== ) me
n=0

So, here the Fourier coefficient remaining same, the same pool consider the relations to
this summation remaining same only that the corresponding number of samples we are

considering here is half and that is why this becomes also this weight factor becomes half

and then as you see the samples varying from 0 to % — 1, so in this case capital N becomes

8, so therefore % — 1 is 3, from 0 to 3 it becomes 4 points only. Using this concept of half

cycle DFT we say again consider this part becomes a complex number so we can segregate
into real and imaginary part, so real part is nothing but the cos weights with cos weight and
the imaginary part with having the sin weights just like we did for one cycle DFT, only the

summation part the number of samples we have considering half, so the corresponding
summation over n equals to 0 tog— 1 in this case. So, proceeding we can compute the

phasors using the



V= Vreal _jVimag = |V|z0

That becomes in polar from. So once you can compute the corresponding real part and
imaginary part you can get the corresponding phasor like this as you did for the one cycle
DFT and the magnitude and 6 becomes

V.
= 2 2 © @ = —tan~1 %
V| = ereal + Vinag 3 0 = —tan =
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Example-Half-cycle DFT:

v, = 109.53sin(1007t,, + 22.25°)(V), N=8
Time(s) (V)

200 . = 0.1 4147
Wi 01025 | 10fo1
AN 0.105 101.37

I

v v v 0.1075 4236
0 0 ] §
V. 011 -41.47

S 0.1125 -101.01

Voltage (V)
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T

Vel _, 01150 | 10137

2200 - - . .

0095 01 0105 011 015 012 0125 013 01175 4236
Time () 0.12 4147

0.1225

So, let us see an example how good is the corresponding half cycle DFT in computing
phasor, so for the same signal now we will take half cycle DFT, for the window one, so in
this window we require four points now instead of the eight points in one cycle DFT and
then that we considered first point, second point, third point and fourth point, this four
points are there for the window one and for the window two, it shifts by one point so it
acquires a new samples and discards the oldest sample and by this becomes window two,
so we will calculate for these two windows how the corresponding half cycle DFT can be

computed.
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Half-cycle DFT for window 1 (0.1s to 0.1075 s, 4 points)

Time(s) | Voltage Sample (1) cos(Zn%) sin(Zn%) Va cos(Zn%) vy sin(2n7)
0.1 4147 1 0 4147 0
01025 101.01 N2 | 1Nz | a2 na
0.105 101.37 0 1 0 101.37
01075 423 G | 1 | 9 2095
82.94 202.74

22

For window1, V = 5 (8294 - j202.74]
= 77452 - 67.7% (V)

So, see here you can consider that for the first four samples window number one, 0.1
seconds to point 0.1075 second, these are the set of samples the cos weights are these and
the sin weights are these for the Fourier coefficient for the four samples and then you
multiply the corresponding cos and sin weights with these samples, this samples with this

weight and this weight by the cos weights and you get a set of multiplying things
vncos(Z”Tn). Similarly, you get the corresponding set of vnsin(z%). Then we make the

corresponding summation of this series and then the summation of this series and just like

the one cycle DFT, so then we can convert, get the corresponding phasor value

. 22
V== [82.94 — j202.74] = 77.452 — 67.75° (V)

So therefore, we say that in one cycle DFT what you got you are also getting half cycle

DFT same value of the phasors,
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Half-cycle DFT computation for window 2(0.1025s to 0.11 s, 4 points)

Time(s) | Voltage Sample (v,) cos(er%) sin(Zn%) U cos(Zn%) Va sin(Zn%)
0.1025 10101 1 0 101.01 0
0.105 101.37 N2 | 1M2 7168 71.68
0.1075 4236 0 1 0 4236
0.1 4147 -1\2 12 29.32 -29.32
202.01 84.72

02

For window2, V = =5 (20201 - j8472)
= 77452 - 22.75° (V)

Now, going to the second window in a similar field now the window acquires the fresh
samples of this and so it discards the other one and the window is being updated with the
new samples the weights, cos weights and sin weights remaining same, we might get the
multiplier to the samples to the cos and sin weights and then you take the summation over
this and use this corresponding things to calculate the phasor value and then this

corresponding to

. 2V2
V== [202.01 — j84.72] = 77.452 — 22.75° (V)

So, what you obtain is that this window two phasor is being shifted by 45° anticlockwise,
to the first phasor what you got from the window one, so that also we see that observation
also find in case of one cycle DFT and so also here and in window two also we got the
same phasor value what you obtained for the one cycle DFT with the window, for the

second window also.
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Half-cycle DFT:  Remarks

»phasor is obtained with less number of samples.

»Calculation is less as compared to one cycle DFT

»During fault-it can provide phasor quickly

Now, our general remarks for the half cycle DFT, that the phasors can be computed with
less number of samples, it means that the corresponding multiplication and the
corresponding addition, in overall the corresponding computation burden will be
substantially reduced in this case and so therefore you can say it becomes a more efficient
in terms of utilization of the system computation perspective and if we go into the fault and
the corresponding phasor computation during fault the number of points that are in that
window of calculations we require eight points for the fault region for the accurate you can
say that the calculations, for accurate calculation of the one cycle DFT here require only
four points to calculate the corresponding phasor in the faulted region of the signal. That
means that the phasors can be computed very quickly but subsequently we will see that
how in terms of performance wise during fault how efficient, how correct, how accurate

this half cycle DFT as compared to the one cycle DFT in our further discussion.
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Cosine Filter for Phasor Calculation

N-1

. \/—2- _m

V= WZVne T 0<n<N-1
n=0

V=V jv

‘/EN—l 3 ﬁ”" . 7
V.= W,,Zo [v,, cos (Znﬁ)] k= F;Z:n [Vn sin (ZHN)]

Now | will go to another category of filter extension of the one cycle DFT with term
mention is that cosine filter and then again for the phasor calculation aspect. So, let us see
that how this cosine filter uses for phasor calculation and then we will see through example

how we can obtain the corresponding phasors for different windows of a signal.

This is what one cycle DFT computations equation we have seen, so if you segregate the

corresponding real, imaginary part
V=V.—j%

The ¢ stands for here cosine part and the s stands for sinusoidal part, so we see here this

V¢, Vs are represented by

V2 _ 2mn. V2 @pny— . 27N
Ve = Xnzo vnC0S(); Ve = =220 vpsin()

So, we represent them in terms of V¢ minus jVs here you can see there is a negative sign

here and we do not consider negative sign here so this relation becomes equals to V¢-jVs,



¢ for cos and s for sin part. So real value of V is V¢and imaginary value of V is -jVs where
Vs equals to this summation over this you can say that part.
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Cosine Filter L

Real(V) =V, and  Imag(V) =-V;

Let for window-1 we get, Vl =V.0

Real(V;) = Veosd <V,,) and Imag(Vy) =Vsing =V,
Using recursive DFT- 1, = [V, +%(V~ | ,,o)]ei%"

3 2 R 4 : 2t N
h=Ve@+D),  V=Ve@+D) and Vi, =Ve\0+yg

[/

gn/: Ve (9 +,2"r) [mag (VN ) =-V /v \=Vsin(f +§>

rag! stz+1)
=Veos8 =V,

For r window Vsr4= = C[r_(N)]

V’ =Vcr'rr_ JVer =Vcr+jvc[r_(’v

4,

Now with this if you proceed further then, now the real part of V is V¢ and we have already
mentioned imaginary part is -jVs. Let us consider for the window one and we got a voltage
phasor as

V, = V|6
So,
Real(V,) = Vcos8 ; Imag(V,) = Vsinf

Using recursive DFT, if we go for the second window and you get the V, becomes equals
to

. ) V2 2m
V= + W(UN —vp)]e’V



So, now this V,can be expressed in terms of if you substitute the corresponding V; =|V|26
. 2nn
Vo =1VI£(@ +—)

Because, we know here the v - Vo as you have seen earlier also they become 0. Therefore

L2TC .
this part becomes null and therefore e’ ~will be multiplied with V; and that gives us the
correspondingV,. Similarly, if you go to the next window with third window V3 that

becomes
V, = |V|2(6 + A
3= V120 + )
So, if you proceed like this then for the same phase,

W —|V|4(9+2"N)—|V|4(9+")
e N4~ 2

This results in the imaginary part of this, this becomes equals to

: ] /[
Imag(V%H) = _Vs(%—n = Vsin (0 + E) = VcosO =V

so in general for r th window,

Vor = _Vc|r—%

Any window the sinusoidal part of that window, the sinusoidal part of that window because
equals to minus of cosine part of the window and the value corresponds to r — N/ 4, So,

therefore in general we can summarize that the corresponding things that the

V= Ver = jVer = Vor +jVC|r_ﬂ
4



So, this gives us the complete phasor which you can compute only using the cosine term
there is no need of sin term computation considered here, so that is the equals the cosine
filter computation for the phasor so any phasor instance can be the corresponding voltage
phasor or the corresponding current phasor can be computed frequency that from the cosine
term at that instant plus the cosine term N / 4 instance earlier what is being computed for
the cos part. So, if you consider substituting for the imaginary part this one then we are
getting the corresponding phasor to be this one and that gives a platform for efficient use
of this one, we will see in the next lesson also that how this part becomes advantageous,
such cosine filter is advantageous to one cycle DFT and why many relates prefer for this
such calculation.
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Data Sample window

v, =109.53 sin(lOOntn + 22,25")(V) ,samples are taken at a rate of 0.4 kHz, N=8

wi
Timels) ) W2 W3 wa

01 041 = ”‘\
AUNAID
N

0.1025 101.01
0.105 101.37
0.1075 42.36
0.11 -41.47
0.1125 -101.01
0.1150 -101.37
0.1175 -42.36
0.12 4147
0.1225 101.01
0.125 101.37
42.36

f=trj—y

So, we will see how this being there, let us validate what you mentioned in the earlier
derivation whether that is true or not for the same signal which we have earlier discussed,
so we have taken four windows, window two, three, four as the corresponding fresh phasor
and fresh samples are available to the relay so it progresses like this. So, this is the window

we are mentioning like this.
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1-cycle DFT computation for window1 (0.1s to 0.1175 s, N=8 points)

Time(s) | Voltage Sample (v,) cos(Zn‘%) s,‘n(zn%) v, Cos(zn‘%) o Sm(zﬂ%)

0.1 4147 1 0 447 0

0.1025 101.01 W2 | N2 | T4 742

0.105 101.37 0 1 0 101.37

0.1075 42.36 N2 | Nz | e 29.95

0.11 4147 -1 0 4147 0

0.1125 -101.01 -2 | -1IN2 142 7142

0.115 -101.37 0 -1 0 101.37

0.1175 42.36 N2 | a7 | 2995 295 |

165.88 405.48

For window1, V, = “2[165.88 — j405.48)] v, v,

8
= 77452 - 67.75° (V)

ity oo
,,,,,,,,,,

So, with this if we go like this then for the first window one cycle DFT we have computed
as in the last lesson also same you can say things then we are getting the corresponding cos
part here, Vc1 here and the corresponding Vs here and then we are substituting this to get
the corresponding things to here and then you get the corresponding V;to be like this, so
these are the V1 and this considered nothing but the our Ve, Vs part, sinusoidal part and

the corresponding cosine part, this is for window one.

Now, next we will see for the window two, one cycle so it takes a fresh samples and discard
the older one then you compute the similar way then you are getting V¢ to be 404 and Vs,
the sinusoidal part with this and then the corresponding phasors we go at 45° shifted and

magnitude remaining same to be like this, this we have computed in the last lesson also.

Similarly, if we proceed for the third window so we are getting Vs and Vs for 404 or
405.48 and -165.88 and then we go for the computation of the V3 which happens to be
77.45222.25°, again 45° shifting with respect to this V2. Now, | will go to the fourth
window and in the fourth window also we get the corresponding Ve and Vs like this and
then we get the V4 phasor to be 77.45267.25%and for this perspective again 45°

anticlockwise rotation with respect to V3 phasor.
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Observation
Window No. Ver Ve Phasor
Window 1 \ 40548  |77450-6775° (V)
Window 2 @ > 16944  |77450-2275°(V)
Window 3 w0548 N @ 774522225° (V)
Window 4 16944 (H0402) | 77456125° (V)
=)

. Example

Ve =V = Ve, =Vcr+jVC[r_(g)I For window4
4

Fpr the case with N=8, V= g[169.44 +j404.02]

ViV tj Vc[r—Z]

+ =7745.67.25° (V)

So, in overall we can conclude that window 1, window 2, window 3, window 4, four
windows we have computed and we have computed the corresponding V¢ and Vs the
cosine part and the sin part for the corresponding window, we got the value to be what we
obtained these values are noted and the corresponding phasor values are noted down here.
So, what we derived in the cosine filter perspective is that

Vo ==V N

c|r—z

Now, you see here for this case, from the observations let us say third one this is Vs3, this
Vs3 -165.88 and these V¢ you can say 165 only with a negative sign, if you go to the fourth
V4, this Vs is - 404 and V. is having 404. So, this is the relation that we are talking about,
here we see here this for this example capital N = 8, 8/ 4 = 2, so whatever samples we are
talking about at the present moment this is the real part, that is the V¢ part this remains and
the other part, the sin part in place of the sin part we can replace by the cosine part, how
much? By factor N/4 earlier values that becomes here 8/ 4 it is two 2. So, two samples
earlier, so whatever values you are getting and if you say negative sign you consider that
gives you the sin part of that one. So, negative of this is nothing but the sin part of this one

and therefore the corresponding V: phasor at that instant is nothing but



Vo =Ver = jVor = Vep +JV,, _n

4

For N = 8 this becomes equals to
Vr = Vcr +ch|r—2

two points earlier value whatever cosine value we are getting we just add that and you can
say that the corresponding point is positive sign instead of the negative sign what we are
using earlier in one cycle DFT because of that negative sign we are getting here. So, if we
see that one example here from this data calculations, so for the fourth window if you like
to compute the phasor using the cosine filter so

. V2
Vy = -5 [169.44 + j404.02] = 77452 — 67.25 (V)

Exactly what you have got you can see that in our one cycle DFT calculation which we
have done in our earlier slides we have demonstrated. So, this conclude that instead of
going for sinusoidal computation part computations addition, subtraction and so we can
say that addition, multiplication and so for the sinusoidal part we do not need to consider
that one if you have already stored the corresponding cosine part of the calculation in this
one, so from that real part of the corresponding Fourier coefficient we can directly obtain

using the relation generally V., + jVC|r_g this is what more efficient usage of the processor
4

and also we will see subsequently that this filtering, cosine filtering is better than one cycle
DFT in filtering out unwanted components in the power system signal. So, in the next class
we will discuss about more on this phasor compression perspective and we will see more

techniques how they can be useful in relaying application, thank you.



