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Lecture 06
Discrete Fourier Transform
Welcome to Module 2, lecture number 6 and this is on Phasor estimation technique and we

continue with the Discrete Fourier Transform.
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CONCEPTS COVERED

Phasor estimation techniques
» Discrete Fourier Transform
» Least Square Technique

» Kalman Filter

So, in this lecture we will learn a phasor estimation technique particularly on Discrete Fourier
Transform and this module includes different other Phasor estimation techniques and growing
Least square technique, and Kalman filter technique, this is an input into considered topic in

numerical algorithm perspective.
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Phasor Estimation —

Significance of phasors in relays- usage in most of the relays

Discrete Fourier Transform(DFT)
* 1-cycle DFT

* Recursive DFT &
* Half-cycle DFT

* Cosine Filter

Now, we know that if a phasor represents for a sinusoidal quantity like you see here, this is a
voltage signal of sinusoidal quantity and then these can be represented in terms of a phasor, an
anti clockwise rotating vector in the same speed, considered as o that of the sinusoidal quantity.
So, these you can say that this vector represented by a magnitude of A and its projection on Y-

axis represents for this sinusoidal quantity.

Now, this is what we remember that to use the sequence components you are in need of the Va,
VB, Vcand la, Ig, Ic to get the corresponding positive negative and 0 sequence components

which are being widely used in different relaying principle algorithms.

So, essentially from a sinusoidal quantity, we require the corresponding phases to be computed
and these phasor considered are very much required for the different computation process like
one example, you can say that, when we are talking about impedance in a distance relay, this
impedance is a function of a voltage and current phasors. These voltage and current phasors
can be represented in a complex form either in polar or rectangular quantity and then you can
find corresponding impedance, a complex number in this one and in impedance relay, we use
the R-X plane and there the corresponding decision is being carried out by the relay using that

complex number.

So, you can say that most of the relays available numerical relays use the phasor for the decision
making process. Now, for this perspective, there are different phasor estimation algorithms

available and we will start with the very commonly used technique that is 1-cycle DFT and



subsequently we will see also how the corresponding DFT can be computed in a better way
using recursive DFT also its variance in the form of half-cycle DFT and the Cosine filters that

an extension of this concept of the 1-cycle DFT will be considered applying those techniques.
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Discrete Fourier Transform(DFT)

Signal: /v(t) = ¥ sin(wt + 6)

Voltage (V)

0.095 0.1 0.105 0.11 0.115 0.12 0.125 0.13

Time (s)

NNNNN

Now, let us you can say that this signal considered here is represented here by
v(t) = Vysin(wt + 6)

Where, o the angular speed of this voltage signal, with plotted on the time axis we get the
corresponding signal like this. The objective is how to extract the corresponding fundamental
component and that should be represented in the form of a phasor and that phasor is being used
in relay algorithm. So, you can say that data acquisition system has to be accomplished to the
A to D conversion process and those samples you can say will be used for the subsequent

phasor estimation technique.
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Discrete Fourier Transform(DFT)

Signal: v(t) =V, sin(wt + 6)

Sampling: v, =V, sin(wt, +8) where, t, =nAt;n=0,12,....,
At = time interval between sucessive samples
200

Voltage (V)
2 o g

N
=8
3

0.1 0.105 0.11 0.115 0.12 0.125 0.13
Time (s) R

Data sampling: 8 samples/cycle

So, let us you can say that we sample the signal like this these are the different samples values

in this process so, these sample is value represent V, to the same signal
vy = Vpsin(wt, + 0)
This ts is represented as
t, = nAt

Where, At is the time interval between two consecutive points and n is the number of samples.
One by one the relay possess the newer and newer samples then the corresponding n also goes
on increasing one by one in this order the corresponding time also on the time axis goes on
increasing. For this continuous sinusoidal form, these are the samples which are being acquired
by the relay to the A to D process. After obtaining these samples, we will like to use the samples
for the phasor computation process. Here, in this sampling perspective we considered 8 sample

per cycle for this 50 Hz signal. Therefore, you can say that
0.02

At=T=2.5ms
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Phasor estimation: 1-cycle DFT
v, =V, sin(wt, +6)

Applying 1-cycle DFT,

N-1
AN [
Voltage phasor, =% Z (vae¥");0 <n <N -1 Where, N=number of samples in a cycle
T g vy = n'f sample of v(t)

Now, see the you can say that how the 1-cycle Discrete Fourier Transform algorithm is being
applied for the phasor estimation process, this is you can say that the corresponding sample
value being acquired by the relay as already mentioned and then, you can say that it will apply
the corresponding one cycle DFT technique, the phasors which is being computed by this 1-
cycle DFT process is represented by

. 21N

Vz% Ndvem;0<sn<N-1
Where, N is the number of samples in a cycle, 1-cycle period in the 50 Hz system is 20 ms and

v, is the n" sample of v(t). So, there is a complex coefficient individual to v, , if we multiply
and then take the summation for all N number of points multiplied by % the corresponding

fundamental component is estimated. Typically you see in some literature you will find that %

is considered because, in power systems the phasors are mostly represented by RMS instead of
the peak value. So, therefore you can say that peak divided by V2 gives you 1/42 so that root

\2 factor is coming considered because, of the RMS value is being used in this perspective.

Therefore, you can compute the corresponding phasor using this mathematical relations. So,
once fresh sample is being obtained by the A to D conversion process relay gets it and uses a
set of N number of points available to that and then the each value is multiplied with

corresponding Fourier coefficients to find out the corresponding phasor.



So, these being consider the complex number the corresponding V comes out to be a complex
number in terms of that, so what you can say that from this relation is that to the each sample
value the corresponding Fourier weight being multiplied and then the relay computes the

corresponding phasor value.
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Phasor estimation: 1-cycle DFT
v, =V, sin(wt, +6)

Applying 1-cycle DFT,

Voltage phasor, V = Z (vpe™ N ™;0<n<N—-1 Where, N=number of samples in a cycle
v, = n't sample of v(t)

Defining \, e
2 n V2 - n
Voo = WZ}M wsu)]  and Ving =on[vn sin@n )
n= n=i

Computed Phasor:
V Voeal = ]Vtmaq |V|49 )

le
Where [V| = (V2 + Vi, 8 = —tan™( ”:’)

So, now you can say that for these complex number for the computational process we can make
it easier also in the algorithm process the corresponding processing element may not be able to
execute the complex number, if we segregate the corresponding real and imaginary part, the

real part of these you can say that phasor becomes,

2nn
real N Z U, COS —)

Corresponding imaginary part becomes,

2nn
Lmag N Z vn51n —)

So, this you can say that we divide the corresponding complex number to the real and imaginary
part you can call it the cosine and sine component part for the corresponding phasor ¥/, we can

say that this Vthat is the voltage Phasor for the sinusoidal quantity which we are representing

can be expressed in terms of



V= Vreal _jVimag = |V|z0

So, we see clearly that from the voltage samples, we can multiply the corresponding Fourier
coefficients and then, we can get the corresponding Vphasor you can say that in terms of these
and which, we can express in terms of a polar form in terms of |[VV|26 and where the

corresponding magnitude and are angle can be obtained from

V.
— 2 2 . — -1 imag
VI= V24 + Vi 6=—tan -

So, this in our all you can say that gives us the corresponding phasors computation process you
can say that for this facility in overall with the samples value for the phasor for the signal being

available for 1-cycle, we multiply with the corresponding Fourier coefficients and find the

summation of that one multiply by % provides the corresponding voltage phasor for that

particular window of the signal.
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Data Sample window

v, = 109.53sin(1007t,, +22.25°)(V) sampling rate of 0.4 kHz,N=8 ~

Time(s) Vn(V)
01 4147
200
Window?2 : | | 01025 10101~ |
oo / Window1 0.105 10137
5. / {2\ 0.1075 4236 St
3 /] 3 0.1 4147 indow
- 0.1125 -101.01 \
am : i - ] 0.1150 -101.37
0095 0l 0.108 ol 0118 0 0125 013
Time (5 0.1175 4236
0.12 nan
-Moving window 0.1225 101.01
-with new sample

Now, we will see how we can say this computational process is being accomplished through

an example let us you can say that a signal a sinusoidal signal given by

v, = 109.53 sin(1007t, + 22.5°)



The sampling rate we have taken here is 0.4 kHz, 400 Hz that is and because, this is a 50Hz
signal so the number of points per cycle that is N=8. So, this is a simple calculation process
however, a typical relay today can be taken, N= 64 or more for more accurate and efficient
calculation process.

So, here you see this is the voltage signal which you can see that these are the samples in this
process and these are the time index of that corresponding t, and these are the corresponding
vn value corresponding to sample value of the voltage of this one.

So, we have a record from point 1 here, the corresponding value is 41.47 like that as we
progress the relay acquire data for the different time index and store the corresponding voltage
points one by one in terms of that.

Now, we see here in this example, this require the 1-cycle data you can say for this one so, this
window you can say that from a source of 1-cycle, this is from point 1 to the 1-cycle data, you
can say that the corresponding 1-cycle data here are being from 41.47 to -42.37 you can say
that the next sample again comes out to be 41.47. So, we you can say that one set of data you
that is nothing but corresponding to N=8 in this case are to be now processed by the 1-cycle
DFT for computation of the phasor. Similarly, when we are going for another window you can
say that as the next window progress in this case a fresh sample is being acquired by the relay
and the corresponding windows see that 1 sample, it discards this sample and then progresses

ahead.

Therefore, again you can say that in the second window we acquires the new samples and
discard this sample that is being the new fresh window comes out to be there in this way this
is a progressive window with a newer and newer samples are being acquired by the relay the
corresponding window shifts and 1-cycle DFT computes the phasor using the formula which
we have already shown in the earlier slide. This you can say the moving window approach you
can compute the phasor with every new samples, the corresponding window is being updated
and relay computes the corresponding phasor for the further calculations, one point again I am
telling here, that once this simple is being acquired the corresponding phasor is being computed
the relay then starts computing for further things like currents, voltage phasors, impedance and
so, and there you can say that the relay the uses its principle in this, interval and using that
principle and or the method the corresponding relay decides that whether to trip or not trip. So,

when you can say that the new fresh sample comes the relay by that time computes the phasor



and again you can say that goes for the processing of its own algorithm inside this one. So, that
is why in this interval of time you can say that the relay has to accomplished data acquisition
and as well as to compute the phasor or so, you can say that the corresponding decisions to be
there and that is you can say is the typical relay performance security is achieved. Therefore,
if the relay or algorithm uses higher and higher number of samples then, the interval you can
say that which is available to the relay will be smaller and smaller but, the relay has to take a
decision within that smaller interval or time and that becomes challenging; therefore, it has
associated cost and that is you can say limits the design process and they are based on all this
perspective and all these things, the relay has to take the decision for successful operation of
the protection scheme and so. So, this you can say that the corresponding things
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1-cycle DFT computation for window1 (0.1s to 0.1175 s, N=8 points)
0<ngN-1)

Time(s) | Voltage Sample (v,) cos(;n_%) sgn(zn%) (Con cos@u))| (v sin(2n)

04 A 1 0 .47 0

0.1025 101.01 \ 12 12 711427 7142

0.105 10137 |\ | 0 1 0 10137

0.1075 238 || 2 | e |4 2995 29.95

0.11 441 || A 0 4147 0

0.1125 40101 || -y | a? || nae 7142

0.115 40137 / | 0 -4 0 10137

0.1175 -42.36 WY | -1z /| 2995 2995
16588 | (40548

For window1 phasor = *[165.88= j40548]
[ W

=7745£ - 6175 (V)

Now, let us see how we can compute the phasor using the using that 1-cycle DFT see here,
you can say that, these are the data sets which we have already mentioned in the earlier slide

and this sequence corresponding time index for the perspective, so the corresponding Fourier
coefficient cos part and sin part you can say that are being cos(znT") and sin(Z"Tn) part and

this corresponds to cos weights and this correspond to your sin weights the n you can say that
in corresponds to the sample number and N is number of samples per cycle that is nothing but

8 in this case. So, if you substitute value of n equals to 0 to (N-1) n equals to O means cos

becomes 1 and sin becomes 0 and then you can say that for n = 1, that gives 2?" provides 45°

therefore, this becomes equals to iz also for the sin weight and like this you can say that you



substitute the nequalsto 0, 1, 2, 3, 4, 5, 6, 7 and then, you can say that we are getting the all
that corresponding 8 weights for the purpose; similarly, you get the corresponding sin weights
in this perspective. Then, in this case you can say that, after multiply the corresponding weights
to the sample values and these, you can say that sample values and the weights are being
multiplied individually and like for example,

1
4147 %x1=4147; 4147%x0=0;101.04 X —==71.42
V2
Like this, you can say that the corresponding sample value and the corresponding cos and sin
weights are being multiplied and you are getting a set of values for the cos part and set of values
for the sin part that are being used in the next case.

Now what we say that in the 1-cycle DFT you get the summation of these cosine parts gives us
165.88 and summation of this sine gives us 405.48. Now, using the corresponding DFT

algorithm, voltage phasor can be represented as

V= \é_? [165.88 — j405.48] = 77.452 — 67.75°
Note that, this is for the particular window of data which you have taken for these 8 sample
value and the corresponding phasor you can say that gives you this one with a fresh sample in
this window will be again updated as already mentioned and then you can say that we can get
corresponding phasor value to be different you can say that newer and newer samples are
acquired and accordingly you can say that the corresponding phasor is being computed and that

phasor is being used by the relay for decision making process.
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1-cycle DFT computation for window2 (0.1025s to 0.12 s, N=8 points)

(0gngN-1)
n

Time(s) | Voltage Sample (v,) cns(ZIrN) sin(Zn%) Un cus(Zn%) Vn xin(ZN%)
0.1025 101.01 1 0 10101 | 0
0.105 101.37 Nz | 12 71.68 71.68
0.1075 423 0 1 0 4236
0.1 4147 SNz | e 29.32 -29.32
0.1125 -101.01 4 0 10101 | 0
0.115 -101.37 “INZ | -2 71.68 71.68
0.1175 -42.36 0 -4 0 42.36
012 4147) 1NV2 | -3 20.32 -29.32

404.02 ) | " 169.44
¥

For window2, V = = [404.02 - j169.44]
= 77452 - 22.75° (V)

So, now you can say that, in the second window, you can say that, what you have already
mentioned that the fresh sample is being acquired and this fresh sample is being used by the
relay while discarding the older sample and this a new set of data you can say that for the
second window. Using this window again and multiply the corresponding sample with the
respective cos and sine weights after adding these values the real part or the cos part in this
case to be 404.02 and sin part summation gives you 169.44. Therefore, the corresponding

phasor value in this case becomes,

. 2

V= ) [404.02 — j169.44] = 77.452 — 22.75°
So, this what we see can say that, with the second set of window, in a similar way we can
computed the different weights and corresponding multiplication of the different weights and
the summation will provide the corresponding phasor you can say that to be computed for the

second window.
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Observations: 1-cycle DFT

Window?2

s 100 / Window1 /

/ 3 i

Time (s)

»the magnitude of the estimated phasor is same in both windows

»There is a phase difference of 45° for the estimated phasors between
window 1 and window 2 ??

» At=0.02/8 corresponds to 360%/8 = 45°

So, what we see from these two windows that the corresponding things for first window the
blue one and then you can say that the second window the green one so with a new sample the
second window is being updated accordingly now if you see this computations and get the polar
plot of the corresponding phasor, you can say that it will rotating in anti clockwise direction
with the same speed as o without the sinusoidal quantity. So, the fast window gives us the
blue phasors magnitude and angle you have already mentioned, and the second window gives
us the corresponding magnitude and angle like this, what we see from these two that that the

corresponding magnitude remains same but the angles in both the cases are been different.

Now, what is the difference you will notice here, you see here that, the magnitude of both the
phasors are same but, the angle difference becomes 45° between window 1 and window 2, if

you see here for this case the corresponding At between these two windows the window two
shifts by a time of At, what is the At talks about? It is nothing but %s samples that is 8

corresponds to that a capital N value and this you can say that, is nothing but corresponds to

360°

= 450
8

Therefore, that 45°shifting of the window 2 phasor in the time domain is being clearly reflected
in the phasors domain and that is you can say that, the reason we are getting this shifting angle
of 45° by this one.



Note that, you can say that, the magnitude of the signal remains stationary, therefore you can
the corresponding magnitude part remains to be same in the both the cases. So, that clearly
shows this 1-cycle DFT is able to capture the phase and the magnitude information note that,
the 77.45 is nothing but the corresponding signal you can say that, it talk about signal divide
by 2 so, that is your result you can say that, 77.45 magnitude, you can say that. Now, what
we see from this perspective is that with a further and further shifts in windows the
corresponding phasors can be computed in the proper way.
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Phasor estimation in the presence of harmonics (1-cycle DFT)
v, =10953sin(100mt,, + 2225 )+5.48sin(200t, + 22.25')+16.435in(300mt,, + 22.25")

+1095sin(500mt, +22.25) (V)
Time(s) (V)
0.1 53.92
0105 1023
oW Window 0.105 9423
F /a\\ 0105|4820
$ // 011 o1 ||
i 0125 9219
':mm ol 0105 01 005\ 012 015 013 0.1150 -98.38
Tine(s) 0.1175 5834
. 0.12 5392 4
Sampling rate same, 0.4 kHz, N=8 0125 10233

''''''

Now, let us you can say that, see how good you can say that, is this corresponding 1-cycle DFT
in filtering or the different unwanted component like in this example, we have taken you can
say that, a signal you can say that, these signals you can say that, it is contaminated by different
harmonic components and so, like you can say that, same sinusoidal signal we consider you
can say that, again you can say that 109.53sin(1007t, + 22.5%) the same signal we have
computed the phasors with a magnitude of 77.45, and with certain angle depending upon the
different windows and we add this second harmonic component 200 now, instead of 100, this
is 300 now, third harmonic component and then, we have also fifth harmonic component you
can say that the magnitude of fifth harmonic component is 10.95 then 16.43 and then you can
say 5.43 different percentage of second, third and fifth harmonic are being added to this one,
this signal is now highly distorted you can say that from the fundamental which is clearly

visible from this plot of the signal.



Now, you see you can say that, this signal you can say that, the data acquisition to be
accomplished by the A to D process and then again we are maintaining the same 400 Hz
sampling rate with the capital N=8 for the 50 Hz signal. Now, consider this window we have 8
number of samples, this 8 number of samples corresponds to window becomes like this and are
to be processed to compute the 1-cycle DFT. So, how the 1-cycle DFT finds the corresponding
signal you can say for this case we will try to evaluate using the same calculation process as

we have already mentioned earlier also.
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1-cycle DFT computation for window1 (0.1s to 0.1175 s, N=8 points)

Time(s) | Voltage Sample (v,) cos(Zn%) sin(Zn%) v, cox(ers) V",'“‘"(Z”lﬂv)
a1 53.92 1 0 53.92 0
| 0.1025 10233 M2 | 1IN | 123 72.36
| 0.105 94.23 0 1 0 94.23
0.1075 b pNE | AN | 3408 34,08
01 4077 4 0 4917 0
| 0.1125 -92.19 -2 | -1N2 | 8549 65.19
L 0115 98.38 0 A 0 98.38
\0.1175 -58.34 W2 | -INZ | 4125 41.25
i 16591 | | | 405.49
For window1, V = L:[165,91 - j405.49] Earier caleufation without harmofics
= 77452 - 6175 (V) (= 11452~ 61.75° (V)

So, the calculation reveals that if we applied the corresponding cosine and sine weight to the
1-cycle data window which we have mentioned for this period the corresponding value you
real part becomes 165.91, and the imaginary part comes out to be 405.49. If you see this you
can say that, two components, it is we have already seen these two component earlier so, and

corresponding phasor

V = 77447 — 67.75°

So, what we see here, that the corresponding phasor is same as earlier calculation of that
without harmonics in the fast window. So, these two you can say that, values are you can say
that, exactly same this clearly shows that the different harmonic components second, third and
fifth are completely being rejected by the 1-cycle DFT and that is what, we want in relay also,

because if the phasor is to be used by the relay the phasor should be accurately as should be



estimated from the signal for successful operation you can say that accurate operation, accurate
decision by the corresponding relay in the system.
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1-cycle DFT-phasors

Phase information-
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Now, we see here that, as you have already mentioned you can say that are being useful in relay
decision process to have that picture on that you can say take sinusoidal signals, voltage and
current. So, blue one is voltage and the red one is current perspective in this case, for example,
now you select an window and in this window you compute the corresponding phasors for both
voltage and current so you can get the corresponding voltage phasor and the corresponding
current phasor in polar form or in rectangular form at particular instance V£6: and the
corresponding current for this case, let us calculate by the 1-cycle DFT is 146, So, clearly you
can say for this case you can find the corresponding angle between, voltage and current phasors
(61- 62) you can say that is indicative of what is the corresponding theta value so, this phase
information is very important in relay applications like, directional relay and in many other you
can say that, application perspective including the magnitude but, also you can say use both
the voltage and current magnitude and angle are being used in distance relay application and

SO.
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Now, come to you can say that, another one this you can say that take how, 1-cycle DFT can
be useful you can say that, in this sequence component perspective, let us say here, you can
say that, this three plots are for voltages you can say that, in a system A B C. So, these voltage

signals like to be used to compute the corresponding phasors using the 1-cycle DFT.

Let us say at one window you can say that, we will take this window of length containing N
number of samples and then, you can say that, for each phasor for each signal you can say that,
will compute the corresponding phasors Vaz0a., V261, Vc£0. using the 1-cycle DFT for this
window. Then, using the transformation some as you have already learned that we can compute
the V1461, V2462, Vo460, corresponding to these sequence components, are being widely used
for different numerical relays you can say that, for decision making process. So, now this you
can say that, with you can say that, window progressing the corresponding Va Vb V¢ will be
also estimated using the 1-cycle DFT and the corresponding sequence component will also be

updated accordingly.

So, what you learn from this is that different current and voltage signals using the 1-cycle DFT
algorithm which is just the different samples value and using the corresponding Fourier
coefficients to it you can estimate the corresponding fundamental component using that phasor
estimation principle very efficiently and which can be used for the relay decision making
process. So, in the next class, we will see how variants of the 1-cycle DFT algorithms can also

be used for phasor estimation for better relay decision making process. Thank you.



