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Lecture - 58
Larsen Fuzzy Model (For Multiple Rules with Multiple Antecedents

Welcome to the lecture number 58 of Fuzzy Sets, Logic and Systems and Applications.
And here, we will continue our discussion on the Larsen Fuzzy Model for Multiple Rules
with Multiple Antecedents and this also we will discuss with max-min composition and

max-product composition for fuzzy and crisp inputs both.
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Larsen Fuzzy Model

Now, let us understand the fuzzy reasoning of Larsen Fuzzy
Model for the following:

* Larsen Fuzzy Model using Max-Min Composition and Max-
Product Composition for Fuzzy and Crisp Inputs

» Multiple Rules with Multiple Antecedents
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Larsen Fuzzy Model using Max-Min Composition
Multiple Rules with Multiple Antecedents (Fuzzy Inputs)

/Rule 1: IF x is Ay AND y is B; THEN zis C;
/Rule 2:if x is A, AND y is B, THEN z s C,
Fact (Input): x is A’ AND y is B’

Conclusion: zis C’

i Inputs x and y are Fuzzy Sets. J

So, since this class is having the multiple rules and multiple antecedents. So, we are taking
2 rules here for simplicity, but we can have multiple rules like n number of rules we can
have and similarly, we can have multiple antecedents. So, here also we are taking two

antecedents only.

So, 2 antecedents and 2 rules we are taking for simplicity. So, rule number 1 and rule
number 2, but if we understand this then we can apply this for multiple antecedents and

multiple rules, means we can apply to any number of rules and any number of antecedents.
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Larsen Fuzzy Model using Max-Min Composition
Multiple Rules with Multiple Antecedents (Fuzzy Inputs)
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So, here we are taking only 2 rules and let us go to the first case, where we are taking the
fuzzy input. So, we have this as the rule number 1 and this as the rule number 2. These
two are the rules already given for the fuzzy model Larsen fuzzy model and this dotted
one is the applied input.

So, we may not at the moment consider when we are discussing the rule. Now, this is the
input, this is the fuzzy input this is a fuzzy input that we supply to the Larsen fuzzy model.
And we have this fuzzy input for x this fuzzy input for y means the fuzzy input the fuzzy

value A’ that means the A’ is nothing, but a fuzzy set here and B’ is also a fuzzy set.

So, these two fuzzy values are applied fuzzy values are given as the input to the model.
So, when we do that, we see that for the first rule let us understand that when we apply
this so we superimpose A; and A’. So, we superimpose A; and A’, we get the point of
intersection as 0.86 and similarly here for y input we superimpose B’ and B;,B; was
already there and B’ is the given fuzzy input. So, when we superimpose these two or we
superimpose B; on superimpose B’ on B; and we see that there is an intersection here

point of intersection and this point of intersection is 0.36.

So, we have two points of intersection first is for the x first antecedent and the second one
is for the second antecedent. I can call this as w; and | can call this as the w,. Now, since
here we are taking max-min composition. So, we will take the min of these two weights

w; and w,.

So, when we take the min and since this is for the first rule, where there are multiple rules
here means two rules. So, we write the symbol of weight like this. So, upper subscripts
here is for rules, so first rule similarly here the upper subscript will be the wt. So,

wlbasically I can ok.

So, let us have this have it like this the symbol is a bit, we can take here in this particular
case you can take this as the wi and wZ. So, the lower subscript is for the rule and so the

w; here is the w; is equal to the minimum of the 2.

So, w; is equal to the minimum of w{ and w?. So, this way we have the min of the two
as w; w; is 0.36 and this we used to a scale down the output fuzzy set C;. So, we can

click, we can very easily get this value the C;. So, there is the fuzzy output here this is the



fuzzy output this is C;" and this is nothing but u.s(z)/z and what is p./(2) is pucr(z)
is nothing but p but w into this is u.(1).

So, pcr(2) is Her = wy X pc, (). So, this is how we get this value of C; . Similarly, we
find the points of intersection here for the second rule, we call this as the w; and then we

call this as the wz. So, w, = min(w3, w?).

So, this way we get w, here and similarly here we get the C;. So, this is the fuzzy set and
this is nothing, but see, if this is ws(2)/z and pg(z) = w X pic,(2). So, this is how we
get the output fuzzy set scaled. Now, since here we have multiple rules so we have to when

we apply max-min composition.

So, now the max is relevant here max of max-min composition is irrelevant. So, we have
multiple rules here we have two rules. So, both the outputs are now included both the
outputs are now accounted and this accounting is done by taking the union of the two. So,
we take the union of the two and that is how we are getting this as the output.

So, this is the union of C; and Cj;. So, we can write it like this €' and then C; and this is
our final output in this case. So, now, this output is the fuzzy output and as | have already
mentioned that when we are interested in crisp equivalent of this crisp value of this, then
we use suitable defuzzification methods and we get the crisp value the corresponding fuzzy
set.
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Multiple Rules with Multiple Antecedents (Fuzzy Inputs)
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Now, let us compare this output of Larsen fuzzy model with the Mamdani fuzzy model.

So, this means that when we have for the same inputs for the same fuzzy inputs, if you
would have used Mamdani model what will would have got against here. So, for the same
max-min composition and for the same fuzzy input, we are getting the different outputs.
So, Mamdani model is giving us here, this output this fuzzy output whereas, the Larsen

fuzzy model is giving this output

So, please look at the outputs and these two are different outputs. Now, let us go ahead
and use the other composition. Let us go ahead and use the max-product composition. So,

when we use max-product composition.
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Larsen Fuzzy Model using Max-Product Composition
Multiple Rules with Multiple Antecedents (Fuzzy Inputs
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So, since we have already this as the w{ and this we have w?. So, our w; = min(wj, w?).
So, we are getting here. No this is the product this is not minimum. So, this is the product.
What is this? This is this we have wi and this is we have wZ. So, when we multiply this
the value w; that is the firing rule strengths is coming out to be 0.31 and we use this value

to the scale down the height of the C; the fuzzy set C; to 0.31.

So, this is how it is done. Now, the new membership function of C; the new membership

function the scale down membership function p.: (z) = wy X ¢, (2) and then you can

write the C; here we can write the C; the output is scaled down fuzzy set here Hel-



Alright so now similarly, when we apply the second rule when we apply the input the
fuzzy inputs to the second rule. This was the rule number 1 the first rule and then we have
the second rule. Now, when we apply this w, this is the second rule. So, we write w3 and
then we write here wZ. So, this is w; this is w2. Similarly, here also we have the value

that we are getting as the firing strength of the rule as 0.2.

So, this value will be used to a scale down the C, to C;. So, the membership function here
of this scaled down fuzzy set will be p.r(z) = w, X ¢, (z) andthe C; = fZ tei(2)/z. So,
this is how we get the C; as the output the fuzzy output. Now, since we are applying here

a max-product composition. So, we take the union of the two outputs.

So, we take the C; take C; and C;. So, we take the union of these 2 and this is what we
are getting here as the output. So, we see that we are finally, getting the fuzzy output and
this fuzzy output can be defuzzified further to get the crisp output and this is the output
that we obtained using Larsen fuzzy model using the third case the third case of the Larsen
fuzzy model that is multiple rules and multiple antecedents and this output is with respect

to max product composition with fuzzy inputs.
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Multiple Rules with Multiple Antecedents (Fuzzy Inputs)

Mamdani Fuzzy Model Larsen Fuzzy Model
i ¢’ E e
Max-Product ¢ D ¢ P
Composition ‘ [/ on $ . "
; ‘ . 0.20 /I ; ‘: . .20

P c' P c'
i i

b 7 P
“
(A

\\ - ,</",l

Max-Min
Composition

So now, let us compare this case with the this output with the Mamdani fuzzy model. So,
had it been a Mamdani fuzzy model you would have gotten this output for the same input

for the same composition, that means the max-product composition. So, see here that, we



are getting different fuzzy outputs for the same inputs and for the fuzzy for the same

compositions.

So, we see clearly that we have different fuzzy outputs and since we have the different
fuzzy outputs, obviously, we are going to get the different crisp values as well. Now, let
us compare this with the max-min composition and we see that all four are different when
we use max-min composition here also the Larsen and Mamdani both are producing

different fuzzy outputs.

So, we can see that as to how when we use the same even if the same max-min composition
different models are producing corresponding to the same fuzzy inputs different fuzzy

outputs and so the crisp out outputs also will be different.
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Larsen Fuzzy Model using Max-Min Composition
Multiple Rules with Multiple Antecedents (Crisp Inputs)

Rule 1: IF x is A; AND y is By THEN z is C,
Rule 2:if x is A, AND y is B, THEN zis C;
Fact (Input){x = x;)ANDY = y1)

Conclusion: z is C’

Inputs x and y are Crisp quantities.

Now instead of fuzzy inputs, let us use crisp inputs and see what happens. So, we have the
again for this case also we have two rules and the input here is different that means, x is
equal to x, instead of the fuzzy set and here we have y is equal to y; that means the
crisp input instead of the fuzzy input. So, let us see what we are going to get when we

apply this crisp input.
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Larsen Fuzzy Model using Max-Min Composition
Multiple Rules with Multiple Antecedents (Crisp Inputs)
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So, here we have let’s us assume that x; is 7 and y; is 6.5. So, when we take this x; for
the first antecedent, so first antecedent is x is A;. So, when we take x, isequal to 7. So,
corresponding to x, is equal to 7 we see that this is cutting this is intersecting the A,
fuzzy set at 0.28 membership value. So this we call as w4, for the first antecedent and first

rule this is rule number 1 this is rule number 2.

So, similarly here y, is cutting y, is also intersecting here at 0.97. So, we call this as w?
the second antecedent and first rule. So, if we use max-min composition, then we have to
take the min of these two. So, w; is equal to or we can simply write here like this that we
have this as the w{ and this as the wZ. So, the value the minimum value is coming out to
be 0.28.

So, since we are taking max-min composition. So, the minimum here is 0.28. Now, we use
this value to scale down C; to C; means the new fuzzy set is the scale down fuzzy set is
C; and as | have already discussed as to how we are going to get the membership function

of the scaled down C; fuzzy set. So, here C; will be like this, w; multiplied by uc, (2)

here also we will have p./(z) and then here we will have w, into ¢, (2).

So, with this we will be getting u:(z), the membership function of the scaled down fuzzy

set and this is scaled down fuzzy setis C; and C; isthis te(z)/z. So, similarly, when



we apply the same input same crisp inputs to the rule number 2. So, here we get my w3,

0.14 and w3 as 0.99. So, since we are taking the max-min composition.

So, minimum of the two will be 0.14 and similarly here also the membership function of

the scale down fuzzy set will be 1i¢;. So, I can write here p.; is going to be w, multiplied
by uc,(z) since this is defined in z. So, we can write here . (z) so like that and then
we have this C; as tey(2)/z. So, this is how we get the expression for C;. Now, since we

are using here the max-min composition.

So, the outputs corresponding to rule number 1 and rule number 2 are unionized is a union
of the two outputs are taken. So, C; U C; and this is what is the output that we get when
we take union we combine these two. So, either we call this as the union or we taking max.
So, this is nothing, but the union of the two outputs corresponding to the rule number 1

and rule number 2.
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Multiple Rules with Multiple Antecedents (Crisp Inputs)
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Now, let us. So, since this is fuzzy output. Now, let us compare this fuzzy output of the
Larsen fuzzy model with the Mamdani fuzzy model with the same max-min composition
and with the same crisp input. So, we see that the outputs again here will differ. So, Larsen
fuzzy model produces this fuzzy output whereas the Mamdani produces the different fuzzy
output compared to Larsen fuzzy model. So, similarly when we defuzzify this the crisp

outputs also will remain the different.



So, let us now for the same input and in the same class that means, the multiple rules with
multiple antecedents let us use the max product composition and let us see what we are

getting.
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Larsen Fuzzy Model using Max-Product Composition
Multiple Rules with Multiple Antecedents (Crisp Inputs)
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So, here we are again for the same input we are getting wi as 0.28 as the point of
intersection here we are getting wi. So, w? here as the point of intersection here. So, this
part remains the same, the only thing is this multiplication here because we are using max-

product composition.

So, we multiply these two the wi and then w2. This is w2. So, final value that is w, is
coming out to be 0.27 which is the firing strength of the rule 1 and again it is needless to
mention as to how we get the C; here. So, what is done here is that the height of C, is
brought down to or the is brought down to C; and the accordingly the whole fuzzy set is

a scaled down and this membership function of this fuzzy set C; that means p./(z) =

wy X Ue, (2).

So, when we have this then, we can simply write the expression for fuzzy set C; and C;
is ke (z)/z. So, this is how we write C; fuzzy set. Similarly, when we apply this crisp
input x; is equal to 7 y, is equal to 6.5 to the second rule the output is C; and here this

intersection is wi and this intersection is w2.



So, this is w1 and this is our wi w2; w2. Similarly, the membership function of the C,
so the membership function of u;r = w; X uc, (2). So, this C; = [ pe1(2)/z. So, this is
how we can get the membership value and the fuzzy set. So, both the outcomes are now

maximized the outcomes that union of the two membership two fuzzy sets are taken.

So, here we take the max of C; and C;, we and this is same as this is same as the C; =
C; U C, here and this is the outcome. So, this is the fuzzy outcome and we use the
defuzzification methods suitable defuzzification methods to get the crisp output. Now, let
us compare this output of the Larsen fuzzy model here and let us compare this with
Mamdani.

(Refer Slide Time: 32:43)

Multiple Rules with Multiple Antecedents (Crisp Inputs)
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So, had it been the same input same crisp inputs same set of fuzzy rules and same
composition that that means, max-product compositions. So, C here the Larsen fuzzy
model is giving this output and Mamdani fuzzy model is giving this output which is
different from the Larsen fuzzy model for the same crisp inputs and same max-product
composition and now let us compare the outputs of the max product composition with

max-min composition as well.

So, we see that here we see that here all the four outcomes are different means, the fuzzy
values are changing the output of the Larsen fuzzy model in all the cases in both the
compositions are different for the same input and same composition and same input and

similarly here the Mamdani fuzzy model also we have different outputs. And similarly,



since we have the fuzzy values are different. So, the corresponding crisp values are also

going to be different.

So, we see that, we have the outputs fuzzy outputs in as the result of Larsen fuzzy model
with crisp model crisp input and max-min composition and then the same for max-min
composition and we see that the results are the fuzzy outputs are different. The different
the outputs are different and then accordingly, we can say that the crisp values are also

going to be different.
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Example: Single-Input Single-Output Larsen Fuzzy Model

An example of a single-input single-output (SISO) Larsen fuzzy model is shown
below for antecedent and consequent membership functions with universe of
discourse X € [~10,10] and Y € [0,10], respectively Vx E X,y €Y.

Antecedent membership function Corsequent memberh function

Medium Large o Small Medium Large

ermbers

Membership Grade:

The SISO Larsen fuzzy model with three rules can be expressed as:
Rule 1: IF x is Small THEN y is Small

Rule 2: IF x is Medium THEN y is Medium

Rule 3: IF x is Large THEN y is Large

What will the output y for input x = =3,9?

Now, let us take a simple example a very simple example here of the case the single input

and single output Larsen fuzzy model.

So, here we have the single input it means we have the single antecedent, but here we have
multiple rules. We have single antecedent, but multiple rules and in this case we have the
single input single output that means the SISO Larsen fuzzy model and which is shown
here for antecedent and consequent membership functions with universe of discourse. x
belonging into belonging from —10 to 10 and y from 0 to 10 respectively for

every x € X forevery y €Y.

So, we see here that the x is having three fuzzy regions small, medium, large and all these
fuzzy regions are defined by or represented by the corresponding fuzzy sets for small for

medium for large. Similarly in consequent part that means, the output is also divided into



y is also divided into three fuzzy regions and every region is represented by a fuzzy value

fuzzy set. So, small, medium, large.

So, we have the input and we have the output and here we have the three rules of the model
which is given. So, rule 1 says if x is small then y is going to be in the small means, if
any input x which is falling in the small region then the output has to be fall has to fall in
the small region only. Similarly what rule 2 is saying is if x is medium means x is going

to be medium.

Then y is also going to be in the medium means what does this mean exactly is if any input
x is falling in the medium region then y will also be falling in the medium region.
Similarly for rule 3 if x is large means if the x values if the input x is falling into large
region large fuzzy set region, then the corresponding y will also fall in the large region.
So, these are very simple case to make you understand. So, if we have these three rules
present for this fuzzy model for this SISO fuzzy model for this SISO Larsen fuzzy model,

then let us find the output corresponding to the input x is equal to —3.9.

So, let us apply this input. So, please understand that the output input here is the input that
we are giving to the model is a crisp input. So, we have x is equal to —3.9 and this is a
crisp input. So, this input when we supply to the Larsen fuzzy model, let us see what is the

output that we are going to get corresponding to this input.
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Example: Single-Input Single-Output Larsen Fuzzy Model

Antecedent membership function Consequent membershvp function

Smal i Medum Large Smal Medium Large

G
G

Membershp Grades

(_Given Rules)

Forinput x = =3.9; ‘Rules | Input | Output
- gt
A Rulel [( Small ¥ Small

Usma (X = =39) = 03 - ——
Hsmall A Rule2 [Medium-} Medium J

Upedium(X = =39) = 0.7 % Rule3 arge) | Llarge

Hence, two rules are applicable here i.e. Rule 1 and
Rule 2.
In further slide, we will plot the applicable rule base,




So, when we apply this input, we see that corresponding to x is equal to —3.9, we get
here the two points of intersection. So, we see that a small region is cut at one place a small
region a small fuzzy set is cut at is intersected at one place by x is equal to —3.9 line and
similarly the medium is also intersected at 0.7 and then when it comes to large is not at all
affected.

So, the input that we are supplying here whichis x isequalto —3.9 isapplicable is falling
in to two regions a small and medium it is not falling in the large region. So, large is large
fuzzy region is irrelevant for this input. So, let us now further understand that,
corresponding to this input we are getting 0.3 as the point of intersection in a small region

and 0.7 in medium region. Now, let us check this in the given rules.

So, let us now look at the rules and see whether the rules are applicable for this input or
not. So, we have we have the input x isequal to —3.9 whichis falling in the small region.
So, if it is falling in the small region, we have the given rule we see here and in given rule
if we if our input is falling in the small region. So, we have the output also in the small

region.

So, this means that the input since our input x is equal to —3.9 is falling in the small
region. So, this means rule 1 is applicable, no matter what is the output. So, we will first
see the input. So, input is falling in this small region, then we see the input is also falling
in the medium region. So, rule 1 and rule 2 are applicable and rule three is not applicable

because the x is equal to —3.9 is not falling in the large region.

So, this is this rule is not applicable so only two rules are applicable. Now, let us proceed

with these two rules.
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Example: Single-Input Single-Output Larsen Fuzzy Model
[ min | (Max- tun Lomepotihion)
e | Rule 1 - Output

Rule 1 - Input
T Small 3 : Senalt , )
] / [y
0| § 4 Py S ol Mt *
A |
JulL -1 2 $ (
AL~ & & ] )
' g / ; '[,?";OI’MM
£ 23 _,fnl“,»aﬂ / p pay
: : ] ol J Mgt (Y
Y
Rule 2 - Input l("&)
2 b
-1 Medium ~— = S
l 2 T 2
fulet 3
v r- N \ 5
§ [iw §
2o | i :

So, we have the small fuzzy set here the fuzzy set for a small here and then we have the
fuzzy set for medium here this is medium, this is medium fuzzy set and this is small fuzzy
set and these two are given. So, since we have two rules here, rule number 1 let us now

apply the input.

So, for rule number 1 and then we have the rule number 2. So, when we apply the input
here we find here for the first rule we are getting the point of intersection as the weight
which is 0.3; 0.3. Now, if we apply Larsen fuzzy model. So, the height of this output fuzzy
set that is small here in this case we have to bring it down to the 0.3 value here.

So, and the membership function, the new membership function let us say the membership
function of the small here the small here let us say this is y and the membership function

of they small dash let us say will be the w; that means, the 0.3 X psmau (V).

So, similarly here, when we apply a rule number 2 we get here the point of intersection as
w, and we scale down the medium to medium height of the medium to w,; that means,
the w, is equal to 0.7 and this is the outcome that we get a scale down fuzzy set and the

corresponding membership function. So, let us call this as the dash medium dash

So, thisis y SO Upedium- S0, this will be basically, 0.7 X pyeqium’ (7). And here we have
the membership function mu medium let us say y and this is dash. So, this is how we are

getting the scale down fuzzy set and this is the membership function is the membership



function. We can get the fuzzy set a Small’ = fy Usmar’ ) /y similarly here the fuzzy

set and so this will be the fuzzy set basically, this is the fuzzy set and here this fuzzy set
there the mu medium this is fuzzy set that you write it here. This fuzzy set is u, let us say

Medium' and this Medium' = fyHMeaium'(Y)/Y- So, that is how we get the scale

down membership function and the corresponding fuzzy set for medium dash like scale

down medium dash scale down fuzzy set.
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Example: Single-Input Single-Output Larsen Fuzzy Model

Rule 1 - Output

So, the same is shown here. Now, since we are using max-min composition. So, this is for
max-min composition here, this is for max-min composition. So, we use max-min
composition. So, minimum we have already taken here the minimum was not applicable
because, we have only one antecedent. So, max-min composition or max-product

composition both will give the same result because, we have only one antecedent here.

So, that is not really going to make any difference. So, | can simply remove this because
this is applicable to both min and max-min and max-product composition. But finally, in
both the cases we have to take the max of the two output. So, both the output and what is
this output this is the small dash here this is a Small’ and this is Medium' as the fuzzy

output as the fuzzy output. So, both these outputs are now taken as the union.

So, | can write here as a small dash union medium dash. So, this is what is the output. So,

this is finally, again the fuzzy output.
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Example: Single-Input Single-Output Larsen Fuzzy Model

Defuzzified value using Centroid of Area (COA): y* = 35420 ./~
Defurzified value using Bisector of Area (BOA): y* = 3,6286 .~

”~
Defuzzified value using Mean of Maximum (MOM): y* = 3.7287 +/

Defuzzified value using Smallest of Maximum (SOM): y* = 24625 ,/

Defurzified value using Largest of Maximum (LOM): y* = 4995 /

Aggrogated Fuzzy Output

Here,
1 Py =(0,03)
: P, = (1.4414,0.3)
Py =(1.7618,0.2113)
Py = (24625,0.7)
Ps = (4.995,0.7)
Py =(7,0)

aces
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Now, we can use any suitable methods of defuzzification to get the crisp value. So, here
this is the output and fuzzy output and when we use the centroid of area the defuzzification
gives the y™* as the crisp value. So, y* is 3.5420, the formula | have already discussed all

these defuzzification | have already discussed.

So, if we use all these, we will get the center of area if you use center of area the same
fuzzy value the same fuzzy quantity is giving us different crisp values. So, when we use
center of area method of defuzzification, we get 3.5420, when we use the bisector of area
we get 3.6286 as the crisp value, when we use max of mean of maximum we get 3.7287
as the crisp value, when we use the smallest of maximum then we get 2.4625 as the crisp

value.

And then when we use the largest of maximum here we get a 4.995 as the crisp value for
the same fuzzy output. And here it is shown the fuzzy output that we have got is shown
and their vertices also all these vertices Py, P,, P5, Py, Ps, P, are shown here, is you are
interested you can use these vertices to compute and compare the and match the results

that we have obtained.
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In today’s lecture, we have studied the
following:

* Larsen Fuzzy Model using Max-Min Composition and Max-
Product Composition for Fuzzy and Crisp Inputs

»Single Rule with Single Antecedent
»Single Rule with Multiple Antecedents
»Multiple Rules with Multiple Antecedents

In the next lecture, we will study the
Tsukamoto Fuzzy Model.

So, we have discussed in today’s lecture. So, many things and | hope you enjoyed the
lecture in detail | have discussed the Larsen fuzzy model using max-min composition and
max-product composition for both the inputs fuzzy and crisp. And all these three cases we
have discussed, when we have the Larsen fuzzy model with single rule with single, single

antecedent and then this was the first case.

The second case was that we discussed was single rule with multiple antecedents and the
third case that we discussed for Larsen fuzzy model was the multiple rules with multiple
antecedents and this covered almost all the cases that we could apply. And with this I will

stop here and in the next lecture we will discuss the Tsukamoto fuzzy model.

Thank you very much.



