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Lecture - 53
Mamdani Fuzzy Model

Hi, welcome to the lecture number 53 of Fuzzy Sets, Logic and Systems and Applications.
In this lecture we will continue our discussion with the remaining part of the Mamdani

Fuzzy Model.
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Mamdani Fuzzy Model

Now, let us understand the fuzzy reasoning of Mamdani Fuzzy
Model for the following:

* Mamdani Fuzzy Model using Max-Min and Max-Product
Compositions for Fuzzy and Crisp Inputs

» Multiple Rules with Multiple Antecedents

In the previous lecture, we have studied Mamdani Fuzzy
Model using Max-Min and Max-Product Compositions for
Fuzzy and Crisp Inputs for Single Rule with Single Antecedent
and Single Rule with Multiple Antecedents.

Here, let us understand the fuzzy reasoning of Mamdani fuzzy model for the following.
Mamdani fuzzy model using max-min and max-product compositions for fuzzy and crisp
inputs for multiple rules with multiple antecedents. In the previous lecture what we have
done was, the Mamdani fuzzy model using max-min here max-min and max-product
compositions for fuzzy as well as the crisp inputs for single rule with single antecedents

and single Rule with multiple antecedents.
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Mamdani Fuzzy Model

Now, let us understand the fuzzy reasoning of Mamdani Fuzzy
Model for the following:

* Mamdani Fuzzy Model using Max-Min and Max-Product
Compositions for Fuzzy and Crisp Inputs

» Multiple Rules with Multiple Antecedents

Now, let us discuss the third scenario where we have a Mamdani fuzzy model with
multiple rules more than one rule. And, even in the rules itself we have multiple

antecedents. So, let us now discuss this scenario.
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Mamdani Fuzzy Model using Max-Min Composition
Multiple Rules with Multiple Antecedents (Fuzzy Inputs)
5 putecaslent ﬂ") A,‘hm/*“}'

Rulel:lmeisBl HEN zis C1
Rule 2: if x is A2 and yisBZ THEN z is C2

Fact (Input): x is A’and y is B’

Conclusion: zis C’

i_lnputs x and y are Fuzzy Sets.

So, here we are taking for simply simplicity we are taking 2 rules only under this multiple
rule case with multiple antecedents here also we are taking only 2 antecedents. So, let me

just make it very clear that we have we have this as the ISt antecedent, IS¢ antecedent.



And then we have the 11™® antecedent and we have 2 rules. So, 2 rules 2 antecedents and
we all already know that this is the premise part and this is the consequent part this premise
part, this is consequent part. And here also we see that premise part is a fuzzy and the

consequent part is also fuzzy.

So, both premise and consequent both parts are fuzzy, when we say fuzzy it means we
have this premise and consequent both part are designated by the fuzzy values like here in

this case A;, By, C;, A,, By, C, are fuzzy values.
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Mamdani Fuzzy Model using Max-Min Composition
Multiple Rules with Multiple Antecedents (Fuzzy Inputs)

xis A, zisC,

J\

ysB, A
\Rulel IFxisAland yis B1 THEN zis C1

\ Rule 2: if x is A2 and y is B2 THEN z is C2
‘Fact (Input): x is A" and y is B'

‘ Conclusnon zisC"

Now let us on the same lines as we have discussed the two previous scenarios, let us
discuss this also. So, here we have rule number 1 where we have x is A;, y is B; this
x this y this is z,x,y this is rule number 2. So, we have two rules and then two
antecedents. So first antecedent is this, second antecedent is this. And these two
antecedents are connected again by AND, you can see here and so both the rules are

containing AND as the connectors.

Now, these two rules are given in the fuzzy model Mamdani fuzzy models. Or in the other
words we can say this this Mamdani fuzzy model is described by or characterized by the

2 fuzzy rules and these fuzzy rules are with 2 antecedents.
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Mamdani Fuzzy Model using Max-Min Composition
Multiple Rules with Multiple Antecedents (Fuzzy Inputs)
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And which is clear case of the multiple rules with multiple antecedents. So, let us first take
the fuzzy input. So, Rule 1 and this is Rule 2. So, here let us take the same input here x,y
and x isfuzzy y isalso fuzzy, when we say fuzzy again fuzzy means of fuzzy value and
fuzzy values always characterized by or represented by a fuzzy set. So, we are taking a
fuzzy set alright. So, now, let us apply this input to the fuzzy model and let us see what we
are getting as the output to the corresponding input.

So, this is fuzzy input, first fuzzy input. So, here x is the fuzzy input and what is this
fuzzy set here? Fuzzy set A’, here y is again is a is also a fuzzy set which is B’ this is
y alright. So, now, let us apply this. So, this is very simple and as we have done in second
scenario, so let us take the Rule number 1 first and take these two x,y fuzzy values

superimpose.

And then finds the points of intersection and these points of corresponding to the points of

intersections, the membership values will become the w’slike w; and w, like this here.
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Mamdani Fuzzy Model using Max-Min Compositi
Multiple Rules with Multiple Antecedents (Fuzzy Inputs)
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So, when we superimpose this is our Rule number 1 and this is Rule 2. So, when we

superimpose A’, so you see here A is superimposed on A,, B’ is superimposed on B;.

So, A’ is superimposed on A, and we are getting here, we are getting here as the wy,
here also we are getting the point of intersection as w;. Now, here in this case since we
are using the max-min composition. So, now, let us take w; this w,. So, let us take the
minimum of the w; and w, and when we take minimum of the w; and w, we are
getting w as 0.36.
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Mamdani Fuzzy Model using Max-Min Composition
Multiple Rules with Multiple Antecedents (Fuzzy Inputs)
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So, this is w; thisis w,, so w is. So, let us take this as the w dash, this is also w dash
and when we take this as the w; and w,, w;, w, let us call this as w, ; 1 is for the

Rule here this for the first rule, first rule it is for the first rule.
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Mamdani Fuzzy Model using Max-Min Composition
Multiple Rules with Multiplle Antecedents (Fuzzy Inputs)
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So, when we get w; here as the minimum of the wy this was the w; thisis w; alright.

So, w; is coming out to be 0.36 and again we use this w; to truncate C; and this is the
output is the fuzzy output corresponding to the fuzzy inputs if fuzzy output from Rule 1,
from Rule 1. Similarly, we do the same exercise using min composition here also we are

getting wy;, wy. When we take w, here in this case.

So, when we take min because we are using we are taking max min composition, we take
min. So, w, which is the outcome which is corresponding to the second rule. So, w,
with this w, we truncate C, and this becomes C,. So, this is this we can write as the

fuzzy output from Rule 2.

Now, here we are using max-min composition. So, min is utilized here now whatever
outcomes that are coming from each Rule we are taking the maximum of it, maximum

means we are taking the union of it. So, let us take the let us aggregate it with union.
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Mamdani Fuzzy Model using Max-Min Composition
Multiple Rules with Multiple Antecedents (Fuzzy Inputs)
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So, when we take the union, so we are getting this kind of thing you see here when we plot
it we are going to get the union see here. So, we aggregate the output from Rule 1 and then
we get the output from Rule 2 both outputs are aggregated, we are taking the union and
the union is giving us see here the max is giving us the fuzzy output corresponding to the
fuzzy input. Now, this fuzzy output can suitably be defuzzified by using suitable
defuzzifiers. Now, in this scenario the third scenario let us see when we use the max

product composition.
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Mamdani Fuzzy Model using Max-Product Composition
Multiple Rules with Multiple Antecedents (Fuzzy Inputs)
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So, this again very simple here when we superimpose the fuzzy inputs here. So, A; is
superimposedto A’ issuperimposed A, thisis wjy,thisis wy similarlythisis wy, w;.
So, since here we are using the max product composition, so we take max we take the

product of these two.

So, product is going to give us 0.31 and this is the output of the Rule output from the Rule
fuzzy output that we are getting, the fuzzy output from Rule 1. Similarly, here also we are
getting some output on the same lines here also we have the w;, w; when we use max-

product max-product composition.

So, we take product in this case product of w;, wy. So, when we do this we are getting

here w{, w, and yesthese are x, y, z; x, y, z; x, y, Z everywhere.

So, this way we are getting the again now coming back to the third scenario, when we use
max-product composition. So, in max product composition we takes here again the product
of the w;, w; and this truncated portion becomes the and we truncate with the value w.,.

So, thisis w, yes w, which is nothing but 0.20 and here w; is 0.31.

So, this way we are getting two outputs, the first output here is corresponding to Rule 1
and the second fuzzy output is corresponding to Rule 2. So, here | can write fuzzy output
from Rule 2. So, every rule is going to give us some output, but these rules should be

applicable.

So, this way when we take the max, so here we take the union of this means we take the
maximum which union right, we aggregate. So, when we do this we are getting this
structure, this is fuzzy set fuzzy value. So, this as we can see there is a fuzzy value as the
output corresponding to the fuzzy inputs x is A’, y is B’. So, we can call this as the

fuzzy output.

And this can be suitably converted into crisp value by using some defuzzifiers. Now, here
we have discussed when x,y both were fuzzy values. Now, let us see what happens when

we use x,y both are crisp values means the inputs are inputs that are fed or crisp values.
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Mamdani Fuzzy Model using Max-Min Composition
Multiple Rules with Multiple Antecedents (Crisp Inputs)

Rule 1:IF xis Aland yis BI THEN z is C1
Rule 2: if x is A2 and y is B2 THEN z is C2
Fact (Input): x is A’and y is B’

Conclusion: zis C’

hnputs x and y are Crisp quantities.
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Mamdani Fuzzy Model using Max-Min Composition
Multiple Rules with Multiple Antecedents (Crisp Inputs)
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Rule 1:IFxis Al and y is B1 THEN z is C1
Rule 2: if x is A2 and y is B2 THEN z is C2
Fact (Input): x is A" and y is B'
Conclusion: z is C'
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Mamdani Fuzzy Model using Max-Min Composition
Multiple Rules with Multiple Antecedents (Crisp Inputs)
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So, let us go ahead and see. So, here we have Rule number 1 here we have Rule number
2.

And we see that when we take x is equal to 7 means x the value of x is 7. The value
of y is 6.5 and here please note that, all these x that we have written here is x, y, z,
vy, z. S0, this is Rule number 1, Rule number 2 and we see that we have to antecedents
here both the antecedents are connected by AND. Here also we have x, y, z, x,y, z.

Now, here we see that we have these inputs the values of the inputs x,y are crisp values.

So, | can write here the values of x and y here are crisp values ok. So, when we have
crisp values now we apply these crisp values and when we apply this we see if there is any
intersection here on A, for x isequal to 7. So, we see that we have one intersection. So,
we call thisas w; similarly for y value we see whether there is any intersection here yes
for y is equal to 6.5, we have on B; we have w, and similarly for Rule 2 also we see.
So, here also we see that we have the intersection w 1 dash and then we have the w;. Now

for the first Rule first, so we are taking the max min composition.

So, we will take the min of w; and w,, min(w;, wy) and this is going to give us wj.
So, let us see what we are getting here when we take the min we are going to get obviously
the min w; is going to give us w, w; which is nothing, but zero 0.28 w; which is

nothing but 0.28 here.
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Mamdani Fuzzy Model using Max-Min Composition
Multiple Rules with Multiple Antecedents (Crisp Inputs)
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So, here we see that w; which is the strength of this Rule is the 0.28 and with this value
0.28 we truncate C;, C; is the consequent part. So, we truncate here also we write small

alright. So, this is the output of the first Rule corresponding to the crisp inputs x and y.

So, the output from Rule 1. Similarly, when we for the first for the second Rule we are
getting the this as the output the fuzzy output after truncation here. So, this is the output
from Rule 2. Now, since here we are using max min composition. So, we have to take the
maximum of all the outputs.
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Mamdani Fuzzy Model using Max-Min Composition
Multiple Rules with Multiple Antecedents (Crisp Inputs)
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So, we take the aggregation we take the union of these two outputs coming from the Rule
number 1 and Rule number 2 and this way we are getting this structure this fuzzy value as
the output corresponding to the inputs as crisp values x is equal to 7 and y is equal to

6.5. So, this is what is the fuzzy value as the output ok.

So, we see that the output in all the cases here we are getting fuzzy. So, Mamdani model
Mamdani fuzzy model always produces the fuzzy output and we use the defuzzifier
suitable defuzzifier to convert this fuzzy output into the crisp value. Now, what happens
when for the same input x isequal to 7, y isequal to 6.5 as a crisp values when we use

max-product composition.
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Mamdani Fuzzy Model using Max-Product Composition
Multiple Rules with Multiple Antecedents (Crisp Inputs)
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So, when we use max product composition we see that the w; is 0.27 we multiply wy,
w, here also wy, w, and this is our wy, thisis our wj, thisis wy, thisis wj. So, these

two outputs when we aggregate we are getting this as the output.

So, in this case here this is the fuzzy outcome this is the output this is the fuzzy output and
this we can get we can convert as the convert into the crisp value again by the suitable

defuzzifier.
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Mamdani Fuzzy Model

The Mamdani fuzzy inference process is basically
performed by the following four steps:

1. Fuzzification of the input variables,
2. Rule evaluation,

3. Aggregation of the outputs of fuzzy rules, and
finally

4. Defuzzification: If only crisp values are needed,
a defuzzifier is used to convert a fuzzy set to a
crisp value.

We have studied the first three steps in the previous
slides. Now, let us understand the defuzzification
strategies of output membership function obtained™ §

So, this way we have seen that we have discussed all the three scenarios where we have
seen multiple cases with the fuzzy model Mamdani fuzzy model with single Rule single

antecedent.

And again we saw all these cases with max-product, max-min compositions. Similarly,
multiple antecedents with single Rule; then we discussed the multiple rules with multiple
antecedents with both the compositions the max-min composition, max-product

compositions and all of these cases with the fuzzy inputs and crisp inputs.

And we saw that we all the cases in all the cases we found always found the output in the
fuzzy value, as the fuzzy value. And this fuzzy value can further be converted into the
crisp value by using suitable defuzzification methods. Alright so, this way we have
understood as to how with certain inputs to the Mamdani fuzzy model we can get the

suitable output or the corresponding output.
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Defuzzification

*There are several Defuzzification Methods
which are as follows:
»Centroid of Area (COA)
»Bisector of Area (BOA)
»Mean of Maximum (MOM)
»Smallest of Maximum (SOM)
» Largest of Maximum (LOM)

Now, when it comes to the defuzzification. So, there are several defuzzification methods,
but here we will be discussing very commonly used defuzzification methods. So, the first
one is the centroid of area method through which we can get the crisp value of the fuzzy
value. And then we have the bisector of area, mean of maximum, smallest of maximum

and largest of maximum.

So, these are some of the common commonly used defuzzification methods that we use

for converting the fuzzy value into the crisp value.
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Defuzzification — Centroid of Area (COA)

@ sscio f'|1A(/)I<ll
oA = f‘.ﬂA(‘)dZ

where, 11,(z) is the aggregated output membership function.

This is the most widely adopted defuzzification strategy.

Membership Grades




Let us discuss this one by one quickly. So, center of area centroid of area is COA and here
is the formula through which we get the crisp value when we have the fuzzy value and we

use this formula the center of area is very simple.
So,

fm@z dz
oA =M@ dz

Where, u,(z) is the aggregated output membership function means this is the output that

the fuzzy output that fuzzy model generates.

So, by applying this, we can get crisp value corresponding to the fuzzy value. So, this is
the this is the center of area which is used for converting the fuzzy value into the crisp

value.
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@ Defuzzification — Bisector of Area (BOA)

T804 B
f pa(z)dz = J p(z) dz
a Inoa

where, a = nun[/|‘/ € Z}and f = max{z|z € Z}

The vertical line z = zg,, partitions the output region between z =@ and z = f§
into two regions with the same area

Membership Grades

Now, the second one is bisector of area. So, bisector of area expression is here this
basically does nothing, but when we have any fuzzy set as the output fuzzy value as the

output of the model. So, what does what it does is basically it bisects it divides into 2.

And each of these sectors each of the parts of this equal area. So, this area is same as this

area here in this case.
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@ Defuzzification - Mean of Maximum (MOM)

Zyon 18 the average of z for which the membership function has its maximum
value p*

[zdz
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where, 2’ = {2 |uy(2) = 1)

If 1, (2) has 3 single maximum at z = 2°, then Zyoy = 2°

Membership Grades

Similarly, we have the mean of maximum this is very simple, there is no calculation
normally needed. So, mean of maximum here is that we have the maximum. So, we see

that the maximum is here in this case.

So, we first take the maximum here all the maximum all the here the maximum power
portion and then we take the mean of that. So, we basically divide this into 2 here in this
case because we are taking the maximum in the mean of maximum. So, max we take the

maximum and then we take the mid value.

And this value the corresponding to this value we take as the crisp equivalent to the fuzzy

value that we are taking for the conversion. So, there is the crisp value as the output.
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@ Defuzzification - Smallest of Maximum (SOM)

Zsowm is the minimum value of z for which the membership function has its
maximum value.

Membership Grade:
%

Then comes the fourth one here. The fourth here is the fourth one here is the smallest of

maximum. So, in this case if we have the this as the fuzzy value mean fuzzy value.

So, we first take the maximum in this fuzzy value. So, maximum is here you see the
maximum is here this portion is maximum. So, here we choose the smallest of this
maximum section. So, smallest of the maximum section is this and then corresponding to

this we take the output. So, this output is nothing, but the crisp value.

So, this is the crisp value this is the crisp value corresponding to three fuzzy value fuzzy

value and this is fuzzy value, ok.
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@ Defuzzification - Largest of Maximum (LOM)

Zyou 1s the maximum value of z for which the membership function has
its maximum value.

Membership Grades

So, then comes fifth one and fifth one is the largest of maximum. So, if this is the fuzzy
value here. So, this section again is the maximum. So, in this section we see which one is
the largest. So, largest of the maximum will lie here this this end point corresponding to

this output here the output value that is z is the crisp value.

So, this is the crisp value if we follow this criteria. So, here when we apply largest of
maximum, if we have been given this as the fuzzy output and corresponding to this we

will get the crisp output converted.
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In the next lecture, we
will continue with some
examples of Mamdani
Fuzzy Model.




So, this way we have seen as to how the Mamdani fuzzy model operates for different
scenarios, like we have the single Rule single antecedent, single Rule multiple antecedents,
single multiple rules with multiple antecedents. And then with different compositions like

max-min, max-product and again all of these with fuzzy inputs and the crisp inputs.

And that after that we discussed the some commonly used defuzzification methods. And
with this | stop here and in the next lecture we will continue with some examples of

Mamdani fuzzy model.

Thank you.



