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Lecture - 05
Membership Functions

Welcome to lecture number 5 of Fuzzy Sets Logic and Systems and Applications. So, today

in this lecture we will discuss various types of Fuzzy Membership Functions.
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Membership Functions

* Prof. Zadeh generalised the notion of binary membership to accommodate
various degrees of membership in the continuous interval [0,1]. The endpoint
values “0” and “1” indicate “no membership” and “full membership”,
respectively within this interval. For crisp sets, an element x in the universe of
discourse X is either a member of crisp set A or it is not.

= A membership function can be any kind of function whose value remains
bounded in between 0 and 1. The function itself can be an arbitrary curve
whose shape we can define as a function that suits us from the point of view
of simplicity, convenience, speed, and efficiency.

« A fuzzy set is an extension of a classical set. If X is the universe of discourse and
its elements are denoted by x, thenﬂa fuzzy set .:.;LEX is defined as a set of

ordered pairs as ~ Fenaai Vol
= B
A={(xp)xeX) —
where, u4(x) is called the membership function (or MF) of x in A. w_ ‘e‘*p
e L

As we know we have seen in the previous lectures that we can define a fuzzy A={{VXxE X.
So, you see here x is the generic variable this is generic variable and this is along with A(X).

So, this p, (X) is nothing but the fuzzy membership function.

And this fuzzy membership function is responsible for giving the membership values to the
corresponding value of the generic variable. So, we see here this p A(X) is very important in
the sense that this provides us the membership values. So, fuzzy membership function is very
important in the sense that this function, this membership function assigns the corresponding

membership values which are more than 0 up to 1.

So, since fuzzy membership value can be more than 0 up to 1, any value in between that and
that is why the membership value, fuzzy members function can be in between 0 to 1 or I

would say the fuzzy membership function can go up to at the most up to 1.
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Membership Functions

There are some commonly employed membership functions (MFs) in fuzzy
theory as listed below:

a) Triangular MF v ?

b) Trapezoidal MF

c) Gaussian MF \,/ e
d) Generalized bell-shaped MF o
e) Sigmoidal MF v

f)  Left-Right MF (L-R MF)

g) TMF 7

h) OpenleftMF "

i) Open Right MF > g

i) S-shapedMF

So, there are some commonly implied membership functions in fuzzy systems theory and
these membership functions are also called a standard membership functions which are listed
as the triangular membership function, trapezoidal membership function, Gaussian
membership function, generalized bell-shaped membership functions, sigmoidal membership
function, left-right membership function, pi membership function, open left membership
function, open right membership function and S-shaped membership functions. So, the details

of these membership functions will be described given in the coming slides.
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Triangular Membership Function

A triangular membership can be defined by three parameters |a, b, c] with
(a < b < ¢). These parameters determine the coordinates of three corners
of a triangular membership function. The membership function is defined as

follows:
0 x<a
x—a naah
e asxs<
J triangle(x;a,b,c) = i? __,_? \/
7 —_— b<x<c
/ c—b
0 cCSx

‘fl‘,’\iw ces

An alternate expression for triangular function using min and max can be
written as:

c—=b
N ™
e

xX—a c—Xx
triangle(x; a, b, c) = max [mln If ’ I ,U]
h—a
e ———————— -

So, if we take up first the triangular membership function, so this fuzzy membership function

we defined by this syntax.

O0x<a
X74d 1<x<b
triangle(x;a,b,c|= b—a
¢ Xb<x<c
c—b
Oc<x

So, this is how we define triangular membership function. We write a triangle membership

function. And here we have an alternate expression for triangular membership function

>
I

Q

0

—X

“c—b

triangle(x;a,b,c)zmax min ,0

o
|

Q

0

So, this called min-max function for triangle triangular membership fuzzy function.
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Triangular Membership Function

Example: Write a code in MATLAB to plot a Triangular MF with a = 5,b = 7,

andg =9.

MATLAB Code:

clear;

close all;

clc;

x =(0:0.1:10);

y = trimf(x,[5 7 9]);
plol(x,v,'llﬁm‘,?,o),
ylim([0 1]);
ylabel("Membership Grades");

set(gca,'FontName','Times','FontSize',25.0);

So, either of these we can use to generate a triangular fuzzy membership function. So, here is
here you see we have a MATLAB code for generating triangular fuzzy membership function.
So, you we see here the code, MATLAB code which generates a triangular membership
fuzzy function whose the it generates the triangular shaped fuzzy membership function whose

vertices are a, b, c. So, a here is equal to 5, b is 7 and c is equal to 9.

So, we have basically if we make a triangular members fuzzy function it will be like this. If
we have let us say a here, so a,b,c and here the highest membership value that it can attain is
1. So, you see here that if this is a let us say and this is ¢, so it starts from a goes up to ¢ and
this is the generic variable x’s and here is the membership value. So, the highest membership

value here that it attains is 1, ok.

So, the vertex the touches at 1, ok. So, a is equal to 5, b is equal to 7, ¢ is equal to 9. So, if we
use this MATLAB program we will be getting this kind of shape whose vertices will be at 5,
7 and 9 like this. So, this is 5, this is 7, this is 9. So, if we use this program MATLAB

program we will be able to generate a shape, a triangular membership function like this.

We see here the values of the vertices that are given. So, 5, 7, 9 are given, if we change these
values we will get accordingly the triangular membership function whose vertices we assign

here. So, this needs to be noted.
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Triangular Membership Function

Example: Write a code in MATLAB to plot a Triangular MF with a = 5,b = 7,
andc =9.

Now, we see here the plotted shape that we used in MATLAB. So, if we run the, this program
in the MATLAB we will be able to get this shape plotted. So, this is the fuzzy membership
function which is triangular membership function whose vertex whose vertices are, whose
vertices are at 5 and then 7 and then at 9. So, as I mentioned before that if we change if we
assign the values of vertices a different values of vertices we can different get the different

kinds of triangular membership fuzzy functions.
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Triangular Membership Function

Example: Write a code in MATLAB to plot a Triangular MF witha = 1,b = 3,
andc =7.

noR

|

W e




So, as we see here if we assign a is equal to 1, b is equal to 3 and c is equal to 7 it means one
of the vertex is, one of the vertices is 1 and then the other one is at 3 the and then the last
vertex is 7 at 7. So, we see this kind of shape gets generated. So, this is how a triangular

membership function whose vertices are 1,3,7 gets generated.

So, by using this program, this MATLAB program you can generate any kind of triangular
membership functions. So, the input that you need to give to this function is only the vertex,
the, and the vertices and accordingly you can get the ship membership functions generated,
ok.
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Triangular Membership Function

Example: Write a code in MATLAB to plot a Triangular MF with a = 0,b = 0,
andc =7.

So, let us know using say MATLAB program let us give two vertices at 0,0, and the other
the third one 7. So, let’s see what is happening. So, if we give two vertices at 0,0, means two
vertices are at 0, so we see here these two vertices of the triangle are membership function

they are at 0 here and then the third one is at 7.

So, we see this kind of shape gets generated. So, this is also a triangular membership function
whose two vertices are at 0 and the third vertex is at 7. So, this kind of membership is also

called left side open, left open triangular membership function, all right.
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Trapezoidal Membership Function

A trapezoidal MF is specified by four parameters [a, b, ¢, d] with

a<b<c<dasfollows:

0 x<a
x—a

k

b—a
trapezoid(x;a,b,c,d) = { 1 b
——— d—x

x<b
xsc¢
— c<x<d

({ -

0 d<x
An alternate expression for trapezoidal function using min and
max can be written as:
.0]

x—a d-x
b—a 'd-c

trapezoid(x; a,b, c,d) = max 1min i

So, then we have another kind of a membership, fuzzy membership function. So, this is a
trapezoidal membership function and this can be defined by this function, you see here we

can write simply

trapezoid(x;a,b,c,d)z 1b<x<c

And same as the triangular membership function here we this also has an alternate expression
for generating trapezoidal membership function.
x—a , d—x

)1) !O
b—a d—c

trapezoid|x ;a,b,c,d |=max{min

So, this is how, so, either of these can be used for generating a trapezoidal membership

function.
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Trapezoidal Membership Function

Example: Write a code in MATLAB to plot a Trapezoidal MF with u:_:!, h:i
c=8andd = 10.

MATLAB Code:

clear;

close all;

clc;

x = (0:0.1:10);

y = trapmf(x,[3 5 8 10]);
plot(x,y,'Linewidth',7.0);
ylim([0 1]);
ylabel("Membership Grades");

set(gca,'FontName','Times','FontSize',25.0);

Now, here we have a member a MATLAB code for generating or plotting the trapezoidal
membership function. So, in this example MATLAB code we have a trapezoidal membership
function with a is equal to 3, b is equal to 4 and c is equal to 8,d is equal to 10, means we
have assigned the values a,b,c,d as 3,5,8,10 respectively. And if we run this code we

generate this kind of function.
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Trapezoidal Membership Function

Example: Write a code in MATLAB to plot a Trapezoidal MF witha = 3,b = 5,
c=8,andd = 10.

» a=3
' b=5
c=8

d=10

So, you see we have 4 vertices and these 4 vertices are like this, that first vertex is at 3 and

then the second vertex is at 5 and the third vertex is at 8 and a 4th vertex is at 10. So, if we



change the values of a,b,c means we can change we can assign accordingly the place of
these vertices and similarly, we can change the here if we assign the values of these vertex

these vertices we get different shapes of the trapezoidal membership function.
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Trapezoidal Membership Function
Example: Write a code in MATLAB to plot a Trapezoidal MF witha = 3,b = 5,
c=5andd=7.
Lty a=3
L b=5
‘d:ff’ :
/ -+ X

Very interesting thing here is to note is that if we make the two vertices common, so means v
and c here they are at 5,5 if we assign a,b,c value; a,b,c,d values like that we get at
triangular membership function. So, we can use a trapezoidal membership function formula
to you know generate a triangular membership function also. So, what we do here is that we

simply have b and ¢ common point, means here in this case b is at 5 and c is also 5 at 5.

So, with this we are generating a triangular membership function instead of trapezoidal
membership function. So, by using this MATLAB program for trapezoidal membership
function we can generate a different kinds of trapezoidal membership functions by changing

vertices suitably.
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Trapezoidal Membership Function

Example: Write a code in MATLAB to plot a Trapezoidal MF witha = 0,b = 0,
c=3,andd=3S5.

>

.

a=0
b=0
c=3

d=5

So, then here we have another kind of plot generated by the trapezoidal membership function.
So, if we keep a is equal to 0,b is equal to 0, we see that a and b come at the same point, 0.
So, here the two vertices a and b are here at this point and then ¢ and c is equal to 3, d is
equal to 5, so we have two more vertices at different points. So, here we can make a left open

membership function also using this formula, this trapezoidal membership functions formula.
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Gaussian Membership Function

A Gaussian MF is specified by two parameters

f’% vy

[c,a] as: I aabte

, A
gaussian(x;c,o)=e 2\ o

where ¢ represents the MFs centre and
o determines the MFs width.




Now, comes the Gaussian membership functions. So, this is a very interesting membership
function, fuzzy membership function. So, this can be defined by a Gaussian and then X, so

this is actually the syntax so, this is the way we write a Gaussian membership function. So,

gaussian(x;c,a)ze
So, this way Gaussian membership function gets generated.
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Gaussian Membership Function

Example: Write a code in MATLAB to plot a Gaussian MF with
c=2ando = 0.5.
MATLAB Code:

clear;

close all;

clc; =

x =(0:0.1:10); H-'/ ‘.,»’!
y = gaussmf(x,[0.5 2]);
plot(x,y,'Linewidth',7.0);
ylim([0 1]);
ylabel("Membership Grades");

mean v Conhe

set(gca,'FontName', Times','FontSize',25.0);

So, here is an example by using a MATLAB code the Gaussian membership function has
been generated and if you like to use this MATLAB code you can use for generating a
membership Gaussian membership function. So, gaussmf is the function which is being used
here. It is already in built MATLAB function, so here this is sigma and here this value is the
mean or the center. So, if we substitute these values in this syntax the gaussmf MATLAB

function, so we see this plot generated.
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Gaussian Membership Function

Example: Write a code in MATLAB to plot a Gaussian MF with
c=2anda=05.

>

1

So, you see here the center of the Gaussian and the mean of the Gaussian comes at ¢, so c is
equal to 2 and then we have the standard deviation 0.5 which is used to generate this plot. So,
this is called a fuzzy Gaussian membership function.
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Gaussian Membership Function

Example: Write a code in MATLAB to plot a Gaussian MF with
E—Salo— N

;=

Membership (

cs5 —-x
* The width of MF increases with the increase in o.

Now, if we change these values we will get different types of or different you know Gaussian
function membership functions, so if we change here see here if we take c is equal to 5 and o
is equal to 0.5, so we get this Gaussian membership function generated. See the center is

changed here. So, now as the center is at ¢ is equal to 5 and the standard division remains 0.5.
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Gaussian Membership Function

Example: Write a code in MATLAB to plot a Gaussian MF with
c=5Sand o =105.

>

=5
T o=05

Now, if we change the standard deviation, we see the shape of this Gaussian membership
function changing. So, this gets this the later one has the more spread. So, by substituting
sigma is equal to 1, we are spreading the Gaussian membership function. Similarly, if we

increase the sigma we will get more spread like this.

So, if we see that the center remains the same, center is at 5, but we see 3 Gaussian
membership functions with different ¢’s. So, sigma is increasing. So, with the increase of
sigma the spread is increasing. So, if we increased the sigma the spread is increasing. So, that
is how if you would like to plot a fuzzy Gaussian membership function we can very easily

plot Gaussian membership function by using this MATLAB code, ok.
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Generalized bell-shaped Membership Function

A generalized bell-shaped MF (or bell MF) is specified by three
parameters [a, b, c] as:

bell(x;a,b,c) =

1+[=<

Here:

* a defines the width of the membership function i.e. larger
value creates a wider membership function. S

* b defines the shape of the curve on either side of the central
plateau i.e. larger value creates a steeper transition.

* ¢ defines the center of the membership fun@n_.

Then comes the generalized bell-shaped membership function. So, the formula for
generalized bell-shaped membership function is here. So, this the syntax of this bell bell-
shaped membership function is written as

bell(x;a,b,c|=

2b

So, the a here defines the width of the membership function, so I would say a controls the
width of the membership function, that means, the larger value creates a wider membership
function. So, larger value of a creates a wider membership function. And b defines the shape
of the curve on either side of the central plateau; that means, the larger value of b creates a
steeper transition; ¢ defines the center of the membership function means the either we say

center or we say mean.
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Generalized bell-shaped Membership Function

Example: Write a code in MATLAB for implementing generalized
bell MFa=1,b=4,andc = 6.
MATLAB Code:

clear;

close all;

clc;

x =(0:0.1:10);

y = gbellmf(x,[1 4 6]);
plot(x,y,'Linewidth',7.0);

ylim([0 1]);

ylabel("Membership Grades");
set(gca,'FontName', Times','FontSize',25.0);

So, here also we have a MATLAB code for generating generalized bell-shaped membership
function. So, as we saw the formula for generalized bell-shaped membership function, if we
substitute the values of a,b and ¢ we can generate the bell-shaped membership function like

this.
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Generalized bell-shaped Membership Function

Example: Write a code in MATLAB for implementing generalized
bell MFa=1,b=4,andc = 6.

% a=1
T‘ — h =4

c=06

So, we can use the same MATLAB code for generating this generalized bell-shaped
membership function. We have to substitute the values of a,b and ¢ and then we will get this

bell-shaped membership function generated.
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Generalized bell-shaped Membership Function

Example: Write a code in MATLAB for implementing generalized bell MF:
(la=1,b=4,andc =6 and (i)la=2,b=4,andc = 6.

s

_,
"o >
W wffnnon
DN s -

- x
a defines the width of the membership function i.e. larger value creates a wider
membership function.

So, here if we change the values of a,b,c accordingly we get the different generalized bell-

shaped membership functions generated.
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Generalized bell-shaped Membership Function

Example: Write a code in MATLAB for implementing generalized bell MF:
la=1,b=2,andc=6 and (i)a=1,b=6,and c = 6.

>

s

- x
b defines the shape of the curve on either side of the central plateau i.e. larger
value creates a steeper transition.

Here also we see that as we change these values we get different kinds of membership,

generalized bell-shaped membership functions generated.
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Generalized bell-shaped Membership Function

Example: Write a code in MATLAB for implementing generalized bell MF:
Ne=1Lk=2avwc=2 an PMe=1Lb=2mic==6

a

=

* ¢ defines the center of the membership function.

NN -

nwn

N TR
o
DN =

Here also we see by changing the, these values of a,b,c;a,b,c here also we get these values
they generalized membership functions generated.
(Refer Slide Time: 26:21)

=— - —————— == —— ___——____: |

Sigmoidal Membership Function

The sigmoidal membership function is given by:
1

1+ e~2(-¢)
Here, S

Sig(x;a,c) =

* The magnitude of a controls the width of the
transition area, and

« ¢ defines the center of the transition area.

Now, we come to another kind of a membership function which is sigmoidal membership

function. So, sigmoidal membership function is given by

1

—a(x—c)

Sig|x;a,c|=
1+e



So, here also a controls the width of the transition area and this a here is control the, a
controls the width of the transition area and c is nothing but again the center of the plot, the

center of the transition area, center of the transition area, this is center of the transition area.
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Sigmoidal Membership Function

Example: Write a code in MATLAB for implementing Sigmoidal
MF witha =4andc = 5.

MATLAB Code:

7 ~clear;

\ close all;

| cic;

/ x=(0:0.1:10)";

| v=sigmf(g[45]); «——

| plot(x,y,'Linewidth’,7.0);

| viim([o 1));
ylabel("Membership Grades");
set(gca,'FontName',' Times','FontSize',25.0);

So, like other membership functions we have the MATLAB code for sigmoidal membership
function also. So, this MATLAB code is given for the, for generating sigmoidal membership
function. If we use this MATLAB code and we feed the value of a and ¢, suitably we can get

the sigmoidal membership function generated.

So, like in previous MATLAB codes here also we have a sigmf function which is nothing but
MATLAB function, MATLAB function for generating sigmoidal membership function and x
is nothing but the generic variable, and this 4 and 5 are the values of a and c. So, this way if
we suitably input these values we can get you know suitable sigmoidal membership function

generated.
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Sigmoidal Membership Function

Example: Write a code in MATLAB for implementing Sigmoidal
MF witha = 4andc = 5.

1}
-

Y a
T §
)8 C .

v
v

I
w0

So, for a=4 and c¢=5 you see this kind of sigmoidal function will be generated. This is for

a=4 and c=5.
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Sigmoidal Membership Function

Example: Write a code in MATLAB for implementing Sigmoidal
MF with (i)a=2andc = 5and (iija =7 andc = 5.

s
[}
N

L N |

- X

The magnitude of a controls the width of the transition area.

Now, if we choose another set of a and ¢ we see that we get different type of a different

sigmoidal curve here, different sigmoidal plot here. So, this plot is for a=2 and ¢=5 and this

plotis fora=7, c=5.
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Sigmoidal Membership Function

Example: Write a code in MATLAB for implementing Sigmoidal
MFwith(ija=2andc =5and (iija=2andc = 2.

>
1

L -
|
niN

[
~N

* ¢ defines the center of the transition area.

Similarly, we can have other values like this and we can get other sigmoidal membership

functions created.
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So far, we have discussed following membership
functions:

a) Triangular MF

b) Trapezoidal MF

c) Gaussian MF

d) Generalized bell-shaped MF
e) Sigmoidal MF

In the next lecture, we will discuss the remaining
membership functions.

So, far we have discussed the following membership functions in this lecture. So, these
membership functions are triangular membership function, trapezoidal membership function,
Gaussian membership functions, generalized bell-shaped membership function, sigmoidal

membership functions. And remaining membership functions, remaining 5 membership



functions out of 10 commonly used membership functions we will be discussing in the next

lecture.

Thank you.



