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Lecture - 48
Fuzzy Rules and Fuzzy Reasoning

Welcome to lecture number 48th of Fuzzy Sets, Logic and Systems and Applications. In

this lecture we are going to discuss Fuzzy Rules and Fuzzy Reasoning.
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Fuzzy If-Then Rule

A fuzzy if-then rule also known as fuzzy rule, fuzzy implication, or fuzzy conditional
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where, A is linguistic value characterized by fuzzy set with the universe of
discoursé X and B here can be eIUNer a linguistic value (fuzzy set) or a crisp value
expressed in terms of a function of linguistic variables.
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Often “x Is A" is called the antecedent or premise, while “y is B is called the
CONSEQUENTE OF concIusion. e s )

So, in this lecture we are going to first take up the fuzzy if-then rule. So, let me before
going ahead tell you that fuzzy if-then rule is an essential component of a fuzzy system.

So, without fuzzy if and then rules there is no fuzzy system.

So, this means that in any fuzzy system we must have a set of fuzzy if — then rules. A
fuzzy if — then rule is also known as fuzzy rule, fuzzy implication or fuzzy conditional
statement. So, fuzzy if and then rule has a form of IF x is A,THEN y is B. So, this is the
syntax of syntax of any fuzzy if and then rules. So, here we have two components first

component of this fuzzy if — then rule is the antecedent or premise.

So, this part is called the antecedent or premise and then the second part which is just after
then is called the consequence or conclusion. So, in any fuzzy if — then rule will have

antecedent part or premise part and consequent part or conclusion part? And it is very



important here to note that antecedent part in fuzzy if and then rule is always fuzzy, this
means that A is always fuzzy, A is a linguistic value and which is always a fuzzy quantity,

a fuzzy set.

Whereas we have the consequent part or conclusion part and this consequent and or
conclusion part has B and this B can be either can be either a fuzzy set or a crisp value.
And this crisp value can be expressed in terms of some function which is actually the
function of the generic variable. So, we can say that the A that has been taken here in this

fuzzy rule fuzzy if — then rule.

A is a linguistic value A is a linguistic value characterized by a fuzzy set with the universe
of discourse X and B here B here can be either B here can be either a linguistic value and
of course we all know that linguistic value can always be represented by a fuzzy set. So,
A is a linguistic value A is a linguistic value characterized by a fuzzy set, whereas B can
be either a linguistic value that means the fuzzy set or a crisp value expressed in terms of
a function of linguistic variables used in this for example, here the linguistic variable is x,

so this is the linguistic variable all right.

So, now, often x is A is called antecedent or premise as | have already mentioned here,
while y is B is called the consequence or the conclusion. So, this must be understood very
clearly and as | have already mentioned the fuzzy if and then rule is very important
component of any fuzzy system and without a set of fuzzy if and then rule the fuzzy system

cannot be cannot exist.
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Fuzzy If-Then Rule

A fuzzy if-then rule "IF x is A THEN y Is B" can also be abbreviated as,

A-B

The above expression describes a relation b:hw:cn two linguistic values A and B
There are two ways to interpret a fuzzy if-then rule as follows:
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Assuming A and 8 both are fuzzy sets, a fuzzy if-then rule can be defined as a fuzzy
relation R on the space X X Y as,
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So, let us now move ahead and we discuss a fuzzy if — then rule where we have let us
say the fuzzy if and then rule like this like if x is A then y is b. So, let us first understand
that this can also be represented by A entails B or A coupled with B. So, please
understand here as it is written here that there are two ways to interpret a fuzzy if — then
rule. First way is A coupled with B or the other way | mean the second way is

A entails B.

So, fuzzy if — then rule when it is written in that syntax that | have already mentioned
likeif AXAis A, xis Athen yis B. So, this can also be interpreted like this like A coupled
with B or A entails with B. So, assuming A and B both are fuzzy sets. So, let us please
understand let us assume here that A and B both are the fuzzy sets. So, when we assume

A and B means for A and B for A and B both fuzzy sets all right.

So, please understand why are we saying this that for A and B both fuzzy set because B
can be here in fuzzy if and then rule B can be either crisp or fuzzy, but here we are
assuming for this discussion that we have both A and B fuzzy sets. So, assuming A and B
both fuzzy sets if and then rule can be defined as a fuzzy relation. So, this is very important
to note when we have A and B both fuzzy sets. So, in this case this A entails B

A couples coupled with B can be regarded as a relation.

And this is represented by R on a space X x Y where this X is the universe of discourse

for the generic variable x. And Y is the universe of discourse for generic variable small y



if B is the fuzzy set. So, this needs to be noted. So, when we have a relation when we have
a fuzzy relation in between A and B we can always write this as A X B we have already

done this. So, R = A entails B = A X B you can see here.

So, this way we can write that for continuous fuzzy set this is for the continuous fuzzy set

that we have the

R=A->B=AXB= fﬂR (x,y)/(x,y),Vx,y EX XY

XXY

And similarly for discrete for discrete here we have the representation

R=A->B=AXB= ZMR )/ (x,y),Vx,y €EX XY
XXY
So, what we have seen here is that if we have in fuzzy if and then rule both A and B. A is
coming from the antecedent part or premise part and Y and B is coming from the
consequence or conclusion part. So, if we have A and B both fuzzy sets that are coming
from fuzzy rule if and then fuzzy rule then we can write the R relation fuzzy set in terms
of A and B; that means, A X B.

And A4 cross B for continuous we have seen here and for discrete we have seen here as to

how we can write.
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(i) Fuzzy Rule Interpretation as A coupled with B

If A = B s interpeeted as A coupled with £, then it can be interpreted by a fuzzy relation R

as .
fug (%,3)
For continuous =
> R=A=B=AxB= ] (Tl (). g Y (5. ). ¥,y € X X ¥
R ——
For discrete:
R=A=B=Ax8= Z‘ (Tl N/ (2. y) VX, y EX XY
oy
where, A = B represents the fuzzy relation R and T is the T-norm operator.
Hence, there are four different fuzzy relations which be defined using four commonly used T
norm operators as follows e — - e I
a.  Acoupled with B using minimum T-norm operator |
b A coupled with B using algebraic product T-norm operator
c A coupled with B using bounded product T-norm operator
d

A coupled with B using drastic product T-norm operator |




We have already done we have already discussed in detail a fuzzy relation. So, we can
accordingly manage to write the relation fuzzy relation matrix. So, if A entails B is
interpreted as or A coupled with B. So, both are same so, A entailsB, A— B is
interpreted as A coupled with B then it can be interpreted by a fuzzy relation R as we

have just discussed.

So, for continuous so, for continuous the relation can be written as R can be written as here
A coupled with B is equal to A x B means the Cartesian product, simple Cartesian
product as we have already discussed in previous lectures. So, here the u(x,y) how will
we find this u(x, y) is here. So, this u(x, y) you see here u(x,y) this u(x,y) we can get
by suitably taking the Cartesian product means we can we can get by taking by using the

T-norm.

So, here this is nothing, but this gives us ug(x,y). So, this we can get by taking the T-
norm of A and B means we take the T-norm of u,(x) and ug(y). So, as we have already
done this T-norm in previous lectures. So, the fuzzy relation R and T let us say we have

two fuzzy relations sets right.

And then accordingly we can have the T-norms, T-norm operators we can apply. And then
we can say that there are four different fuzzy relations which are defined using four
commonly used T-norm operators what does this mean this means that we have we have
in T-norm we have multiple we have multiple T-norm operators. So, we have four
commonly used T-norm operators first is A coupled B using minimum T-norm operator
and then the second is the A coupled B is using algebraic product T-norm operator then

we have the third one is A coupled B using bounded product T-norm operator.

And then we have the A coupled B using drastic some product operator. So, this way we
can use any of these T-norm operators suitably to get the ugz(x,y) and this was for the

continuous on the same lines we can get the R for discrete.
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(i) Fuzzy Rule Interpretation as A coupled with B

3. Acoupled with B using minimum T-norm operator
For continuous.
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For discrete: /

Run=A—=B=AXB= 2 (1) A g (D) () ¥,y EX XY £
=

b. A coupled with B using algebraic product T-norm operator
For continuous.

Rp=A«B=AXB [ (palx) x pg(M)/(x.3) Y.y €EX XY
Jyxy

For discrete:

Rp=A=BumAx8 2(;:@!xukm)/h,‘.l‘\u,\x;,\wr
o

Relation matrix, the relation in between A and B for discrete fuzzy sets.

So, let us now go one by one. So, fuzzy rule interpretation as A coupled B here and this
A and B are coming from the if and then fuzzy rule. So, let us take the first case where we
have the minimum T-norm operator. So, we have let us first type of T-norm operator. So,

first type of T-norm operator is min.

So, for continuous fuzzy set fuzzy sets A and B where this R is the relation fuzzy set which
IS coming out by coming out from A X B. So, the Cartesian product of A and B. So, we
write here the relation fuzzy relation set as R,,;,, because min is here denoting that the
minimum T-norm operator that is being used for getting the fuzzy relation in between A
and B.

So, this can be represented by this and similarly when A and B are is discrete fuzzy sets
then there R,,;,, can be written as this. So, here we have the fuzzy relation set when we use
min. So, we can write min T-norm and then for discrete here we have when we have A and
B both are discrete. So, this way we can represent the fuzzy relation matrix sorry fuzzy

relation set and when we have instead of min as the T-norm the algebraic product T-norm.

So, when the when we have algebraic product T-norm operator then we simply instead of

taking min we write we take the product in between u, and uz you can see here.
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(i) Fuzzy Rule Interpretation as A coupled with B

3. Acoupled with B using minimum T-norm operator
For continuous

Run=A—=B=AxH= ' (1a(x) A g )/ (x,9), ¥,y E X XY
|

For discrete:

Ruin=A=B=AXB= Z (1al) Apg () (0. 3) ¥,y EXXY
=

b.  Acoupled with B using algebraic product T-norm operator
d/
For continuous. fmv(/’"

= RypmA=B=AxB I (palx) X g (M) (x.y) Vx.y €X x ¥
XXV — —
For discrete:
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So, we take the product here we take the product here. So, u,(x) X ug(y). So, we take the
product in case of algebraic product T-norm operator. So, and we write this as R, you
can see here and similarly for discrete R,,. So, for discrete A and B for a discrete fuzzy
sets A and B we write the relation fuzzy set by R,,, which is nothing, but A x B summation

X X Y as the universe of discourse

And then here again we have the product here again we have the product in between 4 (x)

and up (y) and then rest of the things remain the same.

So, only difference here is that the, this operator here this operator gets change. So, when
we have min we use we simply take the min when we use min T-norm we take the min
sign here and inverted when we take min it means we take the minimum of u4(x) and

ug (y) and when we use product then simply we multiply.
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(i) Fuzzy Rule Interpretation as A coupled with B

¢.  Acoupled with B using bounded product T-norm operator

For continuous g

Ryp=A=B=AxB= ’ (0 (aa(x) + pa(y) = 1))/(x.y) ¥x,y EX XY
I e - i

For discrete:

Ryp=A-B=AxB= Z (OV (palx) + pa¥) = D)/ (x.¥) ¥,y EX XY
i~
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d. A coupled with B using drastic product T-norm operator
For continuous. ]

RepmA=+BmAXE= J i, (X, 9)/ (6, y) ¥x,y €X XY
Y

X%

For discrete

Reyg=A=B=AxB= )| ﬁ)u y).Vx,y €X XY Ad’
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——
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: —— l 0 otherwise /,/ i

Similarly, when we take the bounded product T-norm so, we use this formula we have
already done this when we have discussion discussed the all T-norm operators. So, here
we have bounded product. So, for bounded product in between bounded product of w4 (x)
and ug(y) we write 0. And then the max sign of means the 0V (u,(x) + ug(y) — 1),

similarly when we have discrete fuzzy set we write it this way.

So, let us understand now that as to how the various T-norm operators change the
computations. So, you here you see here the fourth one is A coupled B using drastic T-
norm operators. So, here when we have drastic operators we use drastic computation for
drastic product computation this function. So, when we use this for u,(x) and ug(y) we

can write it like this Ry, (X, Y) and this Hrq, (X, ¥) CaN be computed by the drastic product

T-norm.

So, this way we have seen that as to how we can manage to get the fuzzy relations set by

using all the four types of T-norm operators.
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(i) Fuzzy Rule Interpretation as A coupled with B

Example: Let high speed (Sy,,) is characterized by a fuzzy set with the
universe of discourse S = {20,25,30,45,50} and high brake pressure
(Puign) is characterized by a fuzzy set with the universe of discourse P =
{1,2,3,4) given as below.

TS = (20,02),25,04), (30,06, 45,08). 50,10} | Dhe oelv
|
( Puign = ((1,04),(2,06),(3,0.7), (4,08)) i .ﬂ% y (el

where, § and P represent the speed and brake pressure, respectively.

Determine the implication relation for the fuzzy

rule “Syign = Pyign” using the interpretation

A = B as A coupled with B.

And if we have here an we take an example here where we have a high speed S which is

characterized by a fuzzy set. So, Sy;4, is the set with the universe of discourse S =
(20, 25,30,45,50). And we have another fuzzy set here Py; 4, and with the universe of

discourse 1, 2, 3,4. So, we have two we have two discrete fuzzy sets. So, so both I can

write here both the fuzzy sets are the discrete fuzzy sets.

So, Syign and Py;4p, both are discrete fuzzy sets where S, P both represent the speed and
brake pressure respectively. So, determined the implication relation, that means that
relation fuzzy set for this. So, Sy; 4, and then here Sy;,, coupled with Py; 4, Using the

interpretation the same interpretation that we have just discussed.
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(i) Fuzzy Rule Interpretation as A coupled with B

Siign = (20,02),(25,04), (30,0.6), (45,08), (50, 1.0))
Solution: Puigs = ((1,04),(2,06),(3,07), (4,08))

3. Acoupled with B using minimum T-norm operator
Roin = Sign = Prion = Suin X Prign = ) (Hsuya () Ao ))/5.9). ¥s.p € Sx P
s

. Waw

R a/{ﬁ}’ " K 1 2 3 4
(}, 20 [min(0.2,04) min(0.206) min(0.20.7) min(0.2,0.8)
_25 min(0.4,04) min(0.4,06) min(040.7) min(0.4,0.8)
~ 30 |min(0.6,04) min(0.6,0.6) min(0.607) min(0,6,0.8)

5

5 |min(0.8,04) min(0.806) min(080.7) min(0.8,0.8)
50 |min(1.004) min(1.0,06) min(1.00.7) min(1.0,08)

fusyy ﬂ/.(
W\a}ﬂf‘

F‘*SZ’_S,_). Ruin

= 1 .2 4
20 (02 02 02 0.
25 |04 04 04 04
" =30 |04 06 06 06
45 |04 06 07 08
0.6

0.7

So, let us quickly use all four operators four T-norm operators.

And let us see how we are getting various relation fuzzy sets. So, we have four T-norm
operators. So, for the first T-norm operator that is the min T-norm operator we can quickly
find the R,,;,, the relation fuzzy set the relation fuzzy set R and since we are using min T-
norm operators. So, we use the min here see the here we use min operator as the T-norm.
So, we have already done this exercise in previous lecture. So, when we do that we are

going to get this as the fuzzy relation matrix. So, this is fuzzy relation matrix R, ;y.
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(i) Fuzzy Rule Interpretation as A coupled with B

Sinigs = ((20,02),(25,0.4),(30,0.), (45,08), (50, 1.0))
Solution: Puign = ((1,04),(2,06),(3,07),(4,08))

b, Acoupled with B using algebraic product T-norm operator™

Rap = Swigh = Puign = Siign X Prign = [u‘,,,‘.(s) x “r...,,\(P))/(\,P) VSpESXP

o

QAB'” ok fap 1 2 3 4
g 20 [(02x04) (02x06) (02x07) (02x08)
{J“b 25 |(04x04) (04x06) (04x07) (0.4x08)
P P = 30 1(06%04) (0.6%06) (06%07) (0.6x08)
45 [(08x04) (08x06) (08x07) (08x08)
50 [(10x04) (1L0x06) (1L0x07) (1L0x08)

" 1 2 3 MW
20 (008 012 014 016 ‘:‘ £

/ R =25 016 024 028 032 ( 7’173

f =30 1024 036 042 048 '.‘,7 M

45 |032 048 056 064
50 Lo4 06 07 08




Similarly, when we use the algebraic T-norm operator here, so, then now the computation
becomes little bit different, so instead of taking min of the membership values we multiply
the respective membership value you can see here, so like 0.2 multiplied by 0.4. So, this
is the case when we have the algebraic product. So, we simply take the product of the

membership values.

So, this fuzzy relation matrix R,,. So, please understand that this R, is a fuzzy relation
set which is represented in the matrix form. So, R, is a fuzzy relation set. So, fuzzy
relation set Ry, which is represented in the form of a matrix. So, when we take the

multiplication when we do the multiplication in between the respective membership
values. So, now, what we are getting is this. So, this is nothing but the fuzzy relation

matrix, fuzzy relation matrix R,,, when we have used the algebraic product T-norm.
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(i) Fuzzy Rule Interpretation as A coupled with B

Siian = 1(20,0.2),(25,0.4),(30,06),(45,08),(50,1.0))
Paigs = ((1,04),(2.06),(3,0.7),(4,08))

Solution:
¢ Acoupled with B using bounded product T-norm operator
Rup = Snign = Pusign = Siign X Prign = Z[l‘ \’(""n,.l‘) + g lP) - 1)"r“l\vl"',

1
‘
06+ 04
‘
‘

(ov(10s04<1) (Ov(10406=1)) (Ov(

B —

T U T TR
7 20 (0 0 0 0 \ '
25 |o 0 o1 02 \ 1433
\ Rrp = 3 :I 1:: 014 04 : = M,Z
. 45 [02 04 05 06 / | (adh
8 50 lo4 06 07 08! -~ Wkﬁ,‘
Roep

Similarly, let us now take the third type of T-norm operator. So, when we take the bounded
product T-norm let us see what happens. So, when we take bonded product T-norm so, we
use this formula this relation this expression for finding the bonded product T-norm and

this is nothing, but we take the max in between 0 v (/JSHigh(S) + ypmgh(p) —1). So, this

way when we apply this to all the pair of membership values here you can see all these

values.



And please note that when we are taking the when we are finding the relation in between
A and B discrete fuzzy set here and since we are taking the A X B for getting the relation
fuzzy set Ry, maybe whatever type of T-norm we apply, but A and B must be multipliable.
So, this means the order of A and B should be in such a way that they can be multiplied.

So, these two matrices can be multiplied.

So, whatever we are getting after this is here. So, when we use the bounded product T-
norm the relation the fuzzy relation fuzzy relation matrix is if it if I write it by R,,;,. So,
this is fuzzy relation matrix and this comes out when we you in between when we use A

and B discrete fuzzy sets and we use the bounded product T-norm operator.
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(i) Fuzzy Rule Interpretation as A coupled with B

{(20,0.2),(25,0.4), (30,0.6), (45,0.8), (50,1.0))
Paigs = ((1,04),(2,06),(3,0.7),(4,08))

Solution:
d.  Acoupled with B using drastic product T-norm operator
Rap = Snign = Puign = Shigh % Prigh 2,“*.:“"‘ P)/(.0).¥5,p €S X P
)
where, e g
[T E)) -f,.,."m(,,‘x =1 \
ﬂ/ ey (5:P) = S i, (P) If sy 0 (8) = 1 J
\ 0 otherwise £ ¥ O

So, now let us take the fourth kind of T-norm operator that is drastic product T-norm
operator and we all know that when we use drastic product in our operator this expression
applies this means that if HP i (p) is 1then Ry, (s,p) = Hsgign (s). And then if we have
M3y (5) isequal to 1 then Ry, (s, p) = Hpyign (0, otherwise the R4, (s, p) = 0. So, when
we do that when we apply this condition then the R4, which is here which is the fuzzy

relation matrix based on the drastic product T-norm operator they get here R,,.



(Refer Slide Time: 31:26)

So, this way we have see

various kinds of T-norms

So, the first was the minimum T-norm operator and then the second one was the algebraic
product T-norm operator the third one was the bounded product T-norm operator and the

fourth one was the drastic

So, all these four types of

this here to get the relation built by using all these four kinds of operators T-norm

operators.

(i) Fuzzy Rule Interpretation as A entails B

If A = B is interpreted as A entails B, then it can be defined by the following four
different forms;
a. Material implication:
Ry=A-B=-AUB
b. Propositional calculus:
Rpe=A=B=-AU(ANEB)
¢. Extended propositional calculus:
Repe=A—=B=(-AN-B)UB
d. Generalization of modus ponens:
Remp=A=B=AZB

where, A = B represents the fuzzy relation R

n that as to how we can get the fuzzy relation matrix by using

all four kinds of T-norms that we have used in previous lectures.

product T-norm operator.

T-norm operators we have already studied and we are applying
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In the next lecture, we
will continue with the
fuzzy rules and fuzzy
reasoning.

So, with this I would like to stop here in the next lecture we will continue with the fuzzy

rules and fuzzy reasoning.

Thank you.



