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Lecture — 47
Orthogonality of Fuzzy Sets

Welcome to lecture number 47 of Fuzzy Sets, Logic and Systems and Applications. In this

lecture, we will be discussing the Orthogonality of Fuzzy Sets.
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A term set T(x) = t;(x),...,ty(x) of a linguistic
variable x on the universe of discourse X s
orthogonal if it satisfies the following property:

n
qu(x) =1Vx€eX
=1 |

where, the fuzzy sets t;(x) are
convex and normal fuzzy sets
defined on X and these fuzzy sets
make up the term set T'(x).

Now, let us discuss another term, let us understand the orthogonality of fuzzy sets. So, if
we have a fuzzy if we have a term set T (x). So, we have already seen that the T (x) includes

many linguistic values and these linguistic values if these are represented by fuzzy sets.

So let us say the term sets T'(x) has multiple linguistic values and which are represented
by fuzzy sets t;(x),t,(x),t3(x), ....., t,(x). This means that term set has n number of
fuzzy sets. So this means what this means that if we have any variable any linguistic
variable and if these linguistic variable if this linguistic variable is within the universe of
discourse, let us say this is the universe of discourse, within this, we have multiple fuzzy
sets. Means this the reason within the universe of discourse is covered by multiple fuzzy
sets and let us say we have here n fuzzy sets, small n number of fuzzy sets. So here what

is the orthogonality? Is that the if we have a term set T'(x) and this term set has



t1(x), t,(x), t3(x), ....., t,(x) of a linguistic variable x on the universe of discourse X. So

this is called the orthogonal if it is satisfies the following property.

So this means that the we take summation of all these fuzzy summation of all these

membership values which are there for a particular generic variable value x. So here, this

n
Z,uti(x) =1VxeX
i=1

So this is very simple to compute by taking an example, | will be able to understand you

better | hope.

And so the t;(x) we can say, the i*" fuzzy set in the term set in the complete term set are
the convex and normal fuzzy sets that is very interesting to know that all these fuzzy set

which are present in the term set, must be a convex and normal fuzzy sets.
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Orthogonality

Example: Let A, B, and C are three fuzzy sets with
the universe of discourse X = {1,2,3,4,5} defined as
given below. Verify the orthogonality of fuzzy sets A,
B,and C.

‘a
| B=0.6/14+06/2+0.7/440.7/5
| C=04/1+02/2+09/3+0.1/4

So let us take an example here, and understand. So, first we take a discrete fuzzy set and
first we take discrete fuzzy sets A, B and C to understand the orthogonality betters. So very
simple, so by taking the example by going through these examples 2, 3 examples, we are

taking will be able to understand the orthogonality of fuzzy sets better.



So here, we are taking 3 fuzzy sets, 3 discrete fuzzy sets and this these 3 fuzzy sets are
within the universe of discourse 1, 2, 3,4, 5. So means from 1 to 5. So now, we see we
have a fuzzy set discrete fuzzy set A 0.2/2 + 0.1/3 + 0.2/4 + 0.3/5.

We have another fuzzy set B which is 0.6/1 + 0.6/2 + 0.7/4 + 0.7/5. The C fuzzy set
that we have is 0.4/1 + 0.2/2 + 0.9/3 + 0.1/4. So this way we have 4. So, we have the
3 fuzzy sets and now let us check whether the fuzzy sets, the orthogonality condition is

satisfied for these fuzzy sets or not, for the term set or not.

So, basically the orthogonality when we talk of orthogonality, it’s for the whole term set.
So, we simply check for a particular generic variable value if we sum all the membership
values if it is equal to 1, we say the, and it should be there for all the generic variable
values. Means, throughout all the generic variable values at any generic variable value we

should have the summation of the membership values is equal to 1. So this is the condition.
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Solution:
A=02/2+01/3+02/4+03/5
B=06/1+06/2+0.7/4+07 /5
C=04/1402/2409/3+0.1/4 )

The fuzzy sets A, B, and C for the universe of discourse X = {1,2,3,4,5} can be
rewrnitten as,

- A=/0]T\+ 02/2 +0.1/3 +02/4 +03 /5
BH06/1%06/2 + 0/3 +0.7/4 +07/5
C=\04/1402/2 409/3+01/4+ 0/5
Let u;\\ieﬁfy the orthogonality of fuzzy sets A, B, and C.

1,}/,»:'

\

So, let us now quickly check. So since we have the 3 discrete fuzzy sets, and if we take a
particular a generic variable let us say x is equal to 1, so see here that if we take the generic
variable 1 the summation here is going to give us the 1, the membership value 1. So we
can say that at generic variable 1 generic variable value 1, the summation the total of the

membership values of all the coming from all the fuzzy sets is equal to 1.



So this way we can say that this is 1, | mean for corresponding the generic variable value
1, we are getting the total of the membership values is equal to 1.
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Orthogonality 2#:,(!) =1vreX
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Solution:
A=02/2+01/3+02/4403/5
B=06/1+06/2+0.7/4+07/5
C=04/1402/24+09/3+0.1/4

The fuzzy sets A, B, and C for the universe of discourse X = {1,2,3,4,5} can be
rewritten as,

Similarly now, we check for the other. So here, we can write it like this and similarly here
also we see that summation of membership values summation of membership values for

all the 3 membership for all the 3 fuzzy sets. So, this is also equal to 1.
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Orthogonality Zu,,(x)= Lyrex
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Solution: 6
A=02/2401/3+02/4+03/5 /
B=06/1+06/2+0.7/4+07/5
C=04/1402/2409/34+0.1/4

The fuzzy sets A, B, and C for the universe of discourse X = {1,2,3,4,5} can be
rewritten as,

v
2 ;f,( 1)z
—

mhiwbb( Co[/ﬁ\'j;m A)_(AA?Z fls

n=1

Similarly, we see that this is for 2. This is for the generic variable value 2. Here we see for
generic variable value 3. If we sum all the membership values. So, this is for 3. So, i is



equal to 1 to 3, all the 3 membership values corresponding to the 3 fuzzy sets if we are

adding we are getting here one.

Similarly, here for this also for the generic variable value 4. When we sum this, we see
that i is equal to 1 to 3, u this I can write here i. So y; and now if | write the u;(4) of 4,
this again, you see 0.2, 0.7 and 0.1 both are going to give us 1. Similarly, here also the

summation of the i is equal to i 1 to 3 and then y;(5) this is again is going to give us 1.

So we see that for all the generic variable values in the universe of discourse, we are getting
the summation of all the membership values in the corresponding fuzzy sets in the term
set is equal to 1. So this way, we can say for these 3 fuzzy sets these 3 discrete fuzzy sets,

the orthogonality the orthogonality condition holds for the term set containing A, B and C.
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Solution:
A= 0/1 +02/2 +0.1/3 +02/4 +03/5

/
B=06/1+06/2 + 0/3+07/4 +07/5 L
C=04/1402/2 +09/3+01/4+ 0/5
3
Z (Zu,l(x))/x = (0+0.6+04)/1+(02+0.6+02)/2 +
=]

X
(0140 +09)/3+(0.2+0.7 +0.1)/4 +
(03 +0.7 +0)/5

3
Z(Z“"(")>/’:1'0/”"0/“ 10/3+ 10/4+ 10/5

X \i=1

Since, the membership values are 1 forx € X
therefore fuzzy sets A, B, and C are
orthogonal.

So this way we can say that the both the all the 3 discrete fuzzy sets are basically helping
the term set to be the orthogonal. Now you can see the solution in more detail here, on the

same lines it has been explained and we can have one more example here.
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B Teww seb Texy = { n B Cf 15 or
Example: let A and B are two fuzzy sets with the
universe of discourse X = {1,2,3,4,5,6} defined as
given below. Find fuzzy set C such that 4, B and C are
orthogonal for the universe of discourse X.

TA=01/1+06/2+05/3+02/4
B=05/3+06/4+07/5+10/6

So we are assuming that we have a term set we have a term set T'(x) which is nothing but
which has 4, B and C.
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Orthogonality Zm,(x) =1veex |/
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Solution:

We have two fuzzy sets A and B with the universe of discourse X =
{1,2,34,5,6} given as below.

“A=01/1+06/2+05/3+02/4
N B=05/3+06/4+07/5+10/6
The f;zy sets A and B can
A=01/1+06/2+05/3+02/4+ 0/5 + 0/6
B=0/1 + 0/2 +05/3+06/4 +0.7/5+10/6

rewritten as,

So, we assume that these term set T'(x) is orthogonal. So here, we assume that this term
set. So here we are assuming. So assuming that term set T'(x) which has the linguistic

values 4, B, C and A, B, C are nothing but the fuzzy sets.



So out of these 4, B, C, 2 fuzzy sets A and B are which is again in the universe of discourse
here as mentioned 1 to 6 and they are these A and B are known to us. Now the question is
if the term set T'(x) is orthogonal then what is C? What is the fuzzy set C? So its very
simple, we apply the same condition here for orthogonality and since we already know
that we have 2 fuzzy sets A and B and all of the membership values corresponding the

generic variable values which are known.

Now we can have a fuzzy set C and since it is already said that the term set is orthogonal,

so we can quickly manage to find the third fuzzy set applying this condition. The p;, (x)

and the summation i is equal to 1 to n. So, here we have 3 fuzzy sets. So, n is equal to 3
here A, A, B and C.

So, let us now quickly go through we have this fuzzy sets this 3 fuzzy sets, | can again
write the x is nothing, but this 4, B, C.
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Orthogonality Dt =1¥xEX

ion: s 3
Solution: I(x)= { AB,cy / \\\‘
A=01/1406/24+05/3+02/4+ 0/5+ 0/6 \

B=0/1 + 0/2 +05/3+06/4 +07/5+10/6
= Mty ROy & kel ¢ M), RO 4 ke (9

The fuzzy set C, such that A, B, and C are orthogonal for the given universe of
discourse X, will be

5 €= ) ue)/x = ) (1= () + )/ x .-
X

X 27, ”

C=(1-(01+0)/1+(1-(06+0))/2+
(1-(05+05))/3+(1-(02+0.6))/4+
(1=0+07)/5+(1=(0+10)/6

M ez — )
(:=0.9/1+0.4/2+0/3+o.z/4+0.3/5+0/6/f

So these 3 fuzzy sets we have and A is known, B is known. So C can be known by subtract
by having 1 minus these membership values for the corresponding membership for the

corresponding generic variable value.

So, we can assume here the C is going to be the u-(x)/1 and then we can have similarly

the ., we can write like this. There is let us say C. So C can be u-(1) and then we can



have u-(2)/2 then we can have u.(3)/3 then we can have u-(4)/4 then we can have
uc(5)/5 then we can have u-(6)/6.

So now here, we are we can compute all these respective membership values p- (1), uc(2),

te(3), pc(4), uc(5), uc(6) and this way we can represent it like C is equal to

€= ucto/x

So this can be written like this here and when we use the condition, this condition here we
can find the C is equal t0 0.9/1 + 0.4/2 + 0/3 + 0.2/4 + 0.3/5 + 0/6. So the condition
here is that the sum of all the values of memberships corresponding to the generic variable

1 here.

So, for 1, for 2, for 3, for 4, for 5, for 6 all the generic variable values the corresponding
membership values are known now and when you sum these values. So at any point at any
point of the generic variable value, the summation of the membership values are 1. So this
way, given the condition that a T'(x) which is comprising of A, B and C fuzzy sets of the

linguistic values and if A and B are given C can be computed if T'(x) is orthogonal.
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Orthogonality Y ko) =1vrex
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Solution:

Let us verify the orthogonality of fuzzy sets A, B, and C.
A=01/1+06/24+05/3+02/44+ 0/5 + 0/6
B=0/1 + 0/2 405/3+06/4 +07/5+ 1.0/6
C=09/1+04/24+0/3+02,/4+03/5+0/6

3
z (Z ;:,I(x})/.r = (0.1 +0 +09)/1+ (0.6 +0 +0.4)/2 +
f=1

-
(0.5+05+0)/3+(02+0.6+02)/4+
(0+07+03)/5+(0+1.0+0)/6

So, it’s very simple and the solution is here, you can further extend it. So now we have an

other example here. We have.
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Orthogonality Zm,(x) =1vrex

=1

Let us verify the orthogonality of fuzzy sets A, Md C.
TA=01/1406/2+05/3+02/4+ 0/5 + 0/6
B=0/1 + 0/2 4+0.5/3+06/4 +0.7/5+1.0/6

/=0.9/1+0.4/2+0/3+0.2/4+D.3/5+0/6

3
Z(E;l,l(x))/x=1,0/1+1.0/2+ 10/3+ 10/4+ 10/5+ 1.0/6
t=1

X

Since, the membership values are 1 for x € X
therefore fuzzy sets A, B, and C are
orthogonal.

So before this, let me just quickly go through this and see that the with the orthogonality
we are getting the C very easily.
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Orthogonality

Example: Let age is a ingulstic variable with the universe of discourse X € [0,90). The term set T(age) Is
given as,

{ "~ T(age) = (‘f’oung, Middle aged,0ld)

WINETE, young, niddle aged, and old are three convex and normal trapezoidal membership functions
with the universe of discourse X as given below.

Hroung(age) = trapezoid(age; 0,0,20,40) Young =I"vounn(ﬂyt‘)/uyr
X
Haidate agealage) = trapezoid(age: 20,40,55,70)
Hora(age) = trapezoid(age;55,70,90,90) Middle aged = jp,,,_m, agea(age)/age
X
Verify that the term set age is orthogonal ]
Old = Iu alage)/age
ot | oM fao

=Young
=Middle aged

,R old g{ x= 43

(L e
S ’ l‘r“d(“)”_! Y ]

Membership Grades

[

-

beola (43) = ©

Okay so let us now take the continuous fuzzy sets or means a term set which has multiple
continuous fuzzy sets. So here the same formula applies means at any point of time or any
point of generic variable value, the summation of membership values given the universe

of discourse are within the universe of discourse this going to be 1.



So we can clearly see that if we have a term set let us say T (age) and this term set has 3
linguistic values which is which are young, middle — aged and old. And these 3
linguistic values are represented by or characterized by fuzzy sets. So if we have this as

young and this as middle ages, middle aged and this as the old.

So we have 3 fuzzy sets. So now we see within the universe of discourse 0 to 90 which is
given. Within this, at any point of the generic variable we see that when we sum the
membership value corresponding to a particular membership value we get its summation
always 1. So the young fuzzy set has the trapezoidal membership function and middle —
aged also has the membership function trapezoidal and for old also, we have trapezoidal

as the membership function.

But young and old are open trapezoidal means left open, young has left open trapezoidal,
old is right open trapezoidal. So this way, we when we see that we at any point of time.
So if we let us say if we draw a line here and let us say here for x is equal to let us say 43.
So, for 43 we see that we have the membership value. So, let us say u(43), | am just

writing here.

For x is equal to 43 the i1y, 5yng (43) is 0. tmiqare — aged(43) is 1. You can see here the

membership value corresponding to x is equal to 43.

And then we have p,;4 this is py;q(43) is equal to 0. So now, when we sum this for x is
equal to point for x is equal to 43, we see that we are getting all u’s for 43, let us say this
is 1 to 3. So this is here and then we are getting 1. So likewise, if we move this line
throughout within the universe of discourse, we are getting at each and every place the

summation of all the membership values unity.
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Orthogonality [ Summiwer |
Solution: Il e |

Here, t;(age) = Young, t;(age) = Middle aged, ty(age) = Old

Forage S 20 » pyounglage) = 10, pyusae (age) = 0, a0 poalage) = 0

l;‘,(lu{rl 104040=10
=
For age = 30 = py,ung(age) = 05, pyusare agee(age) = 0.5, and jigq(age) = 0
2,“' (age) =0540540=10 /
For age = 40 = oy, (ag€) = 0, fyiadie aged(@ge) = 1.0, and poy(age) = 0
1
Z,u,.’wcw =0+10+40=10
=
M wddl a) for %=%0
=Young

— s seee =Middle aged
H ! oud

Membership Grades

So this way here you can see every place we are getting the summation of its membership
values 1. Similarly, if we take this value which is x is equal to 30, the generic variable
value is equal to 30. So we see that for generic variable value that is x is equal to 30. What

is happening? So what is happening here is that i,5,,,,4(30) is.

You see here, just look at the membership function characterizing the fuzzy set young
which is represented by the red colour. So no which is represented by the yellow colour.
This is sorry, blue colour. So this is characterized by this is represented by this mu this is
the fuzzy set young. This represented by blue colour. So if we look at this at x is equal to
30 we are getting its membership value 0.5.

Similarly now so at x is equal to 30 as the membership as the generic variable value, we
see that we are coming across 2 membership functions. So first is the young and the second
one is middle aged. So we see that which is represented by red colour and then when we

see that Umigaie agea (30), We are getting this also as 0.5.

So no other membership is available here for x is equal to 30. So we can write here u,;4,
so this is for 30 or at 30 this is at 30, 0. So when we sum these 3, when we take this
summation of these mu all y’s at 30, i equal to 1 to i is equal to 1 to 3, we see that this is
1.



So similarly, for this these terms for this term set having the fuzzy sets young, middle —
aged, old, we see that within the universe of discourse no matter what value you take for
x as the generic variable value for each and every value of x, we are getting the summation
of its corresponding membership values 1. And this way we can say the term set here given

is the orthogonal term set. So orthogonality condition for this term set is satisfied.

(Refer Slide Time: 26:01)

. T ]
Orthogonality S h=1veex
Solytion: = |
Here, t;(age) = Young, t;(age) = Middie aged, ty(age) = Old

Forage = 55 @ fyouna(age) = 0, puiaare aged(age) = 1.0, and popalage) = 0
s

Zﬂ,\(uw) 04+1040=10

Forage = 65 = pyoung(age) = 0, puiaare agea(age) = 05, and pgya(age) = 05

2.“' (age) =0 405405=10

Forage 2 70 = firoung(a0€) = 0, fyiasic agea(age) = 0,and ope(age) = 1.0

Z,;,‘mq.cl =0+0+10=10

~Young
= Middle aged
old

Membership Grades

Similarly, here if we take x is equal to 60. So for this also we see that we are coming across
2 membership functions. For 2 membership functions of middle — aged and old,
respectively. So we see that both of these we have 0.5 as the membership values and when

we see that for x is equal to 60 when we sum these sum all the membership values.

We find 0.5 for middle — aged and 0.5 for old and the summation is 1. And please

understand that at x is equal to, at x is equal to 60, fiy,gyng IS 0. | can write here iy 4y, 4 (60),

Hmiddie agea(60) and then p,,4(60). So this is going to give us the summation 1.
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Orthogonality | Suwmimer

Solution;

Since, the sum of membership values for linguistic values Young,

Middle aged, and Old are 1V age € X. Therefore, term set age is
orthogonal.

=Young
=Middle aged
0ld

............

Membership Grad

So this way, we can say that the sum of the membership values for linguistic values
young, middle — aged and old are 1 for every generic variable value belonging into the

universe of discourse X. And therefore, the term set which is for age is orthogonal.
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In the next lecture, we
will study fuzzy rules
and fuzzy reasoning.

So that is how we test the orthogonality of the term set, now at this point we will stop and

in the next lecture, we will discuss the fuzzy rules and fuzzy reasoning.

Thank you very much.



