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Lecture — 40

Fuzzy Tolerance and Equivalence Relations —IIT

So, welcome to lecture number 40 of Fuzzy sets, Logic and Systems and Applications, and
this lecture is in continuation to our previous lectures and here we will discuss a Fuzzy

Tolerance and Equivalence Relations.
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b) Fuzzy Equivalence Relation

A fuzzy tolerance relation R defined in the space X X
X, that has properties of reflexivity and symmetry
can be reformed into a fuzzy equivalence relation by
at most (n — 1) compositions with itself, where n
is the cardinal number of the set defining R. It is
given as below.

R"1=RoRoR.oR=R

So, this way we have understood as to, when we can say that particular fuzzy relation set

is a fuzzy equivalence relation are not.

One thing we have understood that a fuzzy equivalence relation is always a fuzzy tolerance
relation that is an important outcome of this discussion. And there are fuzzy relation sets
which many a times they are not fuzzy equivalence relations, but we can make them fuzzy

equivalence relation.

So, here is a very important concept that I am going to mention is that a fuzzy relation set
which is a fuzzy tolerance relation let us say fuzzy tolerance relation R, if it is defined in

this space X X X so; that means, these R is already a reflexive and symmetric, means this



fuzzy relation set R is satisfying the reflectivity and symmetry property. So, if we have a
fuzzy tolerance relation and this fuzzy tolerance relation if it is not fuzzy equivalence
relation it can be converted into fuzzy equivalence relation by at most n minus 1

compositions.

So, this is very important concept that we need to know here. So, if we can make a
composition, at most n — 1 composition with itself. So, within this any fuzzy tolerance
relation R can be converted into a fuzzy is equivalence relation. So, as I mentioned a fuzzy
tolerance relation R which is defined in the space X X X that has already satisfied the
properties of reflexivity and symmetry can be reformed into a fuzzy equivalence relation
by at most n — 1 composition with itself. Where n is the cardinal number of the set defining

R. So, this can be written as this expression.

So, R™ ! this shows that we are making n — 1 compositions. So, this is the maximum
number of composition that it can go through and within this the fuzzy relation set which

is not a fuzzy equivalence relation can be transformed into fuzzy equivalence relation.

So, I would like to just amend here that a fuzzy tolerance relation R only can get
transformed into fuzzy equivalence relation in this process. And the process is at most n

minus 1 compositions with itself, where n is the cardinal number of the set defining R.

(Refer Slide Time: 04:30)

b) Fuzzy Equivalence Relation

Example 6: From Example 5, we have a fuzzy relation matrix R given as

below. It is already proved that R is a fuzzy tolerance relation but not a

fuzzy equivalence relation as it doesn’t satisfy transitivity property. Find

the number of the compositions i.e. R* ' = RoRo---R = R’ sothat R
will satisfy the transitivity property to be an equivalence relation.
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Solution:

Now, to satisfy transitivity property, we apply one composition on the

given fuzzy relation R i.e. R? = R o R.




So, let us take an example here to understand this concept also. So, here we have taken
fuzzy relation set in form of matrix we can call this as the fuzzy relation matrix R. And if
we look at the fuzzy relation matrix we can quickly comment on the reflexivity property,
all the diagonal elements are 1. And not only this the symmetry property is also satisfied
because we have already done this in the previous example. Example number 5 where we
had a fuzzy relation R which is here and we have already proved that R is a fuzzy tolerance

relation.

So, this is a fuzzy tolerance relation. So, R is a fuzzy tolerance relation, why because R
satisfies the reflexivity property and symmetry property, now if we are interested in
checking whether this fuzzy tolerance relation is qualified to be called as fuzzy equivalence

relation or not. So, the third property that is transitivity property it needs to be satisfied.

Now, in the example number 5 we have checked this that the transitivity property is not
satisfied. So, this fuzzy relation set R is not a fuzzy equivalence relation. So, here I am just
mentioning that I am just writing that the what are the properties that are satisfied. So,

reflexivity, then symmetry, then transitivity.

So, transitivity criteria transitivity property is not satisfied for this R, however the
reflexivity and symmetry both the properties are satisfied. So, that is why the given fuzzy
tolerance relation are given fuzzy relation matrix R is not qualified to be called as fuzzy
equivalence relation. So, now, the question is how to make this a fuzzy equivalence

relation by having the compositions as we have just discussed. So, let us proceed for that.

So we apply now the composition of R on R; so that is R%. So, R? is nothing, but the R o
R. So, we have the fuzzy tolerance relation. Now, R and we are now having the R o R and

let us see what happens.
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b) Fuzzy Equivalence Relation

Transitivity: y.(x.,.v,) =2, Mp.(xl.x.) = Ay —= pplxg,xp) = AVx;, x50, €X

where i > min{d,, i,]

Solution: Now let us check whether R satisfy transitive property or not

Xy X3 X3 X4 Xg Xy X3 X3 X4 Xg

X, 1.0 08 0 01 027 © 1.0 08 0 01 02
2 _ X3 08 10 04 0 09 x; 08 10 04 0 09
R R“”*u, 0 04 1.0 0 0|°x |0 04 10 0O 0
Xy 0.1 0 0 1.0 05 Xa 0.1 0 0 1.0 05
¥s W02 09 0 05 10 *s W2 09 0 05 1.0
Xy X3 X3 X4 X3
Xy 1.0 ) 04 I 0.8
P x; |08 10 04 05 09
e = X3 04 04 10 0 04
*+ 102 05 0 10 0S5
Xs 08 09 04 05 1.0
From fuzzy relation matrix R?, we have jiz:(x,, x;) = 0.8 and pg(xy,x,) = 0.5
Since piga(xy,xy) = 0.2 2 minfugs(x), x;), pga(xg, x4)]. Hence, R* does not satisty

transitive property.
Now, to satisfy transitivity property, we apply one more composition i.e. R’

So, we have the R that is given again and the same R is here. And when we take the
composition of these two and here we have o sign, o is for the composition and here we

are taking the max-min composition. So, when we do that we see that this is the outcome.

So, after taking the max min composition of R o R, we get a new fuzzy relation which is
represented by R?2. So, this is the first composition, this is you know the first stage of the
composition. So, the fuzzy relation matrix if we see if we look at we see that we have

Ugr2 (X1, x5) which is equal to 0.8 and pgz (x5, x4) 1s 0.5.

And we see that here also the transitivity condition is not satisfied because the g2 (x4, x4)
equal to 0.2 which is A. And this is not either equal to or greater than the mean of the 0.8

and 0.5. So, this way we can clearly say that the transitivity condition is still not satisfied.
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b) Fuzzy Equivalence Relation

Transitivity: g (x, .r‘) =4, “p.(x,.l.) = Ay ~ pplxp,xp) = AVx;, 25,0, €X

where i = min{d,, 4]

Solution: Now let us check whether R satisfy transitive property or not

Xy X3 X3 Xy Xg
1 [1L.O 0B 0 01 02
08 10 04 0 09
0 04 1.0 0 0
01 0 0 10 05
02 09 0 05 1.0

1.0 (0.8) 04 45508
08 10 04 (0509
04 04 1.0 04 04
05 05 04 10 05
08 09 04 05 1.0
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From fuzzy relation matrix R*, we have u,3(x,, x;) = 0.8 and (3, xq) = ,,'r.
Since pigal(xy, x,) = 0.5 = min[uga(x,, x3), pealxy, x,)]. For all other elements in the fuzzy
relation matrix R, the condition 4 = min[4,, 4;] is satisfied

l-“ .‘.<'nr~l. (e "
Hence, after two compositions on fuzzy relation matrix R, transitivity is satisfied.
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Now, let us go one step further and let us have one more composition. So, we already have
R? and now let us have a composition of R? o R which is R® here. So, when we have the
max-min composition of R? on R we have this as the outcome, we have a new fuzzy

relation here that is R3.

New fuzzy relation matrix and of course, this fuzzy relation matrix is a fuzzy tolerance
relation because we have already seen that this satisfies the reflexivity and symmetry. We
can again once again we can check this and here also the condition of reflexivity and

symmetry both are satisfied.

Now, when we check for transitivity we see that a gz here that is pgs(xq,x,) and
Ug3(x2, x4) values are 0.8 and 0.5. So, g3 (xq, X2); X1, X, 1s this, and pgs (x,, x,)value is

0.5 here.

Now, when we check for pgs (x4, x,), which is 0.5 again. And if we see that this 0.5 is
either greater than or equal to the mean of these two the 0.8 and 0.5. So, here for this case
the transitivity condition is satisfied, but we have to go further and we have to check this

condition for all its elements.

So, when we have checked for all its elements all the membership values of the fuzzy

tolerance relation R3. Then we see that all the elements are satisfying the transitivity



condition and this way we can comment here that the R3 is satisfies the transitivity

condition.

So, now when the R3 is satisfying the transitivity condition and we have already seen that
R3 is reflexive and symmetric. So, this means all the three conditions of fuzzy equivalence
relations satisfied. So, we can now say that the fuzzy relation matrix R is converted into

R3. And R3 is a fuzzy equivalence relation.

So, what does this mean? This means that if we have any fuzzy tolerance relation which is
not a fuzzy equivalence relation. So, with this with the help of this fuzzy tolerance relation
we can use the fuzzy tolerance relation and we can convert this into fuzzy equivalence

relations by taking the suitable compositions.
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Tolerance and Equivalence Relation

There are other properties of fuzzy relations listed below that
are the antonyms of the properties discussed in earlier slides.

i. Anti-reflexivity

ii. Anti-symmetry

Now, the anti-reflexivity and anti-symmetry these are two other properties, we can just
understand. So, at this stage the fuzzy relations for fuzzy relations we have anti-reflexivity
anti-symmetry and these are nothing but the antonyms of the properties that we have
already discussed. So, anti-reflexivity is the property where the reflexivity is not satisfied;

reflexivity condition is not satisfied.
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Tolerance and Equivalence Relation

(i) Anti-reflexivity

Let R is a fuzzy relation defined in the space X x X
such that R © X X X, then R will satisfy the anti-
reflexivity property, if

up(xi,x;)) =0,Vx; € X ]

where, up(x;,x;) is the membership value of the
element (x;, x;) for the fuzzy relation R.

And similarly anti-symmetry is the property where the symmetry condition is not satisfied.
So, let us now formally understand what is anti-reflexivity. So, if we have any fuzzy
relation R which is defined in the universe of discourse X X X such that R € X X X. Then

R will satisfy the anti-reflexivity property.

If ugp (x;, x;) is equal to 0 instead of 1 in the case of reflexivity. So, here ug(x;, x;) means,
the diagonal elements so all the diagonal elements of the fuzzy relation set need to be 0.
So, this condition if this is the case then we can say that the fuzzy relation has anti-

reflexivity condition.
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Tolerance and Equivalence Relation
M‘M#R(I!.I‘) = O.VZ' €EX

(i) Anti-reflexivity
Example: Let a fuzzy relation matrix R is given as below.
Show that R satisfy the anti-reflexivity property.
N X B X
Xy Q09 0 02
R =Xz 0 0 ~07 0
X3 06 0 0 ~09
X4 0 03 0 0 , - L agovst

Y/ i

ahe Zero

And similarly, now have an example to understand this better. So, if we have a fuzzy
relation matrix R as shown here. And we see that the all the diagonal elements of it are
zero. So, then in that case we can say that the anti-reflexivity criteria is satisfied. So, we

can say that the fuzzy relation R is anti-reflexive.
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Tolerance and Equivalence Relation

(ii) Anti-symmetry
Let R is a fuzzy relation defined in the space X X X
such that R € X X X, then R will satisfy the anti-
symmetry property, if
ifug(x(.xi) > 0, then ,uR(x,,x,) =0
Vx‘,x] € X,xl * X

where, ;tR(xt-,xf) and ;JR(x,.x,») are the
membership values of the elements (xi,x,) and
(x, x;), respectively for the fuzzy relation R.

Now, anti-symmetry; so, for any fuzzy relation set R if we have this condition satisfied

which is pg (x;, x;) > 0, then ,uR(xj,xl-) =0, Vx;, x; € X, x; # X;.
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Tolerance and Equivalence Relation

(ii) Anti-symmetry
Example: Let a fuzzy relation matrix R is given as below.
Show that R satisfy the anti-symmetry property.
Xy Xp X3 X
Xy 0 09 0 02
R =%z 0 0 07 0
7l X3 106 O 0 09
X4 0 03 0 0

So, let us now understand this property the anti-symmetry property by taking an example.

So, we have any fuzzy relation set R which is represented in the form of matrix here.
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Tolerance and Equivalence Relation

Anti-symmetry: if i, (%)) > 0, then (2, %,) =0
e - Y, x €X.x®x;
(ii) Anti-symmetry
Solution:
Xy X3 X,
“n[o (09 0 02
2|0, 0 07 o0
R=xlo6\ 0 o o9
X4 LO 0.3 0 0

We have,” up(xy,x;) = 0.9 > 0,then dg(x;,x,) =0
Hp(x3,%,) = 0.6 > 0,then up(x,,x3) =0
Hp(xy,xs) = 0.2 > 0,then pgp(xy,x,) =0
Hp(xz,x3) = 0.7 > 0,then pg(x3,x3) =0
Hr(x4,x2) = 0.3 > 0,then pg(xz,x,) =0
Hp(x3,x4) = 0.9 > 0,then pg(x,,x3) =0

Hence, R satisfies anti-symmetry property.

So, we see that the condition that is necessary for anti-symmetry is satisfied here. So, this
means that if we have ugp (x4, x;). So, ur(xq,x;) is 0.9 here. And this is greater than 0 of

course, and then pz when we interchange the row and columns we see that pg (x5, x1) is

equal to here 0.



So, this way we can say that the anti-symmetry for this element is satisfied. Similarly,
when we check or for all the elements we see that the R satisfies the anti-symmetry
property. And this way we can say that the fuzzy relation R that has been given satisfies

the anti-symmetry property.

So, this way we have understood that a fuzzy relation can go through multiple tests and
based on that we can comment on its whether it is the fuzzy tolerance relation or a fuzzy
equivalence relation. And if a fuzzy tolerance relation is not a fuzzy equivalence relation
let’s say, then we can make a fuzzy equivalence relation by using a fuzzy tolerance relation

with proper composition of it.
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In the next lecture, we will
study the Linguistic Hedges.

So, this way we will finish the lecture here. And in the next lecture we will study the

Linguistic Hedges ahead.

Thank you.



