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Lecture — 39

Fuzzy Tolerance and Equivalence Relations- 11

So, welcome to lecture number 39 of Fuzzy Sets, Logic and Systems and Applications.
And in this lecture we will discuss Fuzzy Tolerance and Equivalence Relations and this

lecture is in continuation to our previous discussions on this topic.
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b) Fuzzy Equivalence Relation

Let R is a fuzzy relation defined in the space X x X such that Rc X x X. It is
known as a "fuzzy equivalence relation” if all three of the following properties are

satisfied:
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Here, pg(x.x;), pg(x;.xx). and pg(x;. x;) are the membership values of the
elements (x,..rf), (.tl,. xi ), and (x;, x;), respectively for the fuzzy relation R.

Now, let us move ahead and talk about fuzzy equivalence relation. So, like fuzzy tolerance
relation we have fuzzy equivalence relation. So, here we have gone one step ahead. So, it
is quite interesting to understand here that any fuzzy tolerance relation can be a fuzzy

equivalence relation.

So, if any fuzzy relation set which is not a fuzzy relation fuzzy tolerance relation cannot
be a fuzzy equivalence relation because for qualifying for any R to qualify to be called as
a fuzzy equivalence relation. First this R has to be a fuzzy tolerance relation. It is because
for fuzzy equivalence relation we have three properties that needs to be satisfied. So, apart

from the reflexivity, symmetry we have an additional property which is transitivity and



these three properties need to be satisfied before any fuzzy relations set R can be called as

fuzzy equivalence relation.

So, since we have already discussed in detail the reflexivity, the symmetry. Now, we see
what is transitivity the third property, so transitivity is basically it follows this condition
which I am just going to explain. So, from the fuzzy relation matrix if we have the
membership values corresponding to ug(x;,x;) let us say which is equal to A;, and

g (xj, xx) which is equal to A, and ug (x;, x) = A. So, if this is the case, then we need to

check whether the A > min[44, 4,].

So, for transitivity condition to be satisfied this A > min[A;, A,] which is here. So, if this
is the case then we can say that the transitivity condition is also satisfied. So, this way if
all the three conditions as mentioned here. The first condition is reflexivity, second
condition is symmetry, third condition is transitivity. If all these three conditions are
satisfied for any fuzzy relation set we can say this fuzzy relation set is a fuzzy equivalence

relation set.
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b) Fuzzy Equivalence Relation

Example 4:
Let a fuzzy relation matrix R is given as below. Find whether R is a
fuzzy equivalence relation. (%)
X, X; Xz X3 X5
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x; |08._1.0~04 05 09
R=% lo4 04— 10-04 04 el
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Here, R satisfies reflexivity and symmetry properties and let us now check
for the transitivity property.
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So, for this also let us take an example here to understand this concept better. Here we
have taken a fuzzy relation set which is represented in the form of matrix here. And as we
have already seen that all its elements are nothing but its membership values corresponding
to its rows and columns. So, if we need to check whether this fuzzy relation is qualified to

be called as fuzzy equivalence relation or not, we need to check for the three conditions.



First condition is reflexivity, second condition is symmetry and the third condition is the

transitivity.

So, let us quickly go ahead and check for that. So, when we do that when in order to check
for the reflexivity first. So, as I have already mentioned that all its diagonal elements
should be unity, should be equal to 1. So, I am quickly going through the diagonal elements
here. And we see that all its diagonal elements, all the diagonal elements of the fuzzy
relation set are unity or equal to 1 or another words we can say right here all the diagonal
elements are 1. So, if this is the case we can quickly comment on the reflexivity property

because here u(x;, x;) = 1,Vx; € X.

So, here since this is satisfied because diagonal elements are nothing but the diagonal
elements are the elements are corresponding to the same row and same column. So, we
can say that ;(x;, x;) = 1. And since this is the case all the diagonal elements are 1, so we
can quickly say that the reflexivity property is satisfied. So, first property is satisfied first
property that is reflexivity is satisfied. Now, let us check for the symmetry property. So,
when we see that here if we take up this element, what is this element? This element is

(x4, x1) and this is 0.5.

Now, let us interchange the rows and column here. And if you change the rows and
columns, we see that u(x;, x4). So, u(xy, x4) is here, u(x,, x,) and we see that this is also
0.5. So, this way for this element for x,, x; and x;, x, both the elements are same. And this
has to be checked for all the elements in the fuzzy religion set. So, when we do that we see

that all the elements are satisfying this criteria.

So, we can quickly say that the symmetry property is also satisfied. So, this way for the
given fuzzy relation matrix, for the given fuzzy relation set R the reflectivity and symmetry
property both are satisfied. So, here we can also make a comment that R is a fuzzy
tolerance, fuzzy tolerance relation because both the properties are satisfied, reflexivity and
symmetry. But here since we are interested in finding whether fuzzy relation set R is a

fuzzy equivalence relation or not.

So, this is quite interesting to note that a fuzzy relation has to be first a fuzzy tolerance
relation before it can qualify to become fuzzy equivalence relation. So, this step is must.

So, since the given fuzzy relation set capital R is a fuzzy tolerance relation.
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b) Fuzzy Equivalence Relation _ wirld
Transitivity property: _ .l
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Similarly, for all other elements;
sl x) = A, and pg(x.x.) = d; = palx,n) = AV, 5.0, €X

where, A = min[1,. 23] will satisfy.

Now, we can move forward and check for the third property that is transitivity property.
And ftransitivity property says that the ug(x;,x;) if it is some value that is 4, and
Ug(xj, xi) here, it is also some value say A,. Then ug(x;, xi) if it is A, then this 1 >
min[A,, 4,]. So, now, let us quickly check that and in order to do that we have here let’s
say Ug(xq1,x,) and this we have found as 0.8 from this given fuzzy relation matrix, this is

here, this is the value pg (x4, x5).

And now when we find g (x,, x3) let us say this value pg (x5, x3). So, x, is this and then
x3 1s this. So, ur(x,, x3) this is nothing, but this value. Now, as per the criteria that has
been given for transitivity property we need to take pup(x1,x3) because you see x; is

coming from here, x; is coming from here and x5 is coming from here.

So, this pg (x4, x3) if we check we are finding you see here pg (x4, x3) this is pug (x4, x3).
So, we are finding here this is 0.4, and this 0.4 is when we take min of the previous values
the 0.4, 0.8 here. So, we see that this is equal to the min of 0.8 and 0.4, so this means that
this condition is satisfied. Similarly, we check for pg (x4, x,) and pugr (x4, X5). So, we see

that this criteria, the transitivity criteria is satisfied.

Similarly, for all the other elements we have checked you can also verify this. And we find
here ug (x;, x;) which is A; and pg (x;j, x) which is 4,. And with this if we find pg (x;, xy).

Then in that case this value the A > min[A4, 4,], for this given fuzzy relation matrix. So,



since we have checked for all the elements the transitivity condition, the transitivity
property is satisfied we can say here that the transitivity property for the fuzzy relation set

1s satisfied here.
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b) Fuzzy Equivalence Relation
Selution:
Transitivity property:
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bglxy,xs) = 0.5 and jug(x,, x5) = 0.5 # pp(xg.xy) = 04and pg(xy, x3) = 0.4
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Similarly, for all other elements;
iln(l,,lf) -iliﬂdilu(.lf,l.) = Ay = pplx;x,) = AVx;, 3.0, € X
where, A = min|4,.4;] will satisfy.

So, this way the fuzzy relation that has been given fuzzy relation R that has been given is
a fuzzy equivalence relation. And we all know why we are making this comment because
we have already checked all the three properties. The first one is the reflexivity, second
one is the symmetry and the third one is the transitivity. All these three conditions are all
these three properties are satisfied. So, the given R is qualified to be called as a fuzzy

equivalence relation.
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b) Fuzzy Equivalence Relation

Example 5:
Let a fuzzy relation matrix R is given as below. Find whether R is a fuzzy
equivalence relation.
X, X; X3 1 Xe
X, 1.0 08 0 01 02

x; |0B 10 04 0 09
R=2X3 0 04 10 0 0

+» |00 0 0 1.0 05
s 0.2 09 0 05 1.0

Solution:
A fuzzy relation R is said to be a fuzzy equivalence relation if it satisfies the
following three properties:

i Reflexivity o

ii. Symmetry _—"
iii. Transitivity L~

Now, let us take another example and see whether in this example the fuzzy relation matrix

R is a fuzzy equivalence relation are not.

So, this is the fuzzy relation R that has been given and again we have to check for the three
properties all the three properties must be holding good before we can say that R is a fuzzy
equivalence relation. So, let us quickly go through the reflexivity property, symmetry

property, transitivity property for the given fuzzy relations set and comment on it.
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b) Fuzzy Equivalence Relation

Reflexivity: jugix.n) = 1L0.¥r, @ X

Solution:
Xy X3 X3 X3 Xg
Y [O~08 0 01 02
r; [0B~10~04 0 09 s
R=x3 |0 03~10~0 0 Aj_l I ]
s 101 0 0N LON0S = = R
s loz 09 0 05 1.0h pr 0 s
From the given fuzzy relation matrix R, we have = ﬂ'L"ML;r

Hglx,x) =10
Hg(x3,x;) = 1.0
pglxy, x3) = 1.0

pplxy xy) = 1.0
Hg(xq. x5) = 1.0 J

Hence, R satisfies reflexivity property.




So, we see that the given fuzzy relation set R has its all its diagonal elements as unity. So,

all the diagonal elements are unity.

So, this way we can say that ug(x;, x;) is 1 and you can see here all the elements all the x

tr(x1, X1), Hr(X2, X2), Hp(X3,X3), UR(X4, X4), Ur(Xs5, Xs5) all the elements are 1. So, we

can say that R is satisfying the reflexivity property. So, the first property is satisfied.
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b) Fuzzy Equivalence Relation

Symmetry: jia(555) = wa(g.0). vo0 & X | g

Solution:
Xy X3 X3 X4 Xg
x (1.0 08 0 01 02
Xx; |08 10 04 0 09
R=x3 0 04 10 0 0

Xt |01 0 0 10 05
*s D2 09 0 05 10

pglxy, ) = py(xy, x3) e 0
pplxy.x3) = pp(xz.x3) ie. 0.4
Mgy, xg) = pp(xg.x;) ie. 0
pplxy, xg) = pp(xs, x3) ie. 0
Ha(xg. %) = pg(xy.x,) e 0.1
pp(xy x3) = pp(x;,x,) ie. 0
Hglxg. x3) = upixy.x;) ie. 0
pplxy, xg) = pp(xg, x,) ie. 0.5 |
pplxs, xy) = pg(xy, xs) ie. 0.2 \
Hplxs.x3) = ugpix;. x5) Le. 0.9 |
Bplxe, xy) = pp(xy.x5) ie. 0 |
pglrg, xy) = pp(x,, xs) ie 0.5 /

From the given fuzzy relation matrix R,
we have, -
7 pplx),x3) = pp(x; x,)ie. 08
Hp(xy, %) = jp(xy,x,) ie. 0 !ﬂ
Mgy, x,) = pg(x,. x,) ie 0.1 |
dg(xy, x5) = pg(xs, x,) ie. 0.2 |
pp(xy.xy) = ug(x),x;) e 0.8 |
Hplxz, x3) = pg(xy.x;) ie. 0.4 ii Hence, R satisfies symmetry property.
sy x,) = pp(x,. %) ie. 0 |4 . E. ralako fak £ "
(3, X5) = i (5, 7) ive. 0.9 _j|::‘ 3ru3w&;£mq Catodion
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Now, let us check for the symmetry property. Symmetry says that up (xi, xj) =
Ur (xj, xl-), Vx;,xj € X. So, when we have checked for this here we see that this condition

is also satisfied for fuzzy relation set that has given to us. And this way we can say that

the R is satisfying the symmetry property.

So, now since we have checked for so far we have checked for two properties. First one is
reflexivity and the second one is symmetry. So, at this juncture we can say that fuzzy
relation matrix R is a fuzzy tolerance relation. So, here I would like to make a comment
for fuzzy relation R. So, I can write here that the given fuzzy relation set R is a fuzzy
tolerance relation. So, up to this is very clear. Now, this R before it can be called as fuzzy

equivalence relation should satisfy the third property, that is a transitivity.
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b) Fuzzy Equivalence Relation

Transitivity: jug(x,.x;) = 4y and jig(x). 20) = dy = pgla,xe) m Awr o 5 € X ]
wh s mn]d,, 4,
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From the given fuzzy relation K. we have, ®

[ pglxy,xz) = 0.8 and pg(xz x5) = 0.9%

Since, A=t emd Ay =09 [ Az w0
e Hplxyxs) = 0.2 2 min[ug(xy, x2). ug(x3.x5)] To2 ?': i ( 0, 04
A=l { i A— M

Hence, R does not satisfy transitivity property.

R is not a fuzzy equivalence relation.

So, when we take the R here and when we check for the transitivity condition. So,
transitivity condition says that up (xi, xj) is equal to A; and ug (x;, xi) is equal to A,. Then

the ug (x;, x5 ) should be the value of this should be say 4 = min[4,, 4,].

So, when we take pg (x4, x,) which is nothing but this element you can see this is the
element. And this is nothing, but 0.8 and when we take g (x5, x5) is this, this is pg (x5, x5).
So, this means we have 1; to 0.8. In this case and 4, is equal to 0.9. Now, if we take up of

x1 which is coming from here and x5 which is coming from here.

So, ur of x; and xs if we see x;, x5 which is nothing but 0.2, so I can just mention this it
is here. So, when we see this this is coming out to be 0.2 and this is let’s say is 4, so 1 is
0.2. So, now, let us put the condition of transitivity. So, A > min[4,, 4,]. So, we have all
the values. So, let us see whether this holds the condition. So, if we take the min here min
of 0.8, 0.9 and then here we have lambda is 0.2. So, this is not holding means this is not

true.

So, when this is not true then we can stop here and we can say that the transitivity property
is not satisfied this for this fuzzy relation set that is given to us that is R. So, R does not, I
can write here that R does not satisfy the transitivity property. So, now, in this case when
we have the checked that the third condition is not satisfied we can quickly say that

although the given fuzzy relation set is a fuzzy tolerance relation, but it is not fuzzy



equivalence relation. So, we can now, quickly say that the given fuzzy relation set is not a

fuzzy equivalence relation.
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In the next lecture, we will
study that how a fuzzy tolerance
relation can be reformed into a
fuzzy equivalence relation and
other properties.

So, with this I would like to stop here. And in the next lecture we will discuss that as to
how we can fuzzy tolerance relation transform or reformed into a fuzzy equivalence

relation and we will discuss other properties as well.

Thank you.



