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Lecture - 38
Fuzzy Tolerance and Equivalence Relations-I

So, welcome to lecture number 38 of Fuzzy Sets, Logic and Systems and Applications. In

this lecture we will discuss Fuzzy Tolerance and Equivalence Relations.

(Refer Slide Time: 00:39)

a) Fuzzy Tolerance Relation

b) Fuzzy Equivalence Relation

So, as [ mentioned that in this lecture, we will discuss two relations; fuzzy tolerance and

fuzzy equivalence.
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a) Fuzzy Tolerance Relation

Let R is a fuzzy relation defined in the space X x X such that
R c X x X, then R will be a fuzzy tolerance relation, if it satisfies
the following two properties.

LReflexivity: jp(x,x) = 1.0,ve, €X |
W"“‘W ur(xi%;) = pp(x), %), ¥, x, € X _

where,

g (xix;), pg(x;x;) and pg(x;, x;) are the membership values
of the efements (x;, x;). (x;.x;) and (x;,x;), respectively for the
fuzzy relation R

So, let us first understand what is a fuzzy tolerance relation. So, here if we have a set, a
relation set R. And if it is defined in the universe of discourse X X X, such that the fuzzy

relation set R € X X X. You can see here.

Then, the fuzzy relation set R will be a fuzzy tolerance relation if it satisfies the following
two properties. What are these two properties? The first property is the reflectivity, you
can see here. And then, the second property is symmetry. So, reflexivity property, what
does it says is that from the fuzzy relation matrix we have here the strength values or in

other words we can say the membership values of the fuzzy relation set. So, here

tr(x;, x;) = 1.0.

So, what does this mean? This means that if we have a fuzzy relation set, if we represent
this fuzzy relation set in the form of a matrix as we have already seen in the previous
lectures. So, all diagonal elements here will be 1. So, in other words we say the
Ur(xi, x;) = 1.0,Vx; € X. Is very simple to understand that the all the corresponding
elements all the elements corresponding to the same row and same column will be equal

to 1 or will be unity in other words.

So, this is called the reflexivity. Now symmetry property. So, symmetry property is also
very simple to understand here that if we have the membership values corresponding to
X;, X;j; that means, ug (xi,xj) and this should be equal to pg (xj,xi). So, if this satisfies,

then we can say the matrix which is corresponding to the fuzzy relation set R is symmetric.



R which is which follows the symmetry property. And here of course, this is for every

x;, Xj belonging into X as the universe of discourse.

And here this is needless to say that pg(x;, x;), uR(xi,xj) and uR(xj,xl-) are the
membership values of the elements x;,x;, x;,%; and x;,x; respectively for any fuzzy

relation R. So, basically, fuzzy tolerance relation satisfies two properties. First property is
reflexivity and the second property is symmetry. So, if these two properties for any fuzzy

relation set R is satisfied then, we can say fuzzy relation set is a fuzzy tolerance relation.
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a) Fuzzy Tolerance Relation

Example 1:
Let a fuzzy relation matrix R is given as below. Verify that R is a
fuzzy tolerance relation

X, Xz X3 X4

X [1.0 09 06 02
R=x (09 10 (0.7 03
x3; |0.6) 0.7 1.0 109
xy lo2\03 09 1.0

So, let us take an example here to understand the fuzzy tolerance relation better. So, here
we are taking a fuzzy relation matrix R. You can see here this is the fuzzy relation set R
and this fuzzy relation set is given in the form of a matrix. So, we see here the elements as

part of this matrix and these elements are nothing but the membership values.

And these membership values can be represented in terms of u and its corresponding rows
and columns. For example, if we take 0.7 so this 0.7 of fuzzy relation matrix is nothing
but this is up and since this 0.7 is corresponding to row number Xx,. So, we write here x,

and then this is corresponding to the column x53. So, we write here x5.

So, ug(x3,x3) is 0.7. Similarly, if we take another element here let us say 0.6. This is in
terms of its membership value of the fuzzy relation set that we have taken is pg(x3,x;).

Why (x5, x;)? Because, 0.6 is corresponding to the third row and which is designated as



X3. So, here we have written x5 and then separated by comma and we have written x;. So,

X1 1s basically the column corresponding to which 0.6 is.

So, 0.6 can be represented here as pg. And please understand that R here is nothing but
the name of the fuzzy relation set. So, that is why this R is and so 0.6 here is nothing but
this is corresponding pg(x3, X1). So, this way we understand that all the elements of the

fuzzy relation matrix can be understood.
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a) Fuzzy Tolerance Relation

Example 1:
Let a fuzzy relation matrix R is given as below. Verify that R is a
fuzzy tolerance relation
X, X3 X3 X4
Xy 1.0 09 06 0.2
R =Xz 09 10 07 03
X3 0.6 0.7 10 09
Xy 0.2 03 09 10

X, X3 X3 X4

% [p(x%x) = 1.0 up(x;,.%3) =09 jig(x, %) =06 uglx,.x;)=02

R = X3 Hp(Xx7.%;) = 09 pp(xs.x3) = 1.0 pjg(xs.xy) =07 jg(x;. x,) =03
Xy |pglxy.xy) =06 pplxy,x;3) = 0.7 py(xy.xy) =10 pup(xy, x,) =09

Xy Hplxe. %) =02 jp(xy.x3) =03 pug(x, xy) =09 puplx,x) =10

And now here we have all the elements of the fuzzy relation matrix is represented in terms
of its mu membership values. So, you can see here that as to how all these elements are
with respect to its rows and columns and these values are the membership values of fuzzy

relation set R.
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a) Fuzzy Tolerance Relation

Solution:
Reflexivity Property: iz (x;, x;) = 1.0Vx, € X

Xy X3 X3 X4
X [1.0 09 06 0.2
R=xz |09 (1.0) 0.7 03
x5 [n,ﬁ 07\ 1.0 n,q‘
Xa 0.2 03 |09 1.0
pp(xy, xq) 1.0
He(x3,2x;) = 1.0 L v
pplxs,x3) = 1.0 ) o ey
He(xy,x,) = 1.0 R >4

Hence, R satisfies reflexivity property.

So, once this is clear, now since we are interested in checking that the given fuzzy relation
set R is a fuzzy tolerance relation or not. So, in order to do that we need to check whether
the two properties that was just mentioned or satisfied or not. So, these two properties are

the reflexivity property and then another property here is the symmetry property.

So, let us now go through the first property and check whether the given fuzzy relation
matrix R satisfies reflexivity property or not. And we know that we need to check this
condition. If this condition is there then we can say that a given fuzzy relation set R
satisfies reflexivity property. So, as I have already mentioned that reflexivity property is
satisfied when its diagonal elements are 1. Why diagonal elements are 1? Because you
know in therefore, diagonal elements we have this corresponding elements are having

same row and same column.

So for example, here if we take this element we see that we have this as this element is
nothing but this is pgz (x5, x,) and this is 1. Similarly, we write all these elements where
these elements are corresponding to the same row and same column. So, we see that
Ur(x1,x1) 18 1, pup(xy, x3) is 1, up(xs, x3) is 1, ugp(x4,x,) is 1 which we can see very

clearly.
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a) Fuzzy Tolerance Relation

Solution:
{ | Reflexivity P!‘OBIHV:}!R(.‘:'“Y,) = 1.0 ¥x; € X

X, Xz X3 X4
% [1.0~09 06 02

R=% |09-10~07 03 J
x o6 07-10-09 disf?™” e
x5 (02 03 09104 Jo

pg(xy, xy) = 1.0

Hr(x3,x;) = 1.0 L

Hr(x3,x3) = 1.0 5\ i
Hp(x4,x4) 1.0 M, (%2, %/ -

Hence, R satisfies reflexivity property.

So, finally, we see that the diagonal elements here. All these diagonal elements are 1. Just
by looking at the fuzzy relation matrix that is given to us, we can just check the diagonal
elements and if all the diagonal elements are 1 then we can say the reflexivity property for
the fuzzy relation set R is satisfied. So, now we can clearly see that R satisfies the

reflexivity property. So, the first property is satisfied.
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a) Fuzzy Tolerance Relation

Solution: 3
' 7 ) Symmetry Property:iu, (x,. x)) = pg(x;. %))V, 5 € X

Xy X3 X3 X4
Xy 1.0 09 06 02
R=Xz |09 10 0.7 03
X3 06 07 10 09
X4 0.2 03 09 1.0

Hp(xy,.%2) = pp(x2,x;) =09 pp(xy, x3) = pglxy,x;) = 0.7
Br(xy,Xx3) = pp(x3,x,) = 0.6 pp(xs,x4) = pg(x,,x;) =03
Hp(xy,xy) = pp(x4,2,) = 0.2 pp(xy,x,) = pg(xg x3) =09

Hence, R satisfies symmetry property.

It is verified that R is a fuzzy tolerance relation.




Now, let us look for the second property, that is symmetry property. So, in symmetry
property we have up (xi, xj) = pg(x;j, x;), which is here. And again this is for every x;, x;

belonging into X.

So, we have the fuzzy relation set R the same fuzzy relation set R that is given here is this
and let us take this and verify this. So, when we check for this condition we find that

Ur(x1,x5) = ur(xz,x;) and here we see that both of these elements is equal to 0.9.

Similarly, when we see for all combinations we find that the symmetry property is very
well satisfied here. So, what does this mean? This means that any element corresponding
to a particular row and column is same if the row and columns are interchanged. So, here
in this case if fuzzy relations set R that has been given satisfies the symmetry property as

well.

So, when both of these properties are satisfied we can clearly say that the fuzzy relation
set R is a fuzzy tolerance relation please understand that a fuzzy relation set R can only be
called as fuzzy tolerance relation when both of these properties are satistied. So, here in
this case in the example that we have taken. We have taken fuzzy relation set R and for
this fuzzy relation set R, both of these properties the reflexivity symmetry are satisfied.

So, this R is qualified to be called as fuzzy tolerance relation.
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a) Fuzzy Tolerance Relation

Solution: \
Reflexivity Property: g (x;, x;) = 1.0/vx, € X
Xy X3 X3
% 0.8 -01 0.7
R =X210.1~1.0~0.6
X3 10.7 0.6 .0.54
g
Hplx,.x,)=08=10

Hglx;,x;) = 1.0
Hplxy,xy3) =05+ 1.0
|

Hence, R does not satisfy reflexivity property.

It is verified that R is not a fuzzy tolerance relation.




Now, let us take another example here where we check whether the given fuzzy relation
set R is a fuzzy tolerance relation or not. So, on the same lines we move forward and see
that whether the reflexivity property and symmetry property, both are satisfied for this
fuzzy relation set are not. So, when we try to see for reflexivity property, we apply this
criteria. So, as I mentioned that we can quickly just by looking at the fuzzy relation matrix
we can quickly comment on this property. So, we see that all the diagonal elements are not

1.

So, this is not equal to 1. Only out of these three diagonal elements only 1 diagonal element
is 1, but rest two elements are not 1. So, the condition for the reflexivity property is that
all these diagonal elements should be equal to 1. So, just by looking at it we can say that

the reflexivity property is not satisfied.

So, it is mentioned here you can see that pug (x4, x;) is equal to 0.8 which is not equal to 1.
Ur(x2,x5) 18 1, ugp(x3,x3) 1s 0.5 which is not equal to 1. So, this way we can say the fuzzy
relation set that has been given to us is not satisfying the reflexivity property. Now let us
go ahead and check for the symmetry property. Here I would like to tell you that since we
are finding whether the fuzzy tolerance relation whether these R that is that has been given

to us is a fuzzy tolerance relation or not.

So, please understand that since the reflectivity property is not satisfied, so we need not go
ahead and check for the symmetry property because there is no use of it. It may be
symmetric, but if it is not reflexive then we can say the given for the relation set R is not
a fuzzy tolerance relation. So, the condition is that both the properties needs to be satisfied.
So, here since the reflexivity property is not satisfied. So, which we need not go ahead and
check for the symmetry property because just by checking any one of the properties we

can say that whether we should go forward or not.

So, since reflexivity property is not satisfied we can clearly say that the given fuzzy

relations set is not a fuzzy tolerance relation.
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a) Fuzzy Tolerance Relation

Example 3:
Let a fuzzy relation matrix R is given as below. Verify that R is a fuzzy
tolerance relation. :
X3 Y, X3 Xy X “‘.“‘
X, 10 01 08 02 03
X3 01 1.0 0 03 1.0
R=X3 0.8 0 1.0 0.7 ©
X4 02 03 07 10 06
¥s 03 10 0 06 10

Now, let us take another example here of fuzzy tolerance relation here also let us check
for the given fuzzy relation matrix fuzzy relation set R and let us check for this fuzzy

relation matrix R whether this R is a fuzzy tolerance relation or not.

So, the fuzzy relation matrix that is given to us is here and you can see. And if we are
interested in checking the fuzzy tolerance relationship or whether R is a fuzzy tolerance
relation or not. Again we have to proceed on the similar lines and we need to check for the

two properties first one is reflexivity and the second one is the symmetry.
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a) Fuzzy Tolerance Relation

Solution:
X, Xz X3 Xy X5 Fi.
Xy L0™~0,1 08 02 03 - i»fw 1
o [0TL0~0 03 10 B 7 o
R=X3 (08 0°~10~07 0 L e 2
X 102 03 07~2.0406] e oJo
¥ 103 10 0 05~10
e x:) = 1.0~ #ir(x1, 22) = pplaz, 2y) = 0.1 O
pr(x2,x3) = 1.0 ~ 4 He(xy, x%3) = jig(x4.%,) = 0.8 "/'r
pr(x3, %) = 1.0 T' Hp(xy, x4) = pplxyx) =02 )
Hr (x4, x4) = 1.0 T pr(xy, x5) = pp(xs, ;) = 03 7

He(xs5,x5) = 1.0 « -

Similarly, for other remaining elements,
Hence, R satisfies He(xi %) = pe(x;,x;), ¥x;, x; € X satisfies.
reflexivity property. hia T8

Hence, R satisfies symmetry property.

o 3 8 . —
{\ o R '-'53,5 [olevarmce. R, lahan
\¥]




So, when we see here the given fuzzy relation matrix. So, just by looking at the diagonal
elements here. We can see that all the diagonal elements are 1. So, when as I have already
mentioned when all the diagonal elements are 1, then it is obvious that pug (x;, x;) is 1. And

if this is the case then we can say that the reflexivity property is satisfied.

So, from the fuzzy relation matrix we can write all mu values in u(x;, x;) format and then
we see that pg(x;, x;) is 1. That means pgr(xq,x1), 1, ug(x2,x2), 1, ug(x3,x3), 1,

Ur(x4,%4), 1, ur(xs,x5), 1. So, this way we see that the reflexivity property is satisfied.

Now let us quickly go ahead and check for the symmetry property. And for symmetry
property also if we see that pug(xq,x5) = ug(xs, x1) = 0.1. up(xy,x3) = ur(xg, xq) =
0.8. ug(xq,x4) = tg(xy, x1) = 0.2 and pg(xq, x5) = ug(xs, x1) = 0.3. So, similarly, all
other values can also be written here. So, what does this mean here is that uy (xi,xj) =
Ur(xj, x;). For this fuzzy relation matrix, for this fuzzy relation set which has been given

to us.

So, when this is satisfied we can say that the fuzzy relation set R satisfies the symmetry
property. So, when this property is also satisfied, we can say the reflectivity and symmetry
both of these properties are satisfied for the given fuzzy relation set. So, we can say that R

is a fuzzy tolerance relation.

So, this way we can comment on R now and the given fuzzy relations set is fuzzy tolerance
relation. Please note that it may also be possible that any given fuzzy relation set may not

be a fuzzy tolerance relation always.



(Refer Slide Time: 24:34)

a) Fuzzy Tolerance Relation

Solution:
Xy X3 X3 %4 X5 . :
x, 1.0 01 08 02 03 , - -
¥ |01 1.0 0 03 1.0 It is verified that R is a
R=X (08 0 10 07 © fuzzy tolerance relation/
X4 02 03 07 10 06 ~

¥s lo3 10 0 06 10

pplxi.x3) = 1.0 pg(xy, x;) = pp(x, x,) = 0.1
Up(x2,x3) = 1.0 Hp(xy, xq) = jig(x4,%,) = 0.8
Hr(xy,x5) = 1.0 pplxy, x) = pplxy. %) = 0.2
pr(x4x) = 1.0 Br(xy, x5) = pp(xs,x,) = 0.3

pplxs.x5) = 1.0
Similarly, for other remaining elements,
Hence, R satisfies Hp(xix;) = pgp(xj,x;), ¥x;, x; € X satisfies.

reflexivity property.
Hence, R satisfies symmetry property.

But in this case here, since both the properties for the R given is satisfied. We can say that

the R is a fuzzy tolerance relation.
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In the next lecture, we will
study the fuzzy equivalence
relation and its properties.

So, with this I would like to stop here and in the next lecture, we will discuss the fuzzy

equivalence relations and its properties.

Thank you.



