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Lecture - 35
Extension Principle

So, welcome to lecture number 35 of Fuzzy Sets, Logic and Systems and Applications. In

this lecture, we will discuss Extension Principle.
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Extension Principle

The extension principle is a basic concept of fuzzy set theory that provides
a general procedure for transforming a fuzzy set from one universe of
discourse to another universe of discourse provided we have point-to-
paint mapping of a function f(. ) known.

This procedure generalizes a common point-to-pant mapping of a
function f(.) to a mapping between fuzzy sets. More specifically, suppose
that f is a function from X to Y and A is a fuzzy set with the universe of

discourse X defined as,

A — Alx) = pa(x,)/x, + palxg)/xz + =+ @a(xe) /X0
Then, the extension principle states that the image of fuzzy set A under
the mapping [ (. ) can be expressed as a fuzzy set B as,

» B =2 B(y) = pa(x )/ + palxg) /v + -+ palx,) /v,

where y; f(x;) orx; f '(_v, ) ¥i Rk

So, the extension principle is very interesting and with the help of the extension principle.
We basically convert a transform of fuzzy set, which is defined in one universe of
discourse into another which is defined in the other universe of discourse. So, the extension
principle is a basic concept in the fuzzy set theory that provides a general procedure for
transforming a fuzzy set from one universe of discourse to another universe of discourse
provided the mapping function, that means the f which connects one universe of discourse

to another universe of discourse is known.

And, this procedure generalizes a common point to point mapping of a function that is
f(.) to a mapping between fuzzy sets. More specifically f is a function from X universe

of discourse, that means, the universe of discourse X to universe of discourse Y. And, if



we take let us say to understand any fuzzy set which is defined in the universe of discourse

X.

So, if we take A(x) here. So, normally we write a fuzzy set by simply either A, B or C like
that we never write normally A(x), but here since we are putting an emphasis on the
generic variable with which it is defined that means, we are indicating here that A is
defined in the universe of discourse X. So, A here is A(x). And, this is defined by this
equation here, means this fuzzy set here where we have the membership value and then its

corresponding generic variable value.

So, tyg (g )/x1 g ey )/ x5 + -+ pa(x,)/xn. So, here if we see A, A is defined in
the universe of discourse X with the generic variable x. So, if we are interested in
transforming this fuzzy set into the universe of discourse capital Y; that means, if we
transform this fuzzy set A(x) into say B(y) where y is the generic variable in the universe

of discourse Y.

So, then how we can manage to do that is shown here. So, we see here that A(x) is
transform into B, where B is nothing but it is defined by the generic variable y in the
universe of discourse Y. And, this is defined by this fuzzy set here u, (x; )/y, +
Ua (x3)/v, + -+ ya(x,)/yn. And then these y; means y;, V,, Vg « o , Yn can be found
by substituting x; values that means, x4, X, X3, X, and so on in f(x;), that means we use
the mapping function to manage to get the conversion of the generic variable let us say x

into y.

So, this can also be written like this. So, x; = f~1(y;). Forevery i isequal to 1,2, 3,4, 5
and so on up to n. So, this way the extension principle helps us in transforming a fuzzy set
which is in a particular universe of discourse into another fuzzy set which is in a different

universe of discourse say Y. So, extension principle helps us in managing this conversion
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Extension Principle

—
If f(.]) is a many-to-one mapping then there exist x; .x; € X/ x;, # x;,
such that

fle))=f(x)=y" ¥y €Y

In this case, the membership value of fuzzy set B at y = ¥ will be:

ug(y’) = max(u,(x,), py(xz))
Maore generally, we have

up(y) = max pu(x)

— ’E.r—l{)"]

where f~'(y) denotes the set of all points in the universe of discourse
x € X such that f(x) = y.

This is called the extension principle

So, let us now understand this further in continuation to this if this f(x) if this mapping
function is which is here is many to one mapping then there exist x;, x, that are belonging
into X as the universe of discourse, where x; # x,. So, in that case what will happen,
f(x1) = f(x3). So, this is a situation where let us say we have two values of generic
variable x; and x,. And then their corresponding f (x;) and f (x;) both are if equal. So, if

both of these are equal means if f(x;) = f(x,). And also when we say f(x;) = f(x3).

So, it means it is having some values let us say that is y*, and this y star is belonging into
Y universe of discourse. So, what does this mean. This means that if we have any two
generic variables if we have any two generic variable values x;, x,. And they are not equal
to each other, but f(x;) = f(x,) then in that case what we do is here. So, what we do here

in this case is, the membership value of fuzzy set B at y = y*, y* is the value which is

f (1) or f(x7).

So, this y star will play an interesting role here. We see that how do we find corresponding

to this y*, ug(y*) you see here that ug(y*) = max(u,(x1), ua(x;)). So, this means that

even when the f(x;) = f(x;), but x; # x,. So, in that case what happens ug(y*) =

max(uy (x1), ua(x,)). So, this can also be written as pg(y) which is here.

So, the general formula can be like this. So, ug(y) = r}lal)g ) U4 (x), which is written here.
xe€f~1(y

So, this is followed when we come across this situation this situation means when I am



just repeating the situation where x; # x, please understand here x; # x,, but f(x;) =

f(x2).

So, we will take an example ahead to make it more clear. So, that is how we are able to
convert or transform the membership functions from one domain to another, from one
generic variable to another, from one universe of discourse to another. So, here very clearly
we have transformed A into B. A is defined in the universe of discourse X where B here
which is transform fuzzy set is defined in the universe of discourse Y. So, this is called the

extension principle.
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Extension Principle

Example:
Let us consider a fuzzy set A with the universe of discourse X = [—10,10] given
as below.

A —_— )'-\r-."y-? ¥ 3 - & X

A(x) = E ua(x)/x=01/(-2) + 04/(-1) + 08/0 + 09/1 + 0.3/2
A — — - — —
xEX

Find a fuzzy set B with the universe of discourse ¥ = [—10,10] using the
“Extension Principle” for mapping function defined as below?

; — s ! -
Cy=f@)=x"+x—-3 M4 (%)= R +E—3

BOY =) w0y =2
yey P

So, let us take again here other examples we are taking this example also to make you
understand the extension principle better. So, we have taken an example here and in this
example we have taken a fuzzy set A, A fuzzy set which is a discrete fuzzy set of course,
you can see and this discrete fuzzy set A is defined in the universe of discourse X. So, that
is why x is mentioned here x is the generic variable. And which is nothing, but belonging

into the universe of discourse X.

Now, this is very simple this is very clear very easy to understand that we have a simple
discrete fuzzy set A, which has five elements. Now, our job is to convert or transform this
fuzzy set into B(y). And here the new fuzzy set the transformed fuzzy set you see it is
defined in the universe of discourse Y and this is possible when the y = f(x) that is the

mapping function when this is known this is possible. So, let us do that.



And here this problem will include the universe of discourse which is mentioned here that
is from —10 to 10. So, let us now use the extension principle for mapping function and
let us move ahead. Mapping function is given in this problem mapping function is f(x)
and f(x) = x? + x — 3 which is here. So, the transform fuzzy set that is B(y), B of y will
look like this of course, now we have to find its membership values corresponding to its

generic variable values small y’s.
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Extension Principle

Solution:

We have a fuzzy set A and mapping function y = f(x) given as below.

A(x) = Z;a,.(r]/.r =0.1/(=2) + 0.4/(~1)+ 08/0 + 09/1 + 0.3/2 .'

xEX

F=fE = =0 e s poina. fomihion

MNow, let us calculate the fuzzy set B using the extension principle.

B(y) = ueg(¥)/y =2
2

So, let us now quickly move ahead and let us see what we do to get this. So, we simply
write here the fuzzy set A which is in the universe of discourse X. And then we write the
mapping function this is the mapping function. So, it is very easy to convert A(x) into
B(y) and we simply write B(y) in terms of ug(y)/y’s. And then we find the values of

ug(¥)’s and y’s means the membership values corresponding its generic variable values.



(Refer Slide Time: 13:51)

Extension Principle frvem fvt S &

- Tha J;‘:-ﬁ-_’ w)(

[A(x) = Zﬂ"('”fx =0.1/(=2) + 04/(—=1)+ 0.8/0 + 09/1 + 0.3/2)

TEX | — - —

;‘ = !('_r) =x34+x-3 = — wttzrp—-—g_

x={-2,-1,01.2]}

o S A
E i adels | N
Cemans & Y Ol )=

=1} (=13} {=3)
pg(—1) = 0.1 pg(—3) =04 jug(—3) =08 pg(—=1) =09 ugl3) =03

B(¥) = 01/(—1) + 0.4/(—3) + 0.8/(—-3) + 0.9/(—1) + 0.3/3

So, the mapping function is here this is given and here we have the fuzzy set this is also
given. So, | am just writing that given fuzzy set in the universe of discourse X. So, since
in this discrete fuzzy set we have these generic variable values —2 ,—1, 0,1, 2. So, let us
first compute the generic variable values, that mean, the yy,y,,y3, vV, and ys in the
universe of discourse Y. And this is very easy to compute because we have the mapping

function with us.

So, what we need is here let say the mapped fuzzy set that we are interested in is B(y),
then what we need here is corresponding to A(x) we need here is
1)/ y1,u2)/y2  u(3)/y3 b(Va)/ Yar b (¥5)/ ¥s.  So, the unknowns are
V1, Y2, Y3, Ya, Vs mapping function is given. So, let us first compute y;. So, our y; is here.

So, since the mapping function is known we just substitute the value of x, that means, for

X1 = —2 we are getting our y; = —1.
Similarly, for x, = —1 we are getting y, = —3. For x we are getting y for x; we are
getting y; = —3, x3 = 0 here. So, for x3 = Owe are getting y; = —3, x, = 4 we are

getting y, = —1, x5 = 2 we are getting ys, 3. So, this means that the mapping function
helping us to compute Yy;,Vs, V3, Vs Vs corresponding to the generic variable values

defined in the universe of discourse X.

So, when this is known then we directly substitute this in the equation B(y) here this
equation this fuzzy set. So, all y, y1, V2, Y3, V4, Y5 are basically substituted.
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pg(—1) = 0.1 pg(—3) =04 pgl—-3) =048 pg(—1) =09 ug(3) =03
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B8(3) « "/ + Ve, + 5 b, S /ler
5 B(y) = 0.1/(—1) + 0.4/(—3) + 0.8/(—3) + 0.9/(—1) + 0.3/3_

And please understand that here this is p(xq), u(x3), u(x3), u(x4), u(xs). So, that means,
when we substitute the values of p(x;), u(x;), u(x3), u(xy), u(xs) and y4,¥2,¥3, Yar Vs.
Then we get this equation. So, this means we get a transform set like this. So, transform

fuzzy set is B(y) fuzzy set.

So, I am again writing here how are we getting just to make you understand better. So, this
we have got by just substituting these values u(x,), u(x3)/y 3, u(xs)/ ys then
u(xs)/ ys. So, when we substitute this these values p(x;), u(x,), u(x3), u(x,) and p(xs)
these values we have already got with the equation A(x), that means in fuzzy set A(x) we

already have these values. So, we do not have to compute this.

We only have to compute y;, v,, V3, Y4, Vs, that means the generic variable values in the
universe of discourse Y. And this has to be computed by using the generic variable values
in the universe of discourse given, that means the X and this is possible because we have

the mapping function available, that means y = f(x) is available by using this here we get

Y1,¥Y2, Y3, Ys and ys.
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Extension Principle

A(x) =Z;i_|(.\f;/.r =0.1/(=2) + 0.4/(—1) + 0.8/0 + 0.9/1 + 03/2
vexX

y=flx)=x*+x-3
x={-2,-1,0,12}

Iy
,

- k
B(¥) = 0.1/(—1) + 0.4/(=3) + 0.8/(=3) + 0.9/(-1) + 0.3/3

After rearranging, we will have:
Biy) = (0.1 v0.9)/(—=1) + (0.4v 08)/(—3) +0.3/3
Bi{y) = ll-_'!,f{ .-I} +0.8/(=3) + u_{‘;:

And when we substitute finally we get the transform fuzzy set B(y). And it is very clear
that this B of y is defined in the universe of discourse Y. So, when we substitute
u(xq), u(xz), u(x3), u(x,) and u(xs) and also y;,¥2, Vs, Ya ¥s. Then we get here this
fuzzy set, but when we rearrange this what we see is this situation. So, this situation is

situation of conflict, that means that for the generic variable here for the same generic

variable value; that means, y = —1 we have two membership values. So, y; = —1 we
have 0.1 as the membership value. And again here also y this is y,. So, y, = —1 we have
0.9.

So, this means for the same value of the generic variable we are getting two membership
values. And this is the conflicting situation, so which one to keep because we can only
have one membership value. So, we take the max of 0.1 and 0.9. So, max of 0.1 and 0.9 is
0.9. So, that why how we avoid this conflicting situation by keeping 0.9 for the generic

variable value —1.

And then finally, we have our B(y) the transformed fuzzy set in the universe of discourse
thatis B(y) = 0.9/(—1) + 0.8/(—3) + 0.3/3. So, here we have two conflicting situation
one was for minus 1 as the generic variable value another one for y = —3. So, these two
have been avoided and then finally, we have the transform fuzzy set which is B(y). And
this is very clear that we have got it from A(x) which was given and this A(x) was defined
in the universe of discourse X and this was possible or this is possible with the help of

extension principle.
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Extension Principle

Example:

Let us consider a fuzzy set A with the universe of discourse X = [—50,50] given
as below. —

A(x) = Z;.t,,(x]/x =0.2/0 + 0.7/1+ 05/2 + 0.6/3 + 0.1/4

XEX

Find a fuzzy set B with the universe of discourse ¥ = [-50,50] using the
“Extension Principle” for mapping function defined as below?
= f(x) = —3%2 + % e L "
=)= R Ny magpiy
- -
B(y)= Zm,(y)/_v -7

yEY

Now, let us take an other example here, we are taking another fuzzy set which is again
defined in the universe of discourse X. And this X range here is given that is —50 to 50.
So, all the generic variable values will be within the limit that is given that is —50 to 50.
So, we have the fuzzy set A and let us now use the mapping function which is also given
thatisy = —3x2 + x. So, this is the mapping function if the mapping function is not given

then the conversion is not possible.

So, let us use this mapping function y = f(x)=-3x>+ x to compute

V1, V2, V3, Y4 and ys in this case.
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Extension Principle

Solution:

We have a fuzzy set A and mapping function y = f(x) given as below.

A(x) = Z;uf.\')/r =02/0 + 0.7/1+ 05/2 + 0.6/3 + 0.1/4
xeX

y=fx)==-3x2+x

Now, let us calculate the fuzzy set B using the extension principle.

BG) = ) up)/y =2

yEY

So, let us now quickly compute these values.
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Extension Principle

A(x) = Toex Halx)/x =0.2/0 + 0.7/1+ 0.5/2 + 0.6/3 + 0.1/4

y=f(x)=-3x*+x
x={01234)

(3= k()
:!=ﬂ n=1 ry= 2 r~= 3 r‘:.{
WD) +0 K 1Y + 1 % 2P + 2 % I +3 e 1d)' +4
4=0 ‘J. = (=2} ,‘_-:—hn ?‘ {(=24) %= =d44)
(D) = 0.2 pp(=2) =07 (=10 =05 ue(=24)= 0.6 fig(=44) = 0.1
gils) = J-r"u..‘-,f,;‘ + I-C"r)/,‘ T 9%, + Ml%)fy & (!4',‘1/"
B(y) =02/0+0.7/(=2) + 0.5/(=10) + 0.6/(—24) + 0.1/(—44)
So, for x; = 0 we have y; =0, x, = 1 we have y, = —2, x; = 2 we have y; = —10,
x4 = 3 we have y,, x; = 4 we have y5; = —44.

So, what we have hereis y; = 0, y, = =2, y3 = —10, y, = —24, y: = —44. What else
do you need to write the transform fuzzy set that is B(y). So, we already have

V1, Y2, Y3, Yo and ys computed by using the mapping function.



So, yes so, we have to now find pg(x;), g (x3), g (x3), g (xs)and ug(xs). So, let we tell
you that we do not have to do anything we do not have to do any calculation we simply
write here the pug(x;) = pu,(x;). And as I said that this @ (y;) is going to be equal to this,
this means that we do not have to compute this we have to just keep these values just take

these values. And, this gets automatically transfered into the other universe of discourse

means (1(y;) = u(x;).

So, when we apply this we see that p5(0) = 0.2. And then pug(—2) = 0.7 and ug(—10) =
0.5, ug(—24) = 0.6, ug(—44) = 0.1. So, I can write here one more equation and this is
u(x1)/y 1 then p(x;)/y, then u(xs)/ys then u(x,)/ys then u(xs)/ys. So, this way
we are able to get the transformed fuzzy set B(y) in the other universe of discourse that is
Y, but here we have seen that for this transformation we should have the mapping function

which is connecting the universe of discourse X and Y is known.

Now, let us take another example here which is the case of a continuous fuzzy set. So, here

we are taking a continuous fuzzy set instead of a discrete fuzzy set.
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Extension Principle

Example: Let us consider a fuzzy set A with the universe of discourse X =

[—10,10] given as follows: -
a-4)

| pawssianfx; o, 09
A= J_u,\(.\')/.r / rfﬂ 3 /x

X
where,

M, (x) = gaussian(x; 0,0.9) — Gaussian Membership Function

Find a fuzzy set B with the universe of discourse ¥ = [—10,10] using the
“Extension Principle” for which we have a mapping function as,

e x>0 mapp-t
OO ifx>0 L AP

x ifx<0 ‘ j‘.,Ju e

As we have seen in the previous example. So, here we are taking a fuzzy set mu fuzzy set
A, where p,(x) is gaussian like this. So, we can write it like this and let me tell you that

this fuzzy set is defined in the universe of discourse X. So, we can write it like this.



Now, the mapping function is also available. So, mapping function is this, this is our
mapping function. And this mapping function says y = f(x) = x? = 3, when the generic
variable values x is more than 0. And it is the f(x) is x when generic variable values are

either less than or equal to 0.

So, when we use this mapping function and the fuzzy set, that is given which is defined in
the universe of discourse X. So, let us see how we write or how we find the fuzzy set B

which is defined in the universe of discourse Y.
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wglx) = gaussian{x;0,0.9)

Extension Principle -ﬂ_;:)

- _jx=3 x>0
y=fl)={ fx g

Here,
* Figure (a) is the plot of given fuzzy set A

* Figure [b) is the plot of given mapping
function y = f(r)
= Figure (c) is the fuzzy set B, obtained after

employing the extension principle

So here you see figure a is the plot of given fuzzy set A, you see here this is given that is
the Gaussian fuzzy set. So, we can write here the fuzzy set A and figure b is the plot of

given mapping function.

So, here is the mapping function which is given to us see here. So, we see that we have the
f(x) here we have the f(x). So, we see x axis and y axis. And then we have the mapping
function defined here for all values of x when it is greater than 0 the f(x) = x? — 3, that
means, this part or I can say that when the x values are more than 0 the f (x) become x? —
3. And when the x is either less than or equal to 0 the f(x) becomes only x, means this

part.

So, f x is known to me here, now let us find B. So, we clearly see that let me first tell you

what is figure ¢ here. So, figure c is the fuzzy set which we have obtained after employing



the extension principle. So, I am going to explain you has to how we are going to get this
fuzzy set B. And this B fuzzy set is in the universe of discourse Y. So, we see that if we
take up f(x) we take up the mapping function here. So, for some value of x here let us say

we have x; and then let’s say we have x, let us say this is u(x,).

So, this means that when x; and x, these two are the different values, for these two values
x; and x, we see that we have here the same membership value. So, when we apply the

extension principle here.
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In this case, the membership value of fuzzy set B
aty ¥ will be

ua(y") = max(ua(x,), ua(x2)) |

So, this says that if we have we can clearly see here if we have x; and x, like this which
is belonging into the universe of discourse X. And if they are not equal as we have seen in

this case, I am making this again let us say this is my x; and let us say this is my x5.

And we see that we are for these two different values of x, that means, x; and x, we have
getting same y, same y and we can call this as y star like this we have our x; and x, which
are not equal, but we are getting f (x;) is equal to f(x,). And here y remains the same for
these x; and x,. So, we call this as the y star and of course, this y* should also belong into

the universe of discourse Y.

So, in this case what happens in this case what we do here is that we take the max of the
Ua(xq) and py(x,), that means, we see here if we take the mu x what is the mu x this is x

axis. So, generic variable mu here and then my p(x;) will be this. And my here this is



u(x,). So, what we are doing here is we are getting two mu values two membership values
corresponding to two generic variable values, that means, x; and x, we are getting
u(xq), u(xy) and u(x,) and pu(x,) are different they are not the same. So, what we do here
is we take max of these two. So, when we take max of these two it is very clear that pu(x;)

1s the winner.

So, we retain p(x;) because p(x;) here in this case I am talking about this case only. So,
in this case u(x;) is greater than here u(x;) > u(x,). So, ug(y*). So, what will be the
membership value corresponding to this generic variable value in the universe of discourse
Y, that means this star y*. So, ug(y*) is nothing, but it is going to be the
max(u(x;), u(x,)) and by using this what we get is here.

So, we see that the corresponding y is here corresponding y is y*. So, y* is here and
corresponding to this y*, the mu is here this is ug(y) this is ug(y*). And this is nothing
but max(u(x,), u(x;). So, that is how we keep getting the corresponding uz values means

the membership values.

So, here in this problem or in this example what is happening is that for the range here
which is shown by this dotted line this and this, we see that here we see that in between
this we have x values where we are getting same y values for two x values, means in other
words I can say that for multiple values of x we are getting same y, I should not say

multiple but I will say the pair of x.

So, this is the range in which more than one value of x we are getting the same y. So, that
is why here this range in this range we apply the max condition. And then after this range
we do not have to worry because we are going to get the only one to one mapping. So, that
is how when we apply these we are going get this shape. So, this is what is our pug(y)
which is nothing, but the membership function in the universe of discourse Y and this is
for the fuzzy set B. So, I can write here that the resulting function B is like this. So, this
way we apply extension principle in order to map from one universe of discourse to another

for the fuzzy set A transforming into B.
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Suppose that function f is a mapping from n-dimensional
Cartesian product space X, xX;%x--X, to a one-
dimensional universe of discourse ¥ such that y =
f(x,, ..., x,), and suppose 4,, ..., A, are n fuzzy sets with the
‘universe of discourse X, ..., X,,, respectively. ‘

Then, the extension principle asserts that the membership

values of fuzzy set Bhrnduced b_y_the mEplngﬂf is defined by,
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So, now if we have let say the mapping function in n dimension means if we have a
mapping function like f(xq, x5, X3, .....,X). So, then how can be map this to y. So,
suppose a mapping function f is in the n dimensional universe of discourse; that means,
(X1, X5, X3, .....,X,). And, we are mapping this to the universe of discourse Y. So, this

means that we have Y is equal to f(xq, X, X3, ..., Xp).

And here let’s say we have a fuzzy set which is defined in the universe of discourse (X;,
X3, X3, ..., Xp). So, how can we transform the fuzzy set B which is in the universe of
discourse Y. And this is what is the mapping function that is given to us, this is mapping

function.

So, in this case the extension principle helps us in finding the membership values, that

means, the g (y) where this

[minpa GOl i F7I0) # @
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So, this is how we can manage to map the n dimensional space into the single dimensional

space, that means, x;, X, X3 ....., X, into y and with this I would like to stop here.
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In the next lecture, we will
study the composition of
fuzzy relations.

And, in the next lecture we will discuss the composition of fuzzy relations.

Thank you.



