Fuzzy Sets, Logic and Systems and Applications
Prof. Nishchal K. Verma
Department of Electrical Engineering
Indian Institute of Technology, Kanpur

Lecture — 34

Properties of Fuzzy Relation

So, welcome to lecture number 34 of Fuzzy Sets, Logic and Systems and Applications.
This lecture is in continuation to our previous lecture, where we discussed the properties

that was relation with the Fuzzy Relation and the Crisp Relation.
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So, in the previous lecture, we discussed some of the properties listed here. So, we
discussed law of contradiction, law of excluded middle, idempotency, involution and
commutativity with respect to fuzzy relations. And we saw that we had law of
contradictions with respect to the fuzzy relations, law of excluded middle with reference

to fuzzy relations.

So, these were not behaving same as the crisp relations these two properties and now the
idempotency, involution, commutativity all these three properties were satisfied, were

holding good when we took fuzzy relations.
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6. Associativity for Union

For crisp relations R, Sand T,
|

. (RUS)UT=RU(SUT)

For fuzzy relations R, Sand T,

(RUS)UT=RU(SUT)

This is called the “Associativity” property for union.

So, let us now move in continuation to these properties that has come to associativity and
when we take crisp relations R, S, T. So, these crisp relation shows the associativity for
Union. So, as it is mentioned here that if we take the (RUS)UT = R U (SUT). So, this
is true for, this holding good for the crisp relations. Now, when it comes to fuzzy relations
R, S and T, here also the associativity for union holds good. So, let us verify this by taking

one example.
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6. Associativity for Union

Example: If the fuzzy relations R, S and T defined on space X X Y are,

i Y2 ¥Ya Y1 Y2 Ya V1 b Y3
X, [LO 05 06 % [LO 07 08] . _*% [05 06 09
— Xz |05 0 09 ~ % |06 05 O

Xz 0 08 08
3 0.7 09 0O X3 103 06 0.2 X3 @ ©67 OS

Verify the “Associativity” property for union.




And in this example here, we have taken 3 fuzzy relation sets. So, we have taken R fuzzy

relations set, S fuzzy relation set and T fuzzy relation set.
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6. Associativity for Union

Solution: (RUS)UT=RU(SUT)
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| nax(0.7.0) max(0.9.0.7) max(0.2,05 0 09 0

Now, when we take the R U S, we are getting here this fuzzy relation set and as we already
know that we take the maximum of the respective membership values and with this we get
the R U S and the process is shown here you can follow. And then here, we take the
(RUS)UT. So, here when we take the whatever we have got here as R U S, now with

further take the union with T here, we get here this fuzzy set as result.

(Refer Slide Time: 03:38)

6. Associativity for Union

" RUS)UT=RU(SUT
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So, this is nothing but the R U S and then, the union of it with T. So, this is what we are
getting.
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6. Associativity for Union
Solution: (RUS)UT=RuU(SUT)
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Hence, it is verified that for fuzzy relations B, S and T,
(RusjuT=Rui(suT)

Now, let us take the SUT. So, SU T is here;R U (SUT).
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6. Associativity for Union

" RUS)UT=RU(SUT
Solution: € ) (¢ )
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Hence, it is verified that for fuzzy relations B, S and T,

(RUSJUT =RuU(SuT)

So, if we take this, we are getting here this fuzzy relation set and in the matrix

representation, we see that we get R union, R U (S U T). So, if we compare this with the



previous outcome which was nothing but the (R U S) U T. So, we see that these two, these

both the sets are same.

So, we can say that (RUS)UT =R U (SUT) and these R,S and T all are the fuzzy
relation sets. So, this way we see that the associativity property for union holds good for

fuzzy relation sets R, S and T. Now, let us check the associativity for intersection.
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6. Associativity for Intersection

For crisp relations R, Sand T,

. (RNS)NT=RN(SANT)

For fuzzy relations R, S and T,

(RNS)NT=RN(SNT)

This is called the “Associativity” property for
intersection.

And we already know that if we take crisp relations R, S and T, this relation this property
that means, the associativity for intersection is satisfied. So, we are not going into it. Now,
let us understand this relation that when we take fuzzy relations R, S and T the associativity
for intersection is also holding good. So, let us verify this by taking an example for this

property.
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6. Associativity for Intersection

Example: If the fuzzy relations R, 5 and T defined on space X x Y are,

Vi Y2 Vi Vi Vo Va Vi Y2 Vi
B Xy ll.ll 0.5 06 = Xy ll.U 0.7 U.t!’ T — Xy lt]..‘) 0.6 09
X3 0 08 08 Xz 0.5 0 09 X2 0.6 05 0
X3 0.7 09 0 X3 03 06 02 X3 0 07 05

Verify the “Associativity” property for intersection.

So, here also we take R, S and T, as you can see here these 3 fuzzy relation sets, we have

taken.
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6. Associativity for Intersection

Solution: (RNnS)NnT=RN(5NT)
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And let us first find the R N S. So, when we use the min criteria here, we find here this
outcome as the (R N S) N T. So, when we try to find this, again the intersection of R, S N
T. So, we find here this outcome. So, this is nothing but the intersection of R intersection

Sand T.
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6. Associativity for Intersection

Solution: (RNS)NT=RN{SNT)
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Hence, it is verified that for fuzzy relations B, 5 and T,
(RnSinT=Rn{SnT)

Now, let us find the SN T. So, SN T is here and when we take the intersection of this

fuzzy set which is which we have found here as SNT, SN T and the RN (SN T) here.

So, if we find that we find this outcome.

(Refer Slide Time: 07:49)

6. Associativity for Intersection

Solution: (RnS)NT=RN{SNT)
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So, now when we compare this, we see that these both the outcomes are same. So, this

means that the (RNS)NT =R N (SN T). So, this way we can say that associativity for

intersection is satisfied for fuzzy relation sets.
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7. Distributivity of Union over Intersection

For crisp relations R, S and T,

RUSNT)=((RUS) N(RUT)

For fuzzy relations R, S and T,

RU(SNT)=(RUS)N(RUT)

This is called the “Distributivity” property of union
over intersection.

Now, let us move to the distributivity of union over intersection. So, when we take crisp
relations R, S and T, we know that this is satisfied. So, we are not going into it, we are not
going to discuss anything about it further. However, if we take fuzzy relations R, S and T
we see thatthe RU (SNT) = (RUS) N (RUT). So, let us now verify this. So, this holds
good for fuzzy relations R,S and T. So, this is called distributivity of union over

intersection property and this holds good for fuzzy relation sets.
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7. Distributivity of Union over Intersection

Example: If the fuzzy relations R, § and T defined on space X x Y are,
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Verify the “Distributivity” property of union over intersection.




Let us take an example and verify this quickly. So, here we have taken 3 sets; 3 fuzzy

relation sets.
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7. Distributivity of Union over Intersection

& n = Y
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And let us take the S N T. So, S N T which is here which is which we get like this, this the
outcome of the S N T and let us take the R U (§ N T). So, when we take this, we are getting
thisasthe RU (SN T).
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7. Distributivity of Union over Intersection
Snioll RUGSNT)=(RUSIN(RUT)
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So, lets us move further and see whether the distributivity of union over intersection is
verified here. So, in order to do that let us first find the R U S. So, R U S outcome is here,
then we go to find the RUT. So, RU T is here; R U T, and now we take the intersection

of these two fuzzy relations. So, let us take the intersection of these two.
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7. Distributivity of Union over Intersection
RUGAT) =(RUS)N(RUT) |

Solution:
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¥
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Hence, it is verified that for fuzzy relations R, S and T,
RuiSaTm =(Rus)ni(RuT)

So, when we take the intersection of these two here, we get as a result here, a new fuzzy
relation set which is represented by fuzzy relation matrix. So, we see that this outcome is
same as this outcome, means the RU(SNT) = (RUS) N (RUT). So, this way we can
say that the distributivity of union over intersection is verified for fuzzy relations R, S and

T.
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7. Distributivity of Intersection over Union

For crisp relations R, S and T,

RNSUT)=(RNS)VU(RNT)

For fuzzy relations R, Sand T,

RN(SuT)=(RnSYU(RNT)

This is called the “Distributivity” property of
intersection aver union.

So, let us now go to the next property which is Distributivity of Intersection over Union
and we all know that this holding good for crisp relations R, S and T and also we know
that the, this property the distributivity of intersection over union is satisfied is holding

good for the fuzzy relations R, S and T also. Now, let us verify this relation by taking an

example like previously we have done for other properties.
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7. Distributivity of Intersection over Union

Example: If the fuzzy relations R, § and T defined on space X x Y are,

¥ Va W Wy ¥a ¥a Wy Vo ¥

p_X [L0 05 0.6 X [LO 0.7 08 LB 05 0.6 09
=xz |0 08 08 =x |05 0 09 ~x loe 05 o
07 09 0 x lo3 06 02 » Lo 07 o5

X3

Verify the “Distributivity” property of intersection over union.

So, let us once again take the fuzzy relation sets R, S and T'.
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7. Distributivity of Intersection over Union
RN(GSUT) =(RNS5)U (Rni')::

Solution:
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[min(1.0.1.0) min{050.7) min{0.6.0.9) 1.0 05 0.
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| min{D.7.03 0. o 07 o

And then, since we have to verify this property that means, the distributivity of intersection
over union that means, the RN (SUT) = (RN S)U (RNT). So, let us first find the S U

T.So, S UT is here. By applying the max criteria, we getthe SUT.

Similarly, when we take the fuzzy relation set R and we take the R N (S U T), we get this
outcome, by applying the min criteria. So, we can write this as RN (S UT). So, the

outcome is here.
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7. Distributivity of Intersection over Union
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And now letus goto R N S. So, R N S is here. When we take R and S take the intersection.

So, this is R N S and here we have the R N T. Now, if we take the union of these two.
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7. Distributivity of Intersection over Union
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Hence, it is verified that for fuzzy relations R, 5 and T,
Rn{SuTli=(RnSHui(RnT)

So, when we take union of these two, means the (R N S) U (R N T). So, when we take this
since we are taking union, we take the max, we take we use the max criteria and when we

use this max criteria we are getting here this has the outcome.

So, we get a new fuzzy relation set and which is nothing but equal to you see here equal
to this fuzzy relation set. So, this way we can say that the outcome of the RN (SUT) =
(RNS)U(RNT). So, this way we can say that the distributivity of intersection over

union is verified for fuzzy relations R, S and T.
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8. Absorption of Union over Intersection

For crisp relations R and S,

 RURNS)=R

For fuzzy relations R and §,

' RURNS)=R

This is called the “Absorption” property of union
over intersection.

Let us move to the next property which is absorption of union over intersection. So, here
for crisp relations R and S, it is like this like a we take the R U (R N S), we get here R. So,
this is holding good for crisp relations and when it comes to fuzzy relations R and S, here
also the absorption of union over intersection holds good means the R U (R N S) = R. So,

let us this also verify by taking an example.
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8. Absorption of Union over Intersection

Example: If the fuzzy relations R and S defined on space X x ¥ are,

Vi Y= B Y1 Y ¥

x 5 x 7 0.
g lw 05 06] o_* Ilu 0. J&I

X2 0 08 08 Xz 105 0 09
0.7 09 0 X3 103 06 0.2

X3

Verify the “Absorption” property of union over intersection.




So, here we have taken one fuzzy relation set R and another fuzzy relation set S also we
have taken. So, R and S both are the fuzzy relation sets and now let us verify the absorption

of union over intersection.
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8. Absorption of Union over Intersection

Solution: RU(RNnS)=R

Ty 1.0 0.7 08
¥ ‘u » 0 09

+
min{0,0.5) min{0.8.0) min{0.B.0.9)

min{1.0,1.0) min{0.5.0.7) min{0.6,0.8 Xy ‘;n 0.5 0.6
X 0

min(0.7,03) min{0.9.06) min{0,0.2)

A max{1.0,1.0) max(0.505) max(0.6,0.6 Xy
En 2 2 .
max{0.0 max{0.8.0) max( 0.8.0.8)

max(0.7.0.3) max{0.9.0.6) max(0,0)

Hence, it is verified that for fuzzy relations R and 5,
RU{(RnS)=R

So, for this let us find the R N S. So, since here we are finding the intersection, we use min
criteria you see here and when we use min criteria the outcome is this. So, this is nothing
but the R N S. Now, this outcome is again used for union with R. So, when we take the
R U (R NS), now since we are taking union, we use the max criteria here and then, the

outcome here is like this.
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8. Absorption of Union over Intersection

Solution: RU(RNS)=R

¥ ¥ ¥

min{1.0,1.0) min{0.5.0.7) min{0.6,0.8) X 1.0 05 06

min{0,0.5) min{0.8,0) min{D.8,0.9) L ‘ ) {‘
0

Ty min{0.7.0.3) min{0.9.0.6) min{0.0.2)

maxi0.0 maxi{0.8.0) max(0.8.0.8 } 08 08

Ky max(1.0.1.0) max{0.5.0.5) max{0.6.0.6) e 3 1.0 05 06
RU(RNS) = . l ‘{
0.7 09 ]

max{0.7.0.3) maxi{0.9.0.6) max{0.0)
K
Hence, it is verified that for fuzzy relations R and 5,
RU(RnSs)=R
—

So, the outcome here is like this and which is nothing but the fuzzy set R which we have
taken. So, we can say thatthe R U (R N S) = R. So, this means that the absorption of union

over intersection is verified for fuzzy relations R and S.
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8. Absorption of Intersection over Union

For crisp relations R and S,

RN(RUS)=R

For fuzzy relations R and §,

' Rn(RUS)=R

This is called the “Absorption” property of
intersection aver union.

Now, let us move to another property which is absorption of intersection over union. So,
here, we have the R N (R U S) = R. So, this is this holds good for the crisp relation sets.
And the same also holds for the fuzzy relations R and S. That means, if we have two fuzzy

relation sets R and S, so the intersection between the R fuzzy relation set and the union of



fuzzy relation set R and fuzzy relation set S, we are going to get R. So, this means that
“Absorption” of intersection over union holds good for a crisp relations as well as fuzzy

relations. So, let us verify this by taking an example.
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8. Absorption of Intersection over Union

Example: If the fuzzy relations R and § defined on space X x Y are,

—

V1 y ¥ Y1 Y: 1

R = Xy lL.U 0.5 U.b} §_ X Il 0 67 u.al
Xz 0 08 08 ( Xz 0.5 0 0.9
X3 0.7 09 0O Xy 03 06 02

Verify the “Absorption” property of intersection over union.

So, here we have taken two fuzzy relation sets R and S, which you can see here.
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8. Absorption of Intersection over Union

Solution: RN{(RUS)=R
oy !lul 05 06 = 1.0 0.7 08
R=y [‘I 08 \I:i‘ gET 'll 5 0 |I'll
Xy 0.7 09 0 ¥ 03 06 02

maxi 1.0.1.0) max(0.5.0.7) max{0.608) X; 1.0 0.7 0.8 = x
max(0,0.5) max(0.8.0) max(0.8,09)| [ l ) ‘
¥ { )

max{0.7.03) max{0.9.0.6) max(0,0.2)

min{ 1.0,1.0) min{0.5.0.7) min{0.6.08) t 1.0 05 06
l 0 08 II.'i‘
0.7 0.9 ]

min{0,0.5) min{0H08) min{0B80.9)

min{0.7.0 mini 0.9,0.9) mini0,0.2)

Hence, it is verified that for fuzzy relations K and 5
.i-.'mRU\J‘ = R

And then, now let us try to verify for absorption of intersection over union. So, when we

do that in order to do that, we first find the R U S. So, R U S is here. So, we use max criteria



for union. So, we get the R U S here and then we take intersection of this with R. So, we

take R first and then we take the RN (R U §).

So, since we are taking the intersection here, we use min criteria and then when we use
min criteria, we are getting this as the outcome and this outcome if we compare this is
nothing but the R. So, we can clearly say here that the R N (R US) = R. So, here this

absorption of intersection over union is satisfied or we can say it is verified.
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9. Absorption of Complement for Union

For crisp relations R and §,

RURNS)=RUS

For fuzzy relations R and S,

RURNS)#RUS

This is called the “Absorption of Complement”
property for Union.

Now, let us go to the absorption of complement for union. So, here we have the relation
sets, crisp relation sets R and S and we see that when we take the R U (R N S). So, this

comes out to be the union of R and S.

So, this holds good for the crisp relations, but when it comes to fuzzy relations, this does
not hold good. That means, when we have fuzzy relations R and S, if we take the R U
(RN S) # RUS. So, this way we can say that the absorption of complement property for

union does not hold good for fuzzy relations R and S.
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9. Absorption of Complement for Union

Example: If the fuzzy relations R and § defined on space X x Y are,

W1 Y= W Y1 Y ¥
Xy 10 05 06 ._ W1 1.0 0.7 08
X2 [u 08 08| ST x lu.s 0 U.*Jl
0.7 09 0 X3 03 06 0.2

{ —

X3

Verify the “Absorption of Complement” property for union.

So, let us quickly verify this by taking an example. So, we have taken here in this example

fuzzy relation set R and fuzzy relation set S.
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9. Absorption of Complement for Union

Ru(RnS)=Rus

Sobation

Hence, it i3 verified that for fuzzy refations K and 5
RURAS)mRUS

So, let us first find the complement of R. So, the complement of R is here. I am writing
just complement of R and then, let us take the R N S. So, this is the outcome. Since, we
are taking the intersection, we will use the min criteria which is clearly visible here and

then when we have taken this, then let us take the union of R and this outcome. This



outcome is the R N S. So, when we do that, we are getting here S, the R U (R N S). Now,
let us find the R U S.

So, we have R we have S, now since we are taking union we use max criteria and when
we find this we see that we are getting here as the R U S. When we compare this outcome
with the R U (R N S), we see that both of these are not same. So, when both of these are

not same, we can say that the absorption of complement for union is not holding good.

(Refer Slide Time: 23:58)

9. Absorption of Complement for Intersection

For crisp relations R and S,

RN(RUS)=RNS

For fuzzy relations R and §,

‘Rn(ﬁuS):RnS

This is called the “Absorption of Complement”
property for Intersection.

Now, let us check the absorption of complement for intersection. So, on the same lines we
see that the crisp relations R and S, these relations are holding good, the absorption of
complement for intersection means when we take the R U (R N S) = R N S and if we take
the fuzzy relations R and S, so, this relation does not hold good means this property does
not hold good when we take fuzzy relation sets R and S. So that means, if we have fuzzy

relations sets R and S and if we takethe RU(RNS) # RN S.
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9. Absorption of Complement for Intersection

Example: If the fuzzy relations R and § defined on space X x Y are,
W1 ¥y ¥ B Y1 Y ¥
R = Xy L 05 @6 s — X 1.0 0.7 08
~ X2 |0 08 08| | * |05 0 09

X3 W0.7 09 O 03 06 02

X3

Verify the “Absorption of Complement” property for intersection.

So, let us verify this also and for this, if we take our fuzzy relation set here as R, one of
the fuzzy relation sets as R and then, another fuzzy relation set S here. So, when we take
these two fuzzy relation sets; first fuzzy relation set is R and the second fuzzy relation set

1S S.
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9. Absorption of Complement for Intersection
Rn{Rus)=RnS

Sohstion

Hence, it i3 venfied that for fuzry relations 7 ang
Rn(Rus)=AnS

Now, let us first find the complement of R here which is coming out to be like this. So,

this is R U S. So, since we are taking union ,so we use max criteria as we can clearly see



and then, the outcome of R U S. So, this we right as the R U S and then, we take the

intersection of it with R. So that means, the R N (R U S). So, this is the outcome of it.

And now let us further find the R N S. So, R intersection is coming out to be this. Now,
we see that the RN(RUS) # RNS. This clearly shows that the absorption of
complement for intersection does not hold good when it comes to the fuzzy relations R

and S.

(Refer Slide Time: 26:55)

10. Demorgan’s Law of Union

For crisp relations R and §,

"RUS=RnS

For fuzzy relations R and §,

RUuS=RnS

This is called the “Demorgan’s law” of union.

So, now let us go to another property which is Demorgan’s law of union. So, we already
know that when we take the R U S, we get the R N S. So, when we take fuzzy relation sets
R and S, this property also holds good for the fuzzy relation sets. That means, either we
take fuzzy relations or we take crisp relations, for both the relations Demorgan’s law of

union is holding good.
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10. Demorgan’s Law of Union

Example: If the fuzzy relations R and § defined on space X x Y are,

1 Y2 ¥s Y1 ¥2 Y3
X [L.U 0.5 0.6 = X llu 0.7 (J.H]
X 0 08 08 =T x |05 0 09
07 09 0 x3 03 06 02

=

X3

Verify the “Demorgan’s law” of union.

So, let us here also we take one example and we see as to how Demorgan’s law of union

is verified for fuzzy relations R and S.
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10. Demorgan’s Law of Union _

Sohation: - RUS=Rns

Hence, it is verified that for
o fuzzy relations R, 5 and T,
e RuS=R nASs

So, when we take the R U S for this fuzzy relation set R and S. So, R and S we are getting
like this. We use the union so that is why we take the we use max criteria and when we
use max criteria, we get R U S and then, when we take the complement of it, we are getting

this outcome. So, this is nothing but the R U S. Now, we take the complement of R which



is this and then, we take the complement of S which is this. Now, when we take the R N S.

So, we see that this is equal to the R U S.

So, this way we can say that when we take two fuzzy relation sets R and S, we take the
R U S. And this is nothing, but this is equal to the R N S which is here. So, Demorgan’s

law of union for fuzzy relation sets is holding good.
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10. Demorgan’s Law of Union
Saiution e Ru3=RnSs

Hence, it is verified that for
& fuzzy relations R, S and T,
e T4 RusS=R n$§
e

Now, let us verify the Demorgan’s law of intersection. So, here also we see that if we take
the RN'S = R U S and this is holding good for the crisp relation sets as well as the fuzzy

relation sets R and S. So, let us verify this also.
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10. Demorgan’s Law of Intersection

Example: If the fuzzy relations R and S defined on space X x Y are,

V1 y= W Y1 Y2 ¥

R = Xy [LU 05 06 = X Il(] 0.7 (J.SI
Xz 0 08 08 ; X3 05 0 09
0.7 09 0 X3 03 06 02

X3

Verify the “Demorgan’s law” of intersection.

So, when we take two fuzzy relation sets here as R and S.
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10. Demorgan’s Law of Union
Sohstion FRAaS=RuS

e B K Hence, it is verified that for fuzzy

— < relgtions B _Sand T,

RAas=Rus)

And let us find the R N S first. So, this is the R N S and when we take the complement of

it here, so this is the outcome when we take the R N S and the R is here, S is here. So, we

see that when we take the R U S, we get this as the outcome. So, we get the new fuzzy

relation set as the outcome in form of the matrix here. So, this is nothing but this is equal

to the R N S. So, this way we can say that the Demorgan’s law of union for fuzzy relation

sets is holding good.
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In today’s lecture, we have studied the
following properties of fuzzy relations:

#~ Associativity property

»~ Distributivity property

» Absorption property

» Absorption of Complement property

» DeMorgan's Law

In the next lecture, we will study the
extension principle.

So, in today’s lecture, we have studied the following properties of fuzzy relations;
associativity property, distributivity property, absorption property, absorption of
complement property and Demorgan’s Law and this way we have seen as to how the fuzzy
relation set holds good with respect to the properties that I have already discussed in this

lecture. And in the next lecture, we will study the fuzzy extension principle.

Thank you.



