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Lecture - 33
Properties of Fuzzy Relation

So, welcome to lecture number 33 of Fuzzy Sets, Logic and Systems and Applications in

this lecture we will discuss the Properties of Fuzzy Relations.
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So, here let us have a table of all the properties that normally the crisp and fuzzy sets you
know follow or un-follow. So, we have out of these properties that are listed here, we have
a law of contradiction, law of excluded middle and absorption of complement these three

properties are not followed by the fuzzy sets.
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* Properties of Crisp Sets and Fuzzy Sets:

If we compare the properties of crisp sets with fuzzy sets, we
observed that following three properties do not hold for fuzzy
e
" » Law of Contradiction
~ Law of Excluded Middle j
\_ » Absorption of Complement _ f

T ——,

* Properties of Crisp Relations and Fuzzy Relations:

Similarly, if we compare the properties of crisp relations with
fuzzy relations, the following three properties do not hold for
fuzzy relations.

» Law of Contradiction
» Law of Excluded Middle
~ Absorption of Complement

Whereas, these properties are followed by the crisp sets. So, as I have already discussed
this thing in my previous lectures all of these like a law of contradiction, law of excluded
middle and absorption of complement do not hold good for fuzzy sets. Now, when it comes
to the crisp relations and fuzzy relations. So, crisp since crisp relation is again a crisp set
and fuzzy relation also a fuzzy set these properties will be followed by crisp relations and

these properties will not be followed by the fuzzy relations.

So that means, when we talk of fuzzy relations. So, fuzzy relations do not hold good for

law of contradiction, law of excluded middle, absorption of complement.
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Properties of Crisp and Fuzzy Relations
Property CRISP RELATIONS FUZZY RELATIONS
Law of Contradiction RAR=0O RAR=0
Law of Excluded Migdle k.,,ij_' RUR=E
dempotency RR=RRUR=R RAR-RRUR-=R
Irvolution R-R R-R
Commutathvity R 5 5 RR.US 5 R R > =3 R.R 3=3 R

| 5 {3uT) RS 1

Associatraity
i F 5) RIS ) 5 X Ty |
RU(ENAT)=(RuS)n|RU]T RU(SAT)=(RUS)(RUT

Dustributivity
;4 i5 T R 5) & T R (3 I R 3 . i
RO(R5)=R [RORA5)-R

Absorption
R (RS =R RAIRUS)=R
RURAS)=RUS RURAS)=RUS

Absorgtion of Complement £ o
RA(RUS)=RS RA(RUS)2RNS
RUS=Rn3 RUS=RN3
DeMorgan's Law
5 R 5 R S R 5
@: Nuil Relation; E: Compiete Relation

So, we have a table here as we have already seen this table in case of you know when we

have discussed crisp set and the fuzzy sets.
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1. Law of Contradiction

For a crisp relation R,

\RaR=0| .~

For a fuzzy relation R,

5nR¢0'
H’ﬁ

—

This is called the “Law of Contradiction”.

red abhe- i

So, let us discuss all these properties one by one by taking the fuzzy relations and the crisp
relations. So, for crisp relation let us say which is represented by R. So, R N R, so, under
any universe of discourse let us say X. So, here the intersection of R N R = 0. This means
when we take the intersection of any crisp relation and its complement this is going to be

the null set, but when it comes to the fuzzy relation R. Let us say if we take some fuzzy



relation R and then we take the intersection of R. So, this is what is the complement of

relation R of relation R.

So, if we take the intersection of these two it is not coming as the null set. So, this is called
the law of contradiction. So, in nutshell basically this when we take a crisp relation we are
getting the intersection of crisp relation, and its complement it is coming out to be a null
set whereas, when we take fuzzy relation R set and take the intersection of it with it’s

complement it is not going to be a null set and this is called as the law of contradiction.
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1. Law of Contradiction

Example: Let us consider two fuzzy sets A and B with the universe of
discourse X and Y, respectively defined as

A=02/x;, +04/x, + 0.5/x;,

B=05/y, +0.1/y; +0.7/y;

If a fuzzy relation R defined on space X x Y is,

Y1 Y= B
R = Xy li_‘.l.Z 0.1 02
X2 0.4 01 04| <
.“;

05 01 05

Verify the “Law of Contradiction” for fuzzy relation R.

So, let us understand this again by taking one example here. So, if we have two fuzzy sets
A and B both these fuzzy sets are discreet fuzzy sets. So, let us form a relation quickly. So,
let R be a fuzzy relation which is represented by the relation matrix here. So, this R we

have gotten just by taking the A X B.

So, here we have the fuzzy relation and if we see that if we take the intersection of R and
its complement, so, then it is not going to be the null matrix. So, let us first find the R that
means, the complement of the relation matrix means the fuzzy relation R. So, complement

of R is R which is here.
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1. Law of Contradiction

¥y 0.2 01 02
X 04 01 0.4
L 05 01 05

The membership values of complement of B will be computed as,

Solution: -
RNR=0

1= juglr.ylvix.y)EX x ¥

So, which we can get by just computing all its membership values by subtracting from 1.
So, when we do that if we have R like this means the R the fuzzy relation matrix
represented by here, R, then R is going to be this matrix which we are getting by
subtracting it is all its elements from 1. So, you see R is this. So, now, here we have the

complement of fuzzy relation R.
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= -
1. Law of Contradiction
Solution: -
RNR =0
i | 0.2 01 02
r ‘I' ¢ 0.1 O I‘
1 05 0.1 05
The membership values af complement af § will be computed as
1 { JEX x ¥
0.2 L1 0.2] X 1 0z 1 o1 1 0.2 Xy 08 09 LH
R s K s R
0.4 L1 0.4 X =04 1=01 1-04 X 0.6 0.9 L6
05 0.1 05) X 1-05 1-01 1 0.5 X DS 09 05
The membership values of B N R will be computed as
) = mind pglx, v), ug(xr.v)) vir.y) EX =¥
ty [min(0.2,08) min(0.1,09) min(0.2,0.8)] B [0.2 01 02
RnR min{0.4,0.6) min{0.1,0.9 min{0.4.0.6) cminis il ‘.l 4 1{ i
min(0.5,0.5) min(0.1,0.9) nin(0.5,0.5) 0 )

Now, let us take the R N R. So, when we take the R N R which is here. So, as we already

know that the basic intersection is computed by simply taking the min between all the



corresponding membership values. So, if we compute the R N R and the basic min criteria

is followed. So, R N R we are going to get here like this.

So, we get here fuzzy relation matrix or I would say we get as a result of R N R some fuzzy
relation matrix which is not equal to 0. So, this way we can say that the law of contradiction

1s verified.
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2. Law of Excluded Middle

e
S—— panaVer J‘}J

For a fuzzy relation R,

RUR+E
N SS—
ba 3y velalian
This is called the “Law of Excluded Middle”.

So, let us now come to the 2nd property which is law of excluded middle. So, in law of
excluded middle as we all know that when we take a crisp relation we are getting if R is

our crisp relation here, we are getting the universe of discourse when we take R U R.

This means that if we take the union of crisp relation and its complement we are going to
get E. E is nothing but the universe of discourse. So, this is true for the crisp relation. Now,
when we take R as a fuzzy relation, so here if R is a fuzzy relation and if we take R U R #

E. So, this is called the law of excluded middle.
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2. Law of Excluded Middle

Example: Let us consider two fuzzy sets A and B with the universe of
discourse X and Y, respectively defined as

A=02/x;, +04/x; +0.5/x;

B =05/y, +0.1/y; +0.7/y,

If a fuzzy relation R defined on space X X Y is,

B4 Yz ¥ S
B X [0.2 01 0.2 _ L e
“ X2 |04 01 04| % ';,,,4,
X3 05 0.1 05

Verify the “Law of Excluded Middle” for fuzzy relation R.

So, let us quickly understand this by taking an example here. So, if we take an example
here where, we have two discrete fuzzy sets and we form a relation R out of this A and B
discrete fuzzy sets. So, we have a fuzzy relation matrix which is represented by R. So, this
I can write here this is a fuzzy relation matrix alright. So, next is we have to here take the

RUR.
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2. Law of Excluded Middle

Seolution:

D4 0.1 04

Xy ‘u' 01 02
05 01 o0S

X

The membership values of complement of R will be computed as f
l = jglz.y) Vix.y) EX x¥

02 01 02 = 1 =02 ) .2
‘u; 0.1 0.4 e ‘L-:ll 1-01 1-04
05 0.1 |

So, let us first find the R. So, we know as to how we can find R that means, the complement
of the fuzzy relation R. So, we have R here and then we find R by simply you know

subtracting each element from 1 and of the matrix and then we get here R. So, this is



nothing but the complement of R is complement of R and R is nothing but the fuzzy

relation.
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2. Law of Excluded Middle

Solution: -
RUR=+E
0 } 0
T ‘I‘ ¢ 0.1 04
05 01 o0S
The membership values aof complement af i will be computed as
1 i JEX x ¥
X 02 01 02 Xy 1—-02 1-01 1-02 Xy 08 09 08
R s R > N
X 04 0.1 048] X i =04 T—-01 1-—04 X 0.6 09 06
¥ 05 o1 o5l X i—-05 1-01 1-05 X 05 09 05
The membership values of f U R will be computed as.
v) = max{pe(x, ¥) ugir,.v)) ¥ir.y) EX =¥

max(0.4,0.6) max(0.1,09) max{0.4,0.6

Ty max(0.2,08) max{0.1,09) max{0.2,0.8)
Rufll
max{0.5,0.5) max(0.1.09) max{0.50.5)

[ ]
o
™

Now, when we take the max of the corresponding membership values so, we use here the
basic union criteria we are getting here a fuzzy relation matrix. And we see that this is not
equal to E. So, what does this mean when we say this is equal to E. So, this would have
been equal to E, when all these element should have its values equal to 1. So, but here we
see that not all the values of this fuzzy relation matrix is equal to 1. So, in case it would

have been the E would have been like this.

So, this is our x4, this our x,, this is our x3 and then y;, y,, y; if you write it like this. So,
this would have been like this all the elements of the resulting fuzzy relation would have

been 1. So, we cansay RUR # E.
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2. Law of Excluded Middle

selution:

Yz ) RUR=#E
¥y 0.2 01 02
X ‘u 4 01 04

3 D5 01 05

The membership values of complement of R will be compured as

1= puglz.y)vix.y)EX x¥
¥ 0.2 o1 0.2 Xy 1 0.2 1 01 1 0.2 ¥ 08 09 08
R s R
T ‘n; 0.1 -.|II ¥ ‘L -04 1-01 1 -:|£‘ r i 0.9 -|r,|
X 05 0.1 05} L 1 0s 1 0.1 1 05 T (1} 09 05
he membership values of B U / will be computed as
¥) = maxiuglx, y),pugle.y)) vir.y)eX x}
¥ Yz ¥a
Ty max{0.2,08) max{0.1.09) max{0.2,0.8) Ty 08 09 08
RuRr X = E
max{0.40.6) max{0.1,09) max{D.40.6) RUR = 51 [Dt, 09 llnl E
max(0.50.5) max(0.1,09) max{0.50.5) Ty 05 09 0S5
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3. Idempotency

For a crisp relation R,

RNR=RRUR=R

For a fuzzy relation R,

RNR=RRUR=R

This is called the “Idempotency” property.

So, then we have here the 37¢ property which is idempotency. So, let us check this and see
whether this is satisfied or not for the fuzzy relation. So, for crisp relation it is satisfied
and when we have a fuzzy relation R. So, if we take the intersection or union with R. So,

we see that this satisfied means this is coming out to be the same fuzzy relation.
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3. [dempotency

Example: Let us consider two fuzzy sets A and B with the universe of
discourse X and Y, respectively defined as

A=02/x;, +04/x, + 0.5/x,

B =05/y, +0.1/y, +0.7/y,

If a fuzzy relation R defined on space X x Y is,

» Y2 ¥s
R = X3 [0.2 01 0.2
ll)sl- 0.1 04
05 6I 05

a Xz

Axp X3

Verify the “ldempotency” property for fuzzy relation R.

So, let us quickly check that by taking this example here. So, here also we take two discrete
fuzzy sets and we find a relation a set from A and B, that means, A X B when we take this
we have a fuzzy relation set here, which is represented in the form of a matrix, where the

matrix elements are nothing but the belongingness the membership values.
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3. Idempotency RNR=RRUR=R
Solution:
Vi -
B Iy 0.2 0.1 02] & 2
X 04 01 04
s 05 01 05
The membership values of R N R and R U R will be computed as
¢) = min{pg(x, ¥), pelx.¥)) ¥xr.y) EX x ¥
Hguglx. ¥) max{ g (x, vl pgle. y)) ¥ir.y) EX x¥
¥ Vi v y
— X min{0.2,0.2) min{0.1,0.1) min{0.2.0.2) ROR 0z 01 02 -
RnK min{0.4,0.4) min{0.1.0.1) mini0404] = - 04 0.1 04 =
X min(0.5.0.5) min{0.1.0.1) min{0.5.0.5) 05 0.1 05
QU R max(0.2.0.2) maxi{D.1.0.1) max{0.2.0.2) . - 1 0Z 01 02
b T max(0.4,04) max(0.1,0.1) max(0404)] = 4% = x, ‘n.l 01 04
- max{0.5.0.5) max(0.1.0.1 max{0.5,0.5) t 05 01 O

So, let us first have the intersection. So, we have the R N R. So, when we take intersection
we all know that we take the min of the respective for all the resulting membership values

which are nothing but the elements of the resulting relation matrix. So, R N R is coming



out to be this. So, we will be see that the resultant of R N R is the same matrix with which
we started. So, you see here that this matrix and this matrix both the matrix are same. Since
this fuzzy relation matrix are same. So, we can say that R N R = R. So, this way this is

satisfied.
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4. Involution

For a crisp relation R,

230
I
=

For a fuzzy relation R,
R=R

This is called the “Invelution” property.

Now, let us take the union. So, when we take the union here R U R for union we use max
criteria when we apply the max criteria here you see, for computing the membership values
with respect to the corresponding generic variable values. So, we find again the relation
matrix which is nothing but R. So, what does this mean this means that whether we take
the union or we take the intersection of the set R and the union of the same set means if

we take the union of R and R.

We are going to get R or when we take the R N R we are going to get the same set. So, this

way we can say that the idempotency property is satisfied for fuzzy relation set.

Now, next comes the involution property. So, here if we have any crisp relation R and for

crisp relation R if we take this complement twice, that means R.

So, when we take crisp relation R and if we take twice the, its complement we are going
to get the same set with which we started means we are going to get R = R. And when it
comes to the fuzzy relation set R here. So, if we take the complement twice here also we

get the same set again means we get the double complement of fuzzy relations set R is



equal to the fuzzy relation set again. So, this holds here for fuzzy relation also and this is

called the involution property. So, let us verify this property for fuzzy relation R.
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4. Involution

Example: Let us consider two fuzzy sets A and B with the universe of
discourse X and Y, respectively defined as

A=02/x, +04/x, +0.5/x,

B=05/y, +0.1/y, +0.7/y5

If a fuzzy relation R defined onspace X x Y is,

Y Y2 ¥

o X r).Z 0.1 0.2
X2 04 01 04

X3 25 06X 65

Verify “Involution” property for fuzzy relation R.

So, when we do that here with the same example as we have taken in the previous property.
So, we again here we have with these two discreet fuzzy sets, we have the fuzzy relation
set and with this when we go for R bar, so, if we have this as the fuzzy relation set and this

is represented in the matrix form.

(Refer Slide Time: 16:34)

4, Involution R=r

Seolution:

Xy 0.2 01 02
. ‘..; 0.1 0.4
X 05 01 05

=

The membership values of complement of F will be compured as
} 1=jglz.y)viz.y) EX x}

0.2 0.1 02 ¥y 1 0z 1 0.1 1 0.2 ¥ 0.8 19 08
» K s K
‘u; 0.1 nli x ", -04 1=01 1-=04 T ‘u‘_. 0.9 ‘lr\I

The membership values of K will be computed as

1-06 1-09 1-06




So, let us first get the R; that means the R. So, R is here and this as we already have done
that each of the elements of this fuzzy relation matrix is found by subtracting its
membership values from 1. So, this way we get R here. When we have R bar, now, let us
find the complement of R; that means R. So, R with the same kind of subtraction, that
means, following this criteria we get double complement of R and when we do that we are
getting the fuzzy relations set here. And which is nothing but if we equate it if we see that
if we compare this we see that we are getting the same set with which we started. Means
we are getting the set R again means Ris going to give us R where R is the fuzzy relation

matrix.
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4. Involution R=Rr

Solution:
0 o1 02
‘n § 0.1 0.4
[ 0ol 05

The membership values of complement of F will be compured as

0 i 3.2 i ) i 0.1 | ).2 T 0.8 19 08
» i > N

04 0.1 0.4 X "_ -04 1=01 1-=04 T ‘u:. 0.9 ‘lr\[

05 01 o5l ). { T 05 09 05

¥ ¥r %
0.2 01 02
04 0.1 04
05 01 0S

= R

So, this way we can say that the involution property holds good for the fuzzy relation set.
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5. Commutativity for Union

For crisp relations R and S,

[Rus=SuRr |~

For fuzzy relations R and §,

'RUS=SUR

This is called the “Commutativity” property for
union.

Now, let us check with the commutativity for union property. So, we all know that when
we take a two crisp relations R and S and we interchange their positions means R U § =

SUR.

So, this is where we see that this is commutative. So, crisp relations are commutative.
Now, when it comes to the fuzzy relations R and S this is also commutative means if we
have fuzzy relation set R and if we have another fuzzy set relation set S. So, we can write
the R US = S U R it means that the commutativity for union holds good for fuzzy relation

sets R and S.
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5. Commutativity for Union

Example: If the fuzzy relations R and § defined on space X x Y are,

W1 Y ¥ Y1 Yz ¥

_* 1.0 05 06 > W3 1.0 0.7 08

f T Xz [ 0 08 08 S\ ~ Xz IIJS 0 l].‘)l
w *3 0.7 09 O X3 03 06 02

il

Verify the “Commutativity” propertv“fcr union.

So, let us take an example to just verify this. So, here we have two relations sets this 1st
fuzzy relation set R and the 2™¢ fuzzy relation set is here 2"¢ fuzzy relation set. So, we

have two fuzzy relations sets.
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5. Commutativity for Union

Solution: RUS=5UR

maxi{1.0,1.0) max{0507 max{0.6,0.8) : 1.0 0.7 08
max(0,0.5) max{0.8.0) max(0.8.0.9) X ‘ I

max(0.7.0.3) max{0.9.0.6 max{0,0.2)

05 08B 09
0.7 09 02

max{1.0,1.0) max(0.7,0.1 max(0.8.0.6) X 1.0 0.7 08
& v .
max(0.5.0) max{0.0.8) max{0.9.0.8)

max{03.0.7) max{(0.6,09 max{0.2.0)

Hence, it is verified that for fuzzy relations R and 5,
RUS=SUR

And let us now quickly take the union of these two sets means R U S. So, R U S we get a
matrix here like this and this matrix is giving us the elements like this
1,0.7,0.8 0.5,0.8,0.9,0.7,0.9,0.2. So, this is R U S. Now, let us find the S U R. So, here

we get S U R which is giving us a fuzzy relation set and if we compare these two we see



that both of these sets remain the same. This means that we are going to get the same fuzzy

set whether we take the R U S or we take a S U R both are same.

So, this way we can say that the commutativity for union for the fuzzy relation set is
verified R holds good. So, commutativity property for union is verified is holding good

for fuzzy relations R and S.
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5. Commutativity for Intersection

For crisp relations R and §,

'RNS=5NR

For fuzzy relations R and S,

'RAS=SNR

This is called the “Commutativity” property for
intersection.

Now, let us check the commutativity property for intersection. So, when we take R and S
again. So, instead of union let us check this for the intersection. So, let us quickly go ahead
with R fuzzy relation set here this is R fuzzy relation set, this is S fuzzy relation set. Now,

let us take the intersection of the 2.
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5. Commutativity for Intersection

Selution: RnS=5SnR .

f Xy 1.0 05 06 X 1.0 0.7 08
R Ty ‘ i 08 08 - ¥y 05 0 09
0

T 09 0 ¥ 03 06 02

. .
min{0,0.5) min{0.8.,00) min{ 0.8,0.9)

min(1.0.1.0) min(0.50.7) min{0.6,0.8) 41 1.0 05 06
x ‘ i
min(0.7,0.3) min{0.9,0.6) min{0,0.2)

min{0.5,0) min{0,0.8) min{0.9,08)| T

min(1.0,1.00) min{0.7,0.5) min{0.8,0.56) ¥y 1.0 05 0561Y
‘ : ‘
L ]

min(0.3.0.7) min{0.6,0.9) min(0.2,0)

Hence, it is verified that for fuzzy relations R and 5,
RNS=5SNR

So, when we take intersection of the 2 we get here, this as the fuzzy relation set which is
R N S. Now, let us take S N R. So, when we take S N R what does this mean, this means
that we take S first and then R thereafter. So, when we do that, we get here this fuzzy
relation set as a result. So, when we compare these two outcomes we see that both the
outcomes remain same. So, this way we can say we are getting the same fuzzy relation set.
So, we can say that the commutativity property for intersection hold good for fuzzy

relations sets R and S.
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In today’s lecture, we have studied the
following properties of fuzzy relations:
Law of Contradiction

>
~ Law of Excluded Middle
» |dempotency property
# Involution property

» Commutativity property

In the next lecture, we will study the
remaining properties.




So, this way we have seen that in today’s lecture, we have discussed, we have studied the
following properties of fuzzy relations the law of contradiction, the law of excluded

middle, idempotency property, involution property and the commutative property.

So, we will stop here and in the next lecture we will study the remaining properties which

I have shown in this lecture in the previous slides.

Thank you.



