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Lecture — 30

Operations on Crisp and Fuzzy Relations

Welcome to lecture number 30, Fuzzy Sets, Logic and Systems and Applications. So, in
this lecture we will discuss the Operations on Crisp and Fuzzy Relations. And of course

as I already mentioned in my previous lecture that fuzzy relation set is also a fuzzy set.
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Operations on Crisp and Fuzzy Relation

The crisp and fuzzy relations might have operations
as given below.

* Union
* Intersection
+ Complement

= Containment

So, in the previous class I mentioned that related to these fuzzy relation set, we have the

operations as union, intersection, complement and containment.
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Union of Crisp Relations

Let Rand S be the crisp relations defined on the
space X X Y. Then the union is defined by,

T=RuS'
T is said to be the union of R and §:
If
V(x,y) ERor ¥(x,y)ES
Then

V(x,y) ET|VY(x,y) EX XY

And, let us first understand, what is the union of relations? So, let us first take the union
of crisp set. So, if we have two crisp sets R and S and these sets are the relation sets. So,
we have in other words we can say, the R and S be the crisp relations defined on the space
X X Y. And, then the union is defined by another crisp set thatis T = R U S, you can see
here and this T is said to be the union of R and S.

And, here this T set will contain the ordered pairs as elements in this set. So, for every
ordered paired V(x,y) € R or V(x,y) € S. So, then what is happening to the elements of
the set T. So, here also for every (x,y), that is the ordered pairs, that is belonging into

fuzzy relations T such that for every ordered pair (x, y) is belonging into X X Y.

So, this was basically for the crisp relation sets R and S and then we had out of the union,

we have another fuzzy set which is T, which is coming out of the R U S.
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Union of Fuzzy Relations

Let R and S be the fuzzy relations defined on the
space X X Y. Then the union of R and S is defined
as,
T = {0 y)pr (£, Y)|V(x,y) €X X Y}
where ~
Hr (x.¥) = pgus (x,¥) = max(ug(x, y).its(x. ¥))
If

~

V(x,y) ERorV(x,y) ES|¥(x,y) EX xY

Now, let us discuss the union of fuzzy relations. So, as we have seen earlier also that there
is a difference in crisp and fuzzy relation. And, what is that difference? Difference here is
that here in fuzzy relation, and as of course, I have already told you, that fuzzy relation is
a fuzzy set finally. So, the fuzzy relations set will have it is corresponding membership

values.

So, that is, what is the difference here other than this there is no difference. So, in fuzzy
relations set, we will have apart from the ordered pairs we will have the corresponding
membership values. Here we have the ordered pair and then we have the ur(x,y) means,
the corresponding membership value. So, this way we have the union of fuzzy relations
and these are the fuzzy relations sets. And, as I have already mentioned that these R and S

basically fuzzy relations, but these are fuzzy sets.

Now, how to get this p;(x,y) means p; of the ordered pair is the corresponding
membership value? So, how to get that in case of union? So, in case of union you see here
ur(x,y) = max(ug(x,y), us(x.v)). So, this means what? This means, you see here we
take the corresponding membership value, which is present in the fuzzy relation set R and

then fuzzy relation set S.

And, when we are taking the union of it the R and S, then we take the max of these two
membership values and then we term this as the ur(x,y). So, this way we have find the

corresponding membership value corresponding to the order pair. And, of course, it is



needless to mention here that for every (x,y) € S such that for every (x,y) € X X Y. And,
this is because R and S are already defined in this space capital X X Y, because R and S

are the fuzzy relations set.
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Intersection of Crisp Relations

Let R and S be the crisp relations defined on the
space X X Y. Then the intersection is defined by,

F=RMnS
T is said to be the intersection of R and S:
If
V(x,y) ERand V(x,y) €ES
Then

Vix,y) ET|V(x,y) EX XY

So, when we talk of the intersection of crisp relations? We will go similar on similar lines
you see that the when we talk of crisp relations? So, you see here for crisp relation you
take the intersection and when you take the intersection, you take only the common

elements right.

So, T said to be the intersection of R and S if for every x, y, that is belonging into R and
belonging into S. And, the resulting set here will be the x, y that will belong into the T,
that is the ordered paired element, which will belong into the T, which is the outcome of

the intersection of R and S.
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Intersection of Fuzzy Relations

Let Rand S be the fuzzy relations defined on the
space X X Y. Then the intersection is defined by,

T ={(x,y). pur (x,¥)|V(x,y) € X XY}
where —— '
ur (x,y) = Ppas (%, y) = minQig(x, y)/us(x, y))

S

If
V(x,y) ERand V(x,y) ES|VY(x,y) EX XY

Now, let us understand the intersection of fuzzy relations with respect to here again the
fuzzy relations we have to have an additional term here in the set. So, T set here we will
have the associated membership values, which was not there in the crisp set. And, you
know why I have already explained a couple of times that here in a fuzzy set we have to
have this pur(x, y) or the associated membership values, associate and otherwise you know
we may not be aware we may not be knowing as to with what membership value a

particular element is adjusting in the fuzzy set.

So, let us now quickly define this. So, T here is the fuzzy set and here the element will be
the x, y which is ordered pair. And, then it is corresponding membership value p(x,y)
and let us see as to how we can compute ur(x,y). So, here instead of max as in the
previous case where we were taking union here we since we are having we are interested

in finding the intersection. So, we take min of the two membership values.

So, when we are taking the intersection of fuzzy relations we use the min criteria. So, when
we take the min of these two membership values. The resulting value will be termed as

ur(x,y). And, which is coming because of the intersection of R and S fuzzy relation set.

So, it is again needless to mention here that for every x, y, which is belonging into R and
S and then this x and x,y will also be coming from x X y. So, R S both are the fuzzy

relation set and this is again drawn from X X Y, which is the Cartesian product space.
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Complement of Crisp Relation

Let R be the crisp relation defined on the space
XY,

Then the complement of relation R is defined as:

If (x,y) € R, then (x,y) € R:i.e.,
R={(xy)|Vv(x,y) €R}
where V(x,y) EX XY

So, now coming to complement of crisp relation. So, as we have seen union and
intersection here, the complement of crisp relation we’ll first discuss and then we will go
to the complement of fuzzy relations. So, as we have already seen in the case of crisp set,
how to find the complement of any crisp set. Here also since we are discussing about the

crisp relations. So, crisp relation again is a crisp set.

So, let R be the crisp relation defined on the space X X Y, then the complement of relation
capital R is defined as, if the ordered pair x,y ordered paired element, which is not

belonging into R, then x comma y will belong into the R ; R is the complement set.

And, this complement of relation R will be basically the collection of all the ordered pairs
elements like x, y, such that for every x, y is not belonging into the set R, that is the crisp
relation set R that we have taken. So, it is very easy to understand that we will include all
the ordered pairs, which are not there in R. And, all the ordered pairs means the all the
ordered pairs that are existing in the Cartesian product space. So, this way we have
understood the complement of crisp relation. Now, let us go to the complement of a fuzzy

relation.
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Complement of Fuzzy Relation

Let R be the fuzzy relation defined on the space
XxY.

Then the complement of relation R is defined as:
RA{(Ga ) me(x3) } :
where ‘,q;
ur (x,y) =1 — pg(x, .V)_
V(x,y) EX XY

So, as I have already mentioned that here the difference is that we include the membership
values along with the ordered pair elements. So, here we have ug (x,y). So, this is
complement of relation R is represented by R , which is here you see. So, this is basically

the collection of these equal to the set which is collection of all the ordered pair elements.

And, these elements are those elements which are not existing in the set that we have taken,
but these are existing in the Cartesian product space, X X Y. And, this along with the
membership values. So, how to find this membership value? ug (x,y) see here. So, this
very easy we here take a very basic complement, otherwise you can take other

complements also like we have done in previous lectures.

So, we are discussing only the basic complement here which is 1 — ugr(x,y). So, if we
apply this we will get we will compute the uz (x, y). So, this way it is very easy to compute

the complement of fuzzy relation.
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Containment of Crisp Relation

Let R and S be the crisp relations defined on the
space X X Y.

Then the containment is defined by,
T=RcCS
R is contained in S.
If
V(x,y) ERandV¥(x,¥y) ES
Then
R(x,y) <S(x,y) |V(x,y) EX XY

Now, coming over to the containment of crisp relation. So, if we have any two fuzzy sets
R and S. So, here let us first before we move to fuzzy sets let us first understand the crisp

relation, then we see the transition from crisp relation to fuzzy relation.

So, if we have R and S as crisp relation set. So, then the containment is defined by the set,
which is let us say it T = R  S. So, R is contained in S if for every x,y, which is the

ordered pair element belonging into R(x, y) again belonging into capital S.

So, this way then R(x,y) < S(x,y)|V(x,y) € X XY. So, let us now move to the

containment of fuzzy relation.
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Containment of Fuzzy Relation

Let R and 5 be the fuzzy relations defined on the
space X X Y.

Then the containment is defined by,
T=RcS
R is contained in S.
If
VY(x,y) ERandV¥(x,y) ES
Then
ur(x,y) < us(x,y) | V(x,y) EX XY

So, here as I just mentioned initially, so if we have R and S as fuzzy relation sets how to
represent the containment here. So, containment if we have the containment right like R is
contained in S. So, that is possible only when if for every ordered pair elements x, y is

belonging into R and S.
And then pg(x,y) < us(x,y)|V(x,y) € X X Y.
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Operations on Crisp Relation

Example 4: Let A and B be two crisp sets as given below with the
universe of discourse X = {1,2,3,4} and Y = {2,3,4], respectively.

A={1234}
B = {234}
Write down the following:

i. The Cartesian product A x B.

ii. A relation matrix Q,;(A, B) such that “the first element is greater
than or equal to the second element” for A X B and its
complement.

iii. A relation matrix Qz(A, B) such that “the second element is
greater than or equal to the first element” for A x B and its
complement.

iv. FindQ;UQsand@;N Q5.




So, this can be very well understood by taking one example here. And, in this example
here we have taken two crisp sets A and B. So, let us first understand that here we have
two crisp sets A and B and the universe of discourse of both the sets like X and Y are also

the same. So, let us first point the Cartesian product of A and B that means, A X B.
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Operations on Crisp Relation

i The Cartesian product A x B

Solution 4{i):
For crisp sets A and B with the universe of discourse X = {1,2,3,4} and
Y = [2,3,4], respectively; the Cartesian product of crisp sets 4 and B is
defined as,

F -
AxB={(xy)lxeXandyey}

A ={1234}
B ={234}

For given values of A and B; the Cartesian product A X B will be:

(A x B = ((12).(13),(1.4), (2.2).(2.3).(2.4), (3.2). (33). (34). (4.2), (43), (44))

So, as we have already seen that how we can get the Cartesian product of crisp set A and
B? So, we can very easily find the Cartesian product of two crisp sets A and B, you can
see here. So, we have all of these elements. So, very easy to quickly find and this way

when we have found this then now let us go to the relation matrix.
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Operations on Crisp Relation

Solution 4(ii):

The Cartesian product for crispsets A = [1.2.3.4] and B = (2,34} is:
AxB={(12),(13),(14),(22).(23),(2.4),(3.2), (3.3). (34). (4.2), (4.3), (44)}

The relation Q4(A. B) such that “the first element is greater or equal to the second
element” is given by,

Q4(A. B) = ((2.2).(3.2), (3.3), (4.2),(4.3), (4.9)}

“5

The relation @Q,(A,B) 1 -u 0

can be represented by > Q.(A,B) =

the relational matrix.

So, let us put some condition as I have already mentioned in case of crisp sets in case of
crisp relations. So, here we have the complete population we have the ordered pair
elements in A X B. So, now, let us put some condition here and the condition that we are

putting here is the first element is greater or equal to the second element.

So, if we put this condition here, that is this case and let this be represented by Q,. So,
Q here is co relation so Q4 (4, B) here. So, this represents the relation in crisp set 4, B. So,
we have collected here all those elements which follow the condition that has been stated
here, like the first element is greater or equal to the second element like (2,2); (3,2);

(3,3); (4,2); (4,3); (4,4) all these have been included.

And, the same can be represented by the relational matrix. So, we can see that we have
few 1s and few 0Os. So, the elements that are existing the pairs that are existing here like,
from A 2 as the element and from B 2 also as the element both are forming the ordered

pair in Q4(4, B).

So, that is why this is existing here. So, that is why one has been put here as one of the
elements of the relation matrix. Similarly, here (3, 2) is also existing, then (4, 2) is also
existing and then (3, 3) is existing, (4, 3) is existing and then (4, 4) is also existing in the
Q4(A, B) set no other elements are existing. So, that is why other elements have been put

as 0.
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Solution 4(ii):
The Cartesian product for crisp sets A = [1,2.3.4) and B = [2.3,4] is:
AxB={(12),(13),(14),(22).(23),(2.4).(3.2), (3.3), (34). (4.2), (43), (44)}

The relation Q4(A. B) such that “the first element is greater or equal to the second
element” is given by,

Q4(A. B) = {(2,2).(3.2),(3.3), (4.2), (4,3), (4.4)}

The complement of (A, B) can be represented by the relational matrix @, (A, B).

2.(A,B) =

Now, when we have this Q, (4, B) since this is a crisp set as the relation set. So, if we are
interested in finding the complement of this relation set, we can quickly see as to how we

can find that. So, if it is the complement relation. So, we represent this by the Q, you can

see here.

So, this is Q, (4, B) and this is equal to you know A relational representation here, we see
that we change 1 into 0 and 0 into 1 means, those elements which were not present in

Q4 (A, B) are present here in this set Q4 (4, B). So, this way we find the complement of a

crisp relation.
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Operations on Crisp Relation
L

Solution 4(iii):

The Cartesian product for crispsets A = {1,234} and B = {2,3.4} is:
AxB={(12),(13),(14),(22).(23),(2.4).(3.2), (3.3). (34), (4.2), (4.3), (44))

The relation ;(A, B) such that “the second element is greater than or equal to the first
element” is written as below.

Qs(A.B) = :[l.J],tl_i},-u.-n_[z 2),(2,3).(24).( t_T)_{ 3.4), (4.4)]

The relation Qs(A,B) -
can be represented by |:> GAB= |4 2|1
1

the relational matrix.

Now, another relation set that is Q5 (4, B) such that the second element is greater than or
equal to the first element. So, on the same lines we can find this set here you can just try.

And, then we find the relational matrix here as I have described in the previous case.
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Operations on Crisp Relation

elation matris (y (A, B) sach thal “the second dement is greated

Solution 4(iii):
The Cartesian product for crispsets A = {1,234} and B = [2,3.4] is:
A x B = {(1.2).(1.3).(1.4),(2.2).(2.3). (2.4). (3.2). (3.3). (3.4). (4.2), (4.3). (4.4))

The relation (A, B) such that “the second element is greater than or equal to the first
element” is written as below.

Q=(A.B) = [(1.2),(1,3).(1,4),(2,2), (2,3).(2.4),(3.3), (3.4), (4.4))

The complement of Q<(A, B) can be represented by the relational matrix Q"L,(A, B).

3s(A. B) =

And, if we are interested in finding the complement we can quickly get the complement

by just changing 1 to 0 and 0 to 1. So, this way the complement is found.
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Operations on Crisp Relation

e
Solution 4(iv):
The relations @, and @ for fuzzy sets A and B are given as below. .

Q4(A.B) = {(22),(3.2),(3.3), (4.2), (4.3),(4.4)} v~
Qs(A. B) = {(1,2),(1,3), (1,4), (2.2), (23).(2.4), (3.3), (3.4), (4.4)}

The relation @, (A, B) U @ (A, B) can be represented by the relational matrix.

Q.(A.8) Q=(A.B) Q(A.B)U Qs(A. B)
B B

Now, as the fourth case here, we are interested in finding the union of Q, and Q5 and then
the intersection of Q, and Q5. So, we have Q, here Q, relation set the crisp relation set and
then we have @5 as the another crisp relation set. So, we have two crisp religion sets. Let

us now find the union first.

So, when we take the union you see here, we again see that we have those elements which
are present in the set Q,(A4, B). And, again those elements which are present in Q5(A, B)
you see. So, all those elements have are being accounted. So, this way all the elements are
present here. So, Q,Q5 we look at the relational matrix and then we keep all once, which

are in both the relation sets that are Q,Qs.
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Operations on Crisp Relation

el @y Uy aned @y (1

Solution 4(iv):
The relations @, and @5 for fuzzy sets A and B are given as below.
Q4(A.B) = {(2.2).(3.2),(3.3). (4.2). (4.3). (4.4)}
Qs(A.B) = {(1,2).(1.3).(1.4).(2,2).(23).(2,4),(3.3).(3.4), (44)}

The relation Q,(A. B) N @, (A, B) can be represented by the relational matrix.

Q,(A.8) ¢ Q=(A.B) Q4(A.B) N Qs(A.B)

Now, when we are taking the intersection, so in intersection we only take the common 1s.
So, if we see here in Q4 (4, B) these 1s are present in Q4 (A, B) and this 1s are also present
in Qs(A4, B). No other 1s are present in both that relations matrix Q, and Qs. So, that is

why only these are kept. So, this is how we get the crisp relation operations done.
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Operations on Fuzzy Relation

Example 3: Let A and B be two fuzzy sets with universe of discourse X and
Y, respectively are given as below.

A = [Los Angeles, Washington DC, Seattle}
B = {Mumbai, New Delhi, Kanpur}

Let R be a relation named as “Approachability” and § be a relation named
as “Familiarity” defined in the space X x Y. The membership function
values of these relations are represented in fuzzy matrix given as below.

Apply the fuzzy operations on these two fuzzy relations.
= -~

R~

I Mumbai s Ranpar | | Murrrtan it Kangun

Los Angeles 0.3 0.2 L0 3 4 Angeies 0.3 o 0.1
A Wastington 08 1.0 L0 [ A Washinglon 0.l 08 L0

0 1.0 0 \ seattie (iTH 0.9 03

And, similarly if we are interested applying the operations on fuzzy relation set. So, we

can also do that and as we have already seen that, we have fuzzy relations set like this if



we have an R fuzzy relation set and another fuzzy relation set S. So, we can represent this

R fuzzy relation set like this.

And, S fuzzy relation set like this and if we are interested in the applying the operations
on in the fuzzy relations these R and S sets. So, let us now see as to how we can move

ahead.
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Operations on Fuzzy Relation

;‘-.“-\H*m Union of Fuzzy Relation
L e

R it Hgus (. ¥) = max(ug(r, ¥). pis(r.y)). VxEX, yEY

So, here basically our intention is to find the union of these two fuzzy relations. So, R is
the fuzzy relation I am writing here set and S also. So, both of these are the fuzzy relation
sets. Now, please recall as to how we can find the union of these two fuzzy relation sets.
So, if you recall we see that we have fuzzy relation set, which is out of the union of the 2

R and S.
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Operations on Fuzzy Relation

Union of Fuzzy Relation

Us{m9)s Hpus (x.3) = max(ug (e, y).us(x.3)). ¥xEX.y €Y

And, the membership values we represent this by ur(x,y). So, this way we represent.
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Operations on Fuzzy Relation

Union of Fuzzy Relation

R Hgus (. ¥) = max(ug(x. y). ps(x,¥)). ¥xEX.yEY

03] L2 1.0

A Wathinglon 1135} 1.0 1.0 . M

And, when we are taking the union here. So, in union what we do, we recall that we have
applied the max criteria and we take the max of the membership values corresponding to
the ordered paired elements. So, here we see that when we take the union. So, we see that
we have 0.3 here we have 0.3 here. And, if we take the union we use the max. So, here we

apply max criteria. And, this way we get the ur(x,y).



So, all the elements of mu T can be computed by applying max very quickly. And, all these
have been associated along with the generic variable values or the ordered pair elements

like x, y in the resulting fuzzy religion set T

(Refer Slide Time 23:29)

Operations on Fuzzy Relation

intersection of Fuzzy Relation

R Hpng (. ¥) = min(ug(r, y), ps(x.y)), ¥xEX .y €Y

And, so if this was the union when we take the intersection? So, in intersection instead of
max we take the minimum and when we take minimum let us say we take this element and
this element and corresponding to the ordered pair values we take min we are getting here

0.1.

So, this is nothing but the mu is as ug(x,y) and then this is puz(x,y) and this is here is
ur(x,y). So, all these corresponding values can be very easily computed and this way we

find the intersection of two fuzzy relations.
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Operations on Fuzzy Relation

Complement of Fuzzy Relation

g ley)=1=jpgix.y).¥xEX . yEY

And, then when it comes to complement of fuzzy relation then we apply this criteria we
simply subtract the corresponding membership values from 1, which is again the basic
complement. And, if you wish you can apply any other complements that I have already
taught in the previous lectures. So, if you want to get the complement of fuzzy relation

capital R set. So, you can quickly write the fuzzy relation R set here.

And, then how to get this Ris just a subtract all the corresponding elements here
corresponding elements means you see these are the membership values and these
membership values are subtracted from 1. So, when you subtract this value from 1 so that
means, that we are subtracting 0.3 from 1 and this is going to give us the value which is
0.7. So, likewise all other values of the complement of fuzzy relation set we get and this

way we managed to get the complement of any fuzzy relation set.

Similarly, we can get the complement of fuzzy relation set S and which is represented by
S. Here also if we see let us say we take 0.1 and the corresponding the element in S will
be 0.9, because if [ subtract 0.1 from 1 we are going to get 0.9. So, this is how we get the
corresponding a membership value which is the membership value of the complement of

a fuzzy relations set.



(Refer Slide Time 26:13)

Operations on Fuzzy Relation

Containment for Fuzzy Relation

2 ReS=uplxy) s ps(xy)¥xEX,yEY

— R&S

[ — Since pg(x,y) £ ;int\.-\'l YvreEX.vyeEY
Therefore, R is not contained inside 5.

So, this is how we get the these operations applied on fuzzy relations and now when it
comes to the containment for fuzzy relations. So, similarly if fuzzy relation set R © S then
you see if this is the case then ugz(x,y) < pug(x,y). And, this is for every x € X and y €
Y. So, if we have two sets you see here. So, with these two fuzzy relation sets that we have
if we put this condition here, so we find that R is not a subset of S, because this condition
is not satisfied; that means, all the membership values of set R is not less than or equal to
the membership values of relation set S. So, that is why we can say that R & S. So, this is

mentioned over here. So, therefore, we can say R is not contained in S.
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In today’s lecture, we have studied the
operations on crisp and fuzzy relations.

In the next lecture, we will discuss the
following:

~Projection of Fuzzy Relation

#Cylindrical Extension of Projection

~Properties of Fuzzy Relation




So, this way we have seen that we have understood operations they complement
intersection union, containment with respect to crisp sets and fuzzy sets in today’s lecture
and not only fuzzy sets, but I would say we have studied these operations on the fuzzy
relation set of course, the fuzzy relation set is also a fuzzy set. We would like to stop here
and in the next lecture, we will discuss the following the projection of fuzzy relation,

cylindrical extension of projection, properties of fuzzy relations.

Thank you.



