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Lecture — 27
Parameterized S-norm Operators

Welcome to lecture number 27 of Fuzzy Sets, Logic and Systems and Applications. Today

we will be discussing the Parameterized S-norm Operators.
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Parameterized S-norm or T-conorm

The parameterized S-norm or T-conorm operators
are given as below.

* Dombi’s class of S-norm
* Dubois-Prade’s class of S-norm

* Yager’s class of S-norm

And here we have Dombi’s class of S-norm, Dubois-Prade’s class of S-norm and Yager’s

class of S-norm. The parameterized S-norm we can call this as parameterized T-conorm.
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Dombi’s class of S-norm

Let A and B are two fuzzy sets with the universe of
discourse X, the Dombi’s class of S-norm is defined
as follows.
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where, A € (0, ).

* p,(x) and pp(x) denote the membership function
values for fuzzy sets A and B, respectively.

So, let us go one by one and discuss the first Dombi’s class of S-norm. So, if we have two
fuzzy sets let us say A and B within universe of discourse capital X. So, the Dombi’s class

of S-norm is defined by this expression where S; is the Dombi’s class of S-norm operator.

S0, $;(1a(x), up(x)) = :
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So, this is defined by this and the lambda values here, will be in between 0 and infinite.

=Y

So, as I have already mention that the S; (y 4(X), ug (x)) here is basically termed as you
know the S-norm operated Dombi’s class of S-norm operator applied on the 2 membership

values. And these 2 membership values are from 2 different fuzzy sets whose union are to

be found.

So, here this has to be noted that normally we use S-norm, when we are interested in
finding the union of two fuzzy sets. So, here also we take two fuzzy sets and if we are
interested in union of these two fuzzy sets. So, we can either use the basic S-norm where
we take the max where we take just the union by taking max, but in parameterized norm
we have the expression here, which is given by Dombi’s class of S-norm and Dombi’s
class of S-norm as I have mentioned here and this involves a parameter lambda and this

lambda will be in between 0 and oo.
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Dombi’s class of S-norm

Example 3: Let A and B are two fuzzy sets given as below. Find the
union of A and B for the universe of discourse X = [1,2} using
Dombi’s class of S-norm for A = {1,2,3}.

A=07/1 +05/2

B = 0.1/1+ 0.8/2

Fuzzy Set A L/ Fuzzy Set B

Membership Grades
Membership Grades

So, let us take an example here where we have two discrete fuzzy sets A and B you can
see here discrete fuzzy set A is shown here and discrete fuzzy set B is also shown here we
are interested in the union of these two fuzzy sets A and B. And the discrete fuzzy set A
has 2 elements here discrete fuzzy set B also has 2 elements here and both the elements

you can see have the membership values for corresponding generic variable values.
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Dombi’s class of S-norm| . o
A € (0,m)
Selution: The fuzzy sets A and H are given as:
A =07/1 + 05/2 A=1
B 0.1/1 + 08/2
Dombd's clads of S-norm for 4 1
0.709/1 + 0.
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So, when we take the union of these two we can use the S-norm and that to with the

Dombi’s class of S-norm. So, when we use Dombi’s class of S-norm we apply the



expression that I just discussed and this expression is nothing but the S, (,u A4(%), Ug (x)) =

1
-1 -1
|e) )|

the membership values of fuzzy set A and fuzzy set B.

—77- 50, when we apply this expression for all possible pairs of

So, we see that the resultant fuzzy set which is here. So, the first term is like this it is
0.709 /1 + 0.833 / 2. So, have two terms and this basically is a fuzzy set of the resulting
fuzzy set out of the union of fuzzy set A and fuzzy set B. So, we can clearly see that we
had two discrete fuzzy sets A and B and both the fuzzy sets have two elements and hence

the union of these two will also have two elements.

So, here we take the union of fuzzy set A and fuzzy set B and this is what is resulting here
as the fuzzy set. And we see that when we take the parameter 4 = 0. So, please note that
we can take any value of A in between 0 and oo depending upon our suitability or
requirement these values are used for finding the different sets of the union of the fuzzy

sets A and fuzzy set B.

So, we see that when we take lambda is equal to 1 the resulting fuzzy set here we get as

which has 2 terms and which has been shown here.
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Dombi’s class of S-norm R

A € (0, )
Solution: The fuzzy sets A and B are given as:
A =07/1 + 05/2 A=2
B 0.1/1 + 08/2

Dombi's ciass of S-norm far 4 = 2
s 1 1
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And now if we change the value of A to 2 so, let us see what happens. So, we see that when

we increase the value of A from 1 to 2 the membership values of the corresponding generic



variable values are reducing or I would say decreasing. So, when we take the union of
fuzzy set A and fuzzy set B for the value of lambda is equal to 2 we see the fuzzy set which

has the increased value of the membership for corresponding generic variable values.
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Dombi’s class of S-norm

Solution: The fuzzy sets A and H are given as:
A =07/1 + 05/2 A=3
B 0.1/1 + 0.8/2

Dombis class of S-norm for 4 i

So, when we take the value of A = 3. Let us see what we are getting here we again see that
once again [ would like to tell you that when we increase the value of A the membership
values are reducing. You can see here in the previous example where we took 4 = 1, the
union of the fuzzy sets A and fuzzy set B. We have the membership values that are reducing

when we increase the value of A.

So, for value of A = 3 here also we see the decrease in the membership value. So, we can
say when we increase the value of A for the same set as input the resulting fuzzy set will

have reduced membership values of the corresponding generic variable values.
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Dubois-Prade’s class of S-norm

Let A and B are two fuzzy sets with the universe of
discourse X, the Dubois-Prade’s class of S-norm is
defined as follows.

palx) + pglx) = pglx) x pg(x) = min(u,(x), pglx), (1 = a))
m((l —ua(0)).(1 -n.(r)).n)

Salpa(x), pp(x)) =

where, a € [0,1].

* i4(x) and pg(x) denote the membership function
values for fuzzy sets A and B, respectively.

Now, let us discuss the Dubois-Prade’s class of S-norm. So, here we have S, and this
Dubois-Prade’s class of S-norm is represented by S, and on the same lines as we have

discussed in the previous class where we took the Dombi’s class of S-norm. So, here we

use S _ #aG)Hpup(0)—pa () xpp () —min(pa (o), up (x),(1-a))
* max((1-pa(x)),(1-up(x)).a)

. Please understand that the «

takes the values anywhere from 0 up to 1.

(Refer Slide Time: 10:46)

Dubois-Prade’s class of S-norm

Example 4: Let A and B are two fuzzy sets given as below. Find the
union of A and B for the universe of discourse X = {1,2} using
Dubois-Prade’s class of S-norm for @ = {0.1,0.2,0.3].

A=07/1 + 05/2

B =01/1 + 08/2

Fulry Set A Furzy Set B

Memibershup Grades
Membership Grade




So, let us now take the same fuzzy sets as we have taken and in the previous example and
let us find the union of two fuzzy sets using Dubois-Prade’s class of S-norm. So, have two
fuzzy sets here fuzzy set A and fuzzy set B. A is defined by this expression and B is also

defined by here, these expression two these two fuzzy sets are discrete fuzzy sets.
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Dubois-Prade’s class of S-norm  «« (01

(a1 ¢ mpin) =~ mpla) o mpin) - mimmgluhmpleh il = i}

I-IM-I.—I-III-.
({1 = malat) (i = mwinila)
Solution: The fuzzy sets A and H are given as:

A=07/1 + 05/2 a=101

B 0.1/1 + 08/2

1 E

So, when we apply the expression that I just discussed for S, which is for Dubois Prade’s
class of S-norm. So, when we use this for finding the membership values of the resulting
fuzzy set, which is out of the union of fuzzy set A and fuzzy set B. So, we are getting two
terms here in the resulting fuzzy set. So, we see that we get two terms. And these two terms
will have its membership values for corresponding generic variable values 0.7/1 +

0.8/ 2.

So, here if we take union of these two fuzzy sets we are getting a fuzzy set which will have
two elements which is shown here and this is when you take the alpha is equal to 0.1.

Similarly, when we increase the value of a let’s see what we are getting.
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Dubois-Prade’s class of S-norm  «« (0.1
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Solution: The fuzzy sets A and R are given as:
A =07/1 + 05/2 a=02
B =0.1/1 + 08/2

Dk PaEs Clasa Of S Boem for @ = 0.2
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So, when we take the union again of fuzzy set A and fuzzy set B and here we get resultant
of this union of fuzzy set, which is again a discrete fuzzy set which has two terms and we
see that there is not any significant change here in the membership values of the resulting
fuzzy set which is out of the union of fuzzy set A and fuzzy set B. So, here this case is

when we have taken o = 0.2 . So, this result is same as the ¢ = 0.1.
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Dubois-Prade’s class of S-norm =< (01
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Solution: The fuzzy sets A and B are given as:
A =07/1 + 05/2 a=03
B 0.1/1 + 0.B/2

Eets Prae
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And then when we again go ahead and we use @ = 0.3 we see that again we do not see

any significant increase in the membership values of the resulting fuzzy set. So, of course



here alpha is not playing a big role or I would say « is here with the membership values

of the fuzzy sets that we have taken.

And it depends upon the combination of the membership values and then the a. So, here
in our case even when we increase the value of @ we see that we do not have any significant
increase in the values of the membership of the resulting fuzzy set. So, this way even when

we increase the values of @ we do not see any significant change.
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Yager’s class of S-norm

Let A and B are two fuzzy sets with the universe of
discourse X, the Yager’s class of S-norm is defined as
follows.

SuitaCe) () = min [1, (Gea D™ + Gae)*) ™|

where, w € (0, ).

* p4(x) and pug(x) denote the membership function
values for fuzzy sets A and B, respectively.

Now, let us discuss the another class which is Yager’s class of S-norm. So, we have for
Yager’s class of S-norm for finding the union of the two fuzzy sets. So, by using this is
Yager’s class of S-norm we can operate this Yager’s class on any two membership value
of the fuzzy sets that we are interested in finding out the union of and if we have a fuzzy

set A and fuzzy set B.

So, we will have the corresponding membership values as p14(x), ug(x) so when we apply

Yager’s class of S-norm on these two membership values u,(x) and ug(x) and this will

be equal to min [1, (4 (x))w + (up (x))w)l/w]. Here w is a parameter of a Yager’s class

of S-norm and this w is going to be in between 0 and . So, the w can take any value in

between 0 and co.
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Yager’s class of S-norm

Example 5: Let A and B are two fuzzy sets given as below. Find the
union of A and B for the universe of discourse X = {1,2} using
Yager’s class of 5-norm for w = {1,2,3}.

A=07/1+05/2

B =01/1+ 08/2

Fuzzy Set A Fuzzy Set B

Membership Grades
Membership Grades

Let us, now understand this also Yager’s class of S-norm also by taking an example. So,
here we take two discrete fuzzy sets A and B and here we will be taking the union of these
two fuzzy sets and we will be using the Yager’s class of S-norm to find the union and let’s

see what happens when we use Yager’s class of S-norm.
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Yager’s class of S-norm w € (0,00)
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Selution: The fuzzy sets A and B are given as:
A =07/1 + 05/2 w=1
8 =01/1 + 08/2

Z\IIJI..II'I pglx))fx --If\:|m|l (7' (0.1)*)" '|} {1+ {:l:m!'\ {05y + (0.8p')" I]'\ /2
= 0.B/1 + 1L.0/2
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So, we have two fuzzy set as | mentioned and when we take union of the fuzzy set A and
fuzzy set B so obviously the membership values of fuzzy set A membership values of

fuzzy set B we’ll collect. And then we will use Yager’s class of S-norm on these the pairs



of the membership values that are coming from fuzzy set A and fuzzy set B. So, when we

do that, we use Yager’s class of S-norm.

We find another fuzzy set as a result which will have two elements. So, one of the elements
will be 0.8 /1 + 1.0 / 2. So, we see here that when we take the union of fuzzy set A and
fuzzy set B. We get another fuzzy set which is the resultant of the fuzzy set of the union

of fuzzy sets A and fuzzy set B we have two elements in this fuzzy set.

And this element has 0.8 as the membership value corresponding to the generic variable
value as 1 plus we have 1 as the membership value corresponding to the generic variable
value 2 and both of these have been plotted here you can see and this is for w is equal to
1. So, w is an important parameter here, in Yager’s class of S-norm and when we change
the value of w let’s see what happens and obviously as I mentioned the w can be any value

in between 0 to oo.

(Refer Slide Time: 18:53)

Yager’s class of S-norm w € (0,0)

5 ralr) () = i . (a7 + Gpten™) | l

Solution: The fuzzy sets A and B are given as:
A =07/1 + 05/2 w=2

B =01/1 + 08/2

Z\.l,r,ln [TMESITE, '(m:u[I (0.7 + (0.1)7) ‘j 1+ ‘-.l-.n:[l {(0.5)"+ (0.8) }' '|}‘ 2

= D.7071/1 + 094342

Fuzzy Set A () Fuzzy Set B Z Sa(Hale). 1a(x) )/ x
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So, let us now use again both the fuzzy sets and let us find the union of these two fuzzy
sets A and B and we take the value of w, 2. So, w = 2 we are going to get here some
change in the membership values of the resulting fuzzy set which is coming out of the
union of fuzzy set A and fuzzy set B. So, we can clearly see that the values of the
membership are changing as we are changing w means the values of the membership are

reducing here.



So, earlier we had 0.8 and then now we have 0.707 for the generic variable 1 when we
have changed the value of w from 1 to 2. So, this means that when we increase the value

of w the membership values of the resulting fuzzy set are reducing.
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Yager’s class of S-norm w € (0,00)
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Solution: The fuzzy sets A and B are given as:

A =07/1 + 05/2 w=3
B 0.1/1 + 0.8/2

Z""""' )/ = (min 1. (02)+ ©.07)'7]) / 1 + (min[1. (057 + 087)"7]) /2
= D.7007 /1 + D.B604,/2

Fuzzy Set A [ ] Fuzzy Set B z"““'“”'"“”"‘r

So, similarly when we again take the value of w as 3 here you can see the w = 3. So, when
we take w = 3 again there is some decrease in the values of the membership of the
corresponding generic variable values of the resulting fuzzy set which is coming out of the

union of fuzzy set A and fuzzy set B.
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Parameterized S-norm or T-conorm

Let us compare the following:
* Dombi’s class of S-norm
* Dubois-Prade’s class of S-norm

* Yager’s class of S-norm




So, this way we can say that we have the parameterized S-norms this is also called as T-
conorm so, we can either say we can either call the parameterized S-norm or parameterized
T-conorm And we have 3 parameterized S-norms as we discuss Dombi’s class of S-norm,
Dubois Prades class of S-norm and Yager’s class of S-norms. And let us compare these S-

norms for the parameters that are involved here in this three parameterized S-norms.

So, let us see what happens when we are increasing the values of A in case of Dombi’s
class of S-norm and « in case of Dubois-Prade’s class of S-norm and w when we take the

case of Yager’s class of S-norm.
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Dombi’s class of S-norm

A € (0, )
Solution: The fuzzy sets A and H are given as:
A =07/1 + 05/2 A=1
B 0.1/1 + 0.B/2
Dombi's class of 5-norm for 4 1
T [_I-II-II. 1) +(Fr-1) | ) ( |" ) +(zg-1) | ]
1 i
Fuzzy Set A Fuzzy Set i z\:{w.- x), piglx) )/

So, this we have already discussed, but I would like to just summarize and conclude here
that you see when we increase the value of A here. So, we can see here this for A is equal

to 1.
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Dombi’s class of S-norm

Selution: The fuzzy sets A and B are given as:

A=07/1 + 05/2 A=12
B =01/1 + 08/2

Dombi's class of S-norm for 4 .

And then this A is equal to 2 this for the Dombi’s class of S-norm and then when we take
the A is equal to 3. So you see the output. So we see that the output the resulting fuzzy set
that is you know out of the fuzzy set A union fuzzy set B. So, we see that as we increase
the value of A the membership values of the resulting fuzzy set for the corresponding

generic variable values are reducing.

So, this is very clearly visible and when we see this in Dubois-Prade’s class of S-norm
here in Dubois-Prade’s class of S-norm we have a as the parameter. So, when we increase
the value of @ we see that there is not much change or I would say not a significant change
in the output even when we change the when we increase the values of the a. So, this is «

is equal to 0.1 and then we have « is equal to 0.2 and then when we have « is equal to 0.3.

So, here once again I would like to mention that we have Dubois-Prade’s class of S-norm
and here even when we increase the value of a. We do not see any significant change in
the membership values of the corresponding generic variable values of the resulting fuzzy
set which is coming out of the union of fuzzy set A and fuzzy set B. Now in case of Yager’s
class of S-norm on the again on taking the union when we use Yager’s class of S-norm we

see that when we take w is equal to 1.
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Yager’s class of S-norm w € (0,)
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Selution: The fuzzy sets A and B are given as:
A =07/1 + 05/2 w=2
B 0.1/1 + 08/2

Yager's class of &

¥

wim for w = 2

S (naCe) )/ = (mim [1. (07 + 0.0)%)]) / 1 + (min [ 1. (05 + (0.8)"7]) /2
= 0.7071/1 + 09434 /2

Fuzzy Set A Fuzzy Set H
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So, we see that there is the decrease in the membership value. So, as we increase the value

of w here w is a parameter in Yager’s class of S-norm.
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Yager’s class of S-norm w € (0,00)
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Solution: The fuzzy sets A and B are given as:

A =07/1 + 05/2 w=3
B 0.1/1 + 0.8/2

Yager's class of S-nomm forw = 3

"\_‘\_url..l.;,lus- = u||x|! (7P + (0.1)*) "] 1+ {.-uu.ll ((0.5)%+ (0.8)" || 2
w3

= 0.7007 /1 + 086042

Fuzzy Set A Fuzzy Set B z‘.laulﬂw.,lxu ¥

We see that the membership values are decreasing. So, these membership values of the
corresponding generic variable values of the resulting fuzzy set which is coming out of the
union of fuzzy set A and fuzzy set B. So, this way we are same as to how the parameters

of the parameterized S-norms are playing an important role in the resulting fuzzy set.
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In today’s lecture, we have studied
the parameterized S-norm operators.

In the next lecture, we will study the
fuzzy relation.

So, today we have discussed the parameterized S-norm in detail and in the next lecture we

will be discussing the another topic that is fuzzy relation.

Thank you.



