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Lecture — 24

T-norm Operators

So, welcome to lecture number 24 of Fuzzy Sets, Logic and Systems and Applications.
So, in this lecture, we will discuss T-norm Operators. This is also called S-conorm

operator.
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T-norm or S-conorm

Let T:[0,1] x [0,1] = [0,1] be a mapping function that
transforms the membership functions of fuzzy sets A and B
into the membership function of the T-norm of fuzzy sets A
and B with the universe of discourse X; It can be defined as,

TlaC), up (O] = pane(x), VX €EX

where, p,(x) and pg(x) denote the membership function
values for fuzzy sets /fand B, respectively.

* Ais the T-norm operator. A
* T-norm is also known as “S-conorm”.

Now, understand what is a T-norm or S-conorm operator. So, let this be defined by capital
T and this is nothing but mapping function that transforms the membership function of any
fuzzy set. So, here we have taken let’s say two fuzzy sets A and B into the membership

function of the T-norm of fuzzy sets A and B with the universe of discourse capital X.

So, this can be defined by this expression here, and please read this as the operator T of
Ua(x), that is and pg(x). So, this means that if we apply T-norm or S-conorm here on
pairs of membership values p,(x) and pug(x) this is going to be pynp(x), for every X
belongs to the universe of discourse. And it is very clear here that the p4(x) you can see
here, and ug(x) these two as I already mentioned they denote the membership function

values for fuzzy sets A and B respectively.



Please also understand that T-norm can be represented by a triangle sign, which is open
triangle like this here, this a T-norm or S-conorm. So, wherever we want to write a T-norm
we can either use capital T or we can simply use this open triangle sign or symbol for this

thing.

So, we can say open triangle symbol is the T-norm operator which is mentioned over here
and T-norm is also known as S-conorm which I have already mentioned. So, let us

understand few more things related to T-norm or S-conorm.
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T-norm or S-conorm

For the function T to be qualified as a fuzzy intersection, it must satisfy at least the
following four requirements:

Axiom T1: Boundary condition _
»T[0,0] =0~ Alo,0] =0 g oAo =0

#Tlap(x), 1] = T[1, pu ()] = pa(x) —

Axiom T2: Commutativity
#Ta(0), g ()] = Tlg () pa()]

Axiom T3: Non-Decreasing
#1f pa(x) < pg(x) and pe(x) < pp(x) then Tlu,(x), ue(x)] < Tlug(x). up(x)]

Axiom T4: Associativity
#TT (a0, i1g ()], sie ()] = Tlia (), Tlpag (), e ()11

~ — —
Here i, (x), ug(x), pc(x), and up(x) denote the membership values ¥ x € X

“Any function T:[0,1] x [0,1] - [0,1] that satisfies Axioms T1 to T4 is
called a T-norm.”

So, we have 4 axioms and these axioms are namely axiom T1, axiom T2, axiom T3, axiom
T4. So, the axiom T1 is boundary condition, this means that if we take T-norm of 0 and 0,
as [ have already mentioned both the Os are the membership values, so this is going to give
us 0. So, if we apply the T-norm on two membership values, here these two membership
values are 0, 0, means the lowest values and this is going to return as the 0 which is again

a membership value. I can use the symbol open triangle symbol for T-norm or S-conorm.

So, I can write the same thing like this or this can also be written as the 0 A 0 which is
going to give us 0. Now, if we apply the T-norm or we can say in other words, if we take
T-norm of any membership value which is represented by w4 (x) here and then we have 1.
So, if we take these two membership values, first one is 4 (x) and the second one is 1 and

please note that this 1 is the highest value which a membership value can attain.



So, if we have these two together and if we apply the T-norm or we take T-norm, this is
going to give us the value which is a u,(x) which is here and this can also be written by
T[1, ua(x)]. So, this means that whatever membership value that p,(x) can attain right,
this does not matter if we have 1. So, whatever value that p4(x) has will be returned if we
take T[u,(x)] and 1. And please note, 1 is the highest value of any membership value

which can be there in the in case of fuzzy sets, alright.

So, we see here that axiom T1 in boundary condition we have the lowest value and we
have the highest value. The lowest value here we have taken Os in case of highest value

we have taken 1. So, this boundary condition needs to be clearly understood.

Now, let us understand axiom T2. This is commutativity property of the T-norm. So, when
we have two membership values, T of u,(x) and pug(x) this can also be written as T of

Ug(x) and p4(x). Means, the order can be interchanged, ok.

So, next is the axiom T3, the third axiom. So, which is non decreasing property. We see
here, if we have p,(x) < pg(x); means that the value of py(x) < ug(x) uys(x) and
Uc(x) < up(x), then we have triangular norm or the T-norm of p,(x) and p.(x) will be

less than or equal to triangular norm of.

So, I am saying triangular norm, so either T-norm or triangle, this both these terms are
used interchangeably. So, we can either use T-norm or we can use triangular norm or we
can use S-conorm. So, please understand all these 3 terms we will be using

interchangeably.

So, this way | am repeating that if this is the condition which is satisfied, means if we have
pUa(x) < up(x) and pe(x) < pp(x) then the triangular norm of p, (x) and pe(x) will be
less than or equal to triangular norm of ug(x) and pp(x). So, this is called the non-

decreasing property.

Now, the next axiom is the T 4 which is for associatively property. So, when we have 3
membership values say pu(x), ug(x), uc(x), these 3 membership values if we have, so
we can apply the triangular norm like this that the triangular norm of, the triangular norm
of puyu(x) and pg(x) and pc(x) you can see here clearly, this is going to be equal to the

triangular norm of p,(x) and the triangular norm of ug(x) and p.(x). Please understand



that this pu(x), ug(x), pc(x), these 3 are the membership values of the respective fuzzy

sets A, B and C, so which is mentioned here.

And we have one more membership value which is pp(x). So, D here signifies that we
have the membership value, which is with respect to the D fuzzy set. And this is needless
to say that all of these x the generic variable that has been included in all the fuzzy sets
that we have just seen, the respective membership values that we have used the x here the
generic variable here is belonging into the universe of discourse. So, now we can clearly

say that any function T: [0,1] X [0,1] — [0,1].

If it is a triangular norm this is going to satisfy all the axioms of the T-norm. So, we can
say axioms T 1 to T; we can say that this operator is qualifying to be called as the T-norm
or S-conorm. Once again we can also say this as the triangular norm. So, this way we
understand that how these axioms needs to be satisfied before we call T as the triangular

norm.
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T-norm Operators

There are four commonly used T-norm operators given as below. £

i.  Minimum: Tnin (4 (x), pp(x)) = min({u,l(rw(x)) = pa(x) A pg(x)

ii. Algebraic Product: T,, (14 (x), g (x)) = pa(x) X pp(x)

iii. Bounded Product: Ty (4 (x), s (x)) = (0V (ua(x) + up(x) = 1))

Ha(x), if up(x) =1
iv. Drastic Product: 'I"",(u,,(x),ﬂ"(x)) = { ug(x), if () =1
o 0, if pa(x),up(x) <1

Now, there are 4 commonly used T-norm operators that we will be seeing here. So, we
have the minimum and this is defined as the T min of p,(x) and pg(x) or can be written
as min of pu,(x) and pg(x). So, what we are seeing here is that, we have replaced T min
by min. So, this is when we are dealing with the T-norm operator as the minimum case.

So, this is there are 4 cases here, there are 4 commonly used T-norm operators. So,



minimum is a one of the operators, if we are interested in a minimum T-norm operator

then we will simply replace T min by min.

So, let us say if we are interested in finding the minimum T-norm operator. The minimum

T norm operator Ty (14 (), (%)) is going to be min(p, (%), g (%)) = pa(x) A ug(x).
And please understand that we can write this min by using the A symbol here. So, we can

see here that this open triangle symbol for T-norm as min operator.

Alright so, next is we have the T-norm as the algebraic product this is denoted by T,
small a, small p is here for algebraic product. So, Ty, (s (x), 1p(x)) is going to give us
the membership values that are u,(x) and pg(x). So, this is simply here when we are
interested in T-norm as algebraic product, so we will simply multiply the membership

values.

Next is the bounded product. This represented by Tj,. So, T subscript bp, small b, small
p, here we have used the triangular norm, but this is inverted triangle, V. So, here we can
use this inverted triangle here which is used normally for max, like in the first case we use
the open triangle symbol here, this is the inverted open triangle. So, we see that we take

the (0 V (uy(x) + pug(x) — 1)). So, this way we can find the bounded product.

The fourth one is here the drastic product when we use this we write this as
Tap(ua(x), ug(x)), so this is going to be like this is equal to 4 (x) when we have ug(x)
equal to 1, and this is going to give us pug(x) when p,(x) is equal to 1. And this is going
to give us 0, when we have p,(x) and pug(x) less than 1. So, this way we understand how

these 4 commonly used T-norm operators are being defined.

Let us take an example here to understand T-norm operator better.
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T-norm Operators

Example 1: Consider the fuzzy sets A = triangle(x; 1,3,6) and
B = triangle(x; 2,5,7), the corresponding plots are given
below. Find the intersection of fuzzy sets A and B using T-norm
operators.

Fuzzy set A ~ 4 Fuzzy set B

So, we have taken here fuzzy set A here and another fuzzy set B here. Both the fuzzy sets
A B are triangular, continuous fuzzy sets. So, we see that these are defined by the fuzzy
set A and B mathematically defined. And what we are interested here in is that we are
interested in finding the intersection of fuzzy sets A and B using T-norm operator. So,
basically when we say T-norm operator so if nothing has been set so we use min operator

as T-norm.
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T-norm Operators

Solution:
(i) The T-norm operator (minimum).is defined as: - —
M T (430, (3)) = i (), () = ia ) A g

o

N

Fuzzy set A Fuzzy set B

Ha(x) A ug(x)

Membershup Grades

Note: The minimum operator is same as the basic fuzzy intersection




So, here we see that we have used minimum here because nothing has been set as the T-
norm operator and which we can find here as the for corresponding every value of each
and every value of u,(x) and pug(x) like this. So, we’ll take the minimum of each and

every corresponding values of p4(x) and pz(x) and you can see how it is found.

So, this way let us now proceed, and one more thing I would like to mention here that
when we say the minimum T-norm operator or T-norm operator as the minimum operator.
So, when we say this, this is also called a basic intersection operator. Whenever we are

using the minimum T-norm operator, we normally get the intersection of the fuzzy sets.
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T-norm Operators

Solution:

(i) The T-norm operator (minimum) is defined as:

s’

Minimum: Tyn (14 (%), g (x)) = min(ua(x). ug(x)) = pa(x) A pg(x) | //

Fuzzy set A ~ Fuzzy set B

AU

M

Note: The minimum operator is same as the basic fuzzy intersection

So, when we apply this condition of T-norm which is once again I would like to mention

that the minimum class.
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T-norm Operators

Solution:

(i) The T-norm operator (minimum) is defined as:

Minimum: Ty (14 (), g (x)) = min(pa(x), pp(x)) = pa(x) A pg(x) |

Tomin (4 (). g () ) /%
Fuzzv set A Fuzzy set B Ha(x) A pg(x) l =

Note: The minimum operator is same as the basic fuzzy intersection

v

[
™

So, when we take the minimum T-norm operator we after applying the condition on fuzzy
set A and fuzzy set B, and when we superimpose these two fuzzy sets here together we see
that this is A, and this is B. So, when we apply this criteria we use the minimum criteria,
minimum condition for each and every values of fuzzy membership. So, we see that we
are getting this as the minimum, means the lower envelop we are getting as the outcome
of T,,in, Which can be seen here that we are getting here as the output of intersection of

fuzzy set A and fuzzy set B.

We are saying intersection, but since we are studying the fuzzy T-norm in this lecture we
will use the term the T},,;,,. When we use Tyy,;,, it means we are getting the intersection of

the two fuzzy sets.
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T-norm Operators

Solution:
(ii) The T-norm operator (algebraic product) is defined as:

Algebraic Product: T, (114 (x), iy (x)) = pa(x) X pp(x)

Fuzzy set A Fuzzy set B

5. Ha(x) X pg(x) =?
i \ i/ \

Now, on the same fuzzy sets let us see what happens when we use algebraic product. So,
we have just seen that the T, we get by multiplying each and every membership values
of fuzzy set A and fuzzy set B. So, there is how written here. And when we do that and we
will multiply we are going to get this membership function I would say because here A
and B are continuous fuzzy sets after multiplying the corresponding membership values

of fuzzy set A and B we are getting a continuous membership function.
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T-norm Operators

Solution:
(ii) The T-norm operator (algebraic product) is defined as:

 Algebraic Product: Ty, (a (x). g (X)) = pa(x) X pp(x)

Fuzzy set A Fuzzy set B Halx) X pg(x)

N AR




So, it has been shown by the red color and we can see here that this is we are getting as

Tap (pa(x), up(x)).
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T-norm Operators

Solution:
(ili) The T-norm operator (bounded product) is defined as:

Bounded Produet: Ty, (114 (x), 15 (x)) = (0 V (4 (x) + pg(x) = 1))

Fuzzy set / | Fuzzy set B §

‘ ’ \ / \ (0 (uu tt)*#,:h) 1)) =?

Now, let us quickly understand the bounded product as the T-norm operator. So, keeping

these fuzzy sets same A and B, when we apply the bounded product let us see what we are

getting.
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T-norm Operators

Solution:
(iii) The T-norm operator (bounded product) is defined as:

~ Bounded Product: Ty, (44 (x). 5 (x)) = (0V (a(x) + g (x) — 1))

))/x
Fuzzy set A Fuzzy set B (0V (uy(x) + pglx) = 1))

N AR




So, we are getting here, a continuous curve which is the membership curve, which is the
resultant of the bounded product of membership values of A and B. So, I would say here
that each and every values of membership for A and B fuzzy sets. So, when we write this

separately, we see that we are getting here bounded product Ty, (114 (x), g (x)).
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T-norm Operators

Solution:
(iv) The T-norm operator (drastic product) is defined as:

Ha(x), if ug(x) =1 7
MWT"P(“J(!)'"D(’)) = { up(x), if py(x) =1 i
0. if pa(x)pplx) <1

Fuzzy set A Fuzzy set B

k A ) =

Similarly, when we see that drastic product, if we are interested and we apply the drastic
product conditions, the drastic product formula that we have just covered, so we see that
we are getting here this as the outcome of the drastic product of the membership function

of fuzzy set A and the membership function of fuzzy set B.
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T-norm Operators

Solution:

(iv) The T-norm operator (drastic product) is defined as:

uaCx), if up(x) =1~
Drastic Product: Ty, (1, (), g (x)) = { g (x), if pa(x) =1

0, if py(x) pg(x) <1

Fuzzy set A Fuzzy set B

And please understand, here we are getting only two values. So, here we are getting the
discreet values or [ would say you are getting only two membership values as the outcome
of the drastic product of the continuous fuzzy sets after applying this condition. So, here
we can clearly see that we are getting drastic product as the mu A the value of u,(x) is
equal to 1, if ug(x) is equal to 1. So, we can see here this is our membership function for

fuzzy set A and this is the membership function for the fuzzy set B.

So, we can see here that we are going to get only this value here as the outcome at this we
have u,(x) which is equal to 1, and at this condition here we have pg(x) is equal to 1. So,
at both the points we have here we have u,(x) is equal to 1. So, at this point we will have
ug (x) whatever value of pg(x) is and then here we will get at a ug(x) is equal to 1 and
for all other values we are going to get 0. So, that is why we are getting here only two
membership values out of the drastic product of the membership functions of continuous

fuzzy set A and continues fuzzy set B respectively.



(Refer Slide Time: 24:08)

T-norm Operators

Example 2: Let A and B are two fuzzy sets given as below. Find the
intersection of A and B for the universe of discourse X — {1,2,3,4} using
I-norm operators

A= 07/1 + 05/2 + 0.1/3 + 0.6/4
B =08/2+03/3

Fuzazy Set A Fuzzy Set B

=

®

Members®ip Grades
Membersnip Grades

Let us take another example where we are taking the discreet fuzzy sets A and B, and these

are represented by here the discrete points. So, we can see here fuzzy set A and fuzzy B.
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T-norm Operators

Solution:

A=07/1+ 05/2 + 0.1/3 + 0.6/4

B =08/2+03/3

The given fuzzy sets A and B can be rewritten as:

A= 07/1 + 05/2 + 0.1/3 + 0.6/4

B= 0/1 +08/2 + 03/3+ 0/4

The T-norm operators are:

i.  Minimum: I'm,"(‘”(v.),.u”(l)) = nun(;l.(\'),yulrj) = fa(x) A ug(x) .,//
ii. Algebraic product: T, (1, (x), up(x)) = ps(x) X pg(x)

iii. Bounded product: Ty, (4 (x), g (x)) = (0 V (us(x) + pp(x) = 1))

a(x), if pg(x) =1
iv. Drastic Product: Ty, (p,(x), pg(x)) = { pp(x), if pu(x) =1
0, i pu(x) pglx) <1

And when we apply the T,y;,, criteria, like when we are interested in T-norm of the p4(x)

and pp(x) as the minimum. So, then we apply this criteria, similarly for T, we applied

this criteria and Ty, we apply this criteria, T;;;, we apply this criteria.

So, when we apply this for T,,,;,, when we apply we are going to get this as the outcome.
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T_norm OperatOfS A= 07/1 +05/2 + 0.1/3 + 0.6/4

B = 0/1 +08/2 + 03/3+ 0/4

Solution:

(i) T-norm operator (minimum):

Z Temin (a4 (x), g (x)) /x = Zlmn (palx), ug(x))/x = Z(u,l x) A pg(x))/x
X X X

/ ~ & >
= min(0.7,0)/1 + min(0.5,0.8)/2 + min(0.1,0.3)/3 + min(0.6,0)/4
. - - — ? R ” "
=0/1+05/2+01/3+0/4 _'_,
TJ..‘,H[‘..- x), tglx))/x
Fuzzy Set A Fuzzy Set B e
v

You can see here for each and every values of membership for the fuzzy set A and B we
are taking min. So, you can clearly see here we are using min here. And when we take this,
this is the outcome that we are getting. And when we show it here as the fuzzy set you can
see that these values are plotted here and we see here that we get the T,,;;,, of these two

discrete fuzzy set has shown here.
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T_norm Operators A= 07/1 + 05/2 + 01/3 + 0.6/4

B = 0/1 +08/2 + 03/3+ 0/4

Solution:

(ii) T-norm operator (algebraic product):

P
ZI',,.(u,nl‘mf(ll)_/l = Z(u.l-l x pg(x))/x ~
X X

= (0.7 x 0)/1 + (0.5 x0.8)/2 + (0.1 x0.3)/3 + (0.6 x 0)/4
=0/1+040/2 +lHH"l+ll/!

5 v))/
Fuzzy Set A Fuzzy Set B 2. Towlalx). pa(x))/x
:

So, next is the T, of the same discreet fuzzy sets A and B. So, as you have already seen

these two fuzzy sets A and B, now when we take the algebraic product when we apply the



this criteria, the multiplication and when we multiply the respective membership values
for the A fuzzy set and B fuzzy set we are getting this as the outcome which has come like

this and when we plot this we are getting.

So, now, the next is for the same fuzzy set we have bounded product and when we apply
this criteria, this formula forT},, we are going to get here this as the outcome 0/1 +

0.3/2 + 0/3 + 0/4.
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o A= 07/1 + 05/2 + 0.1/3 + 0.6/4
T norm Operators B = 0/1 +08/2 + 03/3+ 0/4

Solution:

(iii) T-norm operator (bounded product):

ZI",I_(“_,L\l_,:,.m)/- =Z(|lvuul-| + pgl(x) = 1))/x
X X

=(0v07+0-1)/14+(0v05+08-1)/24+(0v01+03-=1)/3+(0v06+0-1)/4

=0/1403/2+0/3+0/4

Fuzzy Set A Fuzzy Set B Z,""["‘”] Halx))/x
¥

So, we can clearly see here that we are getting only one membership value out of many
membership values here, where we have in fuzzy set we have 1, 2, 3, 4, 4 membership
values and in fuzzy set we have two membership values, but as the outcome we are getting
only one membership value. So, when we are interested in the bounded product of these

two fuzzy sets, I would say that T}, you are going to get this as the outcome.
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T_norm OperatOI'S A= 07/1 +05/2 + 01/3 + 0.6/4

B = 0/1 +08/2 + 03/3+ 0/4
Solution:
[‘.IL\J if pg(x) =1
(iv) T-norm operator (drastic product): Tap (a4 (x), ug(x)) pglx), if pu(x) =1
{(J_ iF pg(x) pg(x) < 1
Z‘I"r(”‘“' pg(x))/x = (0.7,0)/1 + (0.5,08)/2 + (0.1,0.3)/3 + (0.6,0)/4
¥ ’ ; ’
=0/1+0/2+0/3+0/4
Fuzzy Set A Fuzzy Set B Z’u““”"*‘ﬂ“”"

N B

Similarly, when we find the Ty, of the same fuzzy set, same discreet fuzzy sets A and B
we are getting here null fuzzy set. So, means, we are getting for the same fuzzy sets, we
are not going to get any output. You can clearly see here that we have all the elements of
this fuzzy sets discrete fuzzy set as the outcome, so each and every element has its
membership value 0, which we never account as the element of the fuzzy set. We only
account only those elements, which has the membership value more than 0. So, here we

can say we are getting a null fuzzy set out of these two when we are taking the T, of these

two discrete fuzzy sets.
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In the next lecture, we
will study the S-norm
or T-conorm
Operators.




In the next lecture, we will study the S-norm which is also known as T-conorm.

Thank you very much.



