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Lecture — 20
Arithmetic Operations on Fuzzy Numbers

Welcome to lecture number 20 of Fuzzy Sets Logic and Systems and Applications. So, in
this lecture we will learn the Arithmetic Operations on Fuzzy Numbers. So, let us first

understand what is a fuzzy number.
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Fuzzy Number

* A fuzzy number is a fuzzy set that holds the condition of normality and
convexity
* Fuzzy numbers are the most basic types of fuzzy sets
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In one of the lectures we had already discussed what is a fuzzy number. So, a fuzzy number
is a fuzzy set basically that holds the condition of normality and convexity. So, what does
this mean? This means that any fuzzy set which satisfies the property of normality and
convexity is qualified to be fuzzy number. So, all the fuzzy numbers are the most basic

types of fuzzy sets.

So, here we have a fuzzy set the right side of this diagram. So, we have a plot of fuzzy
number, we call this as fuzzy number 5. So, if we see a fuzzy number 5, we see that we
have a fuzzy set which has its highest membership value that is 1 at 5, but at around 5 also

we have some membership values and that’s how this is a fuzzy number.



So, when we talk of fuzzy number; obviously, let us also understand the crisp number. A
fuzzy number is a fuzzy set, now if we see what is a crisp number. So, crisp number can
also be regarded as a fuzzy set, but this fuzzy set is a fuzzy singleton. So, this is a special
kind of fuzzy set that is singleton fuzzy set 5. And, it is because if we look at this diagram
plot of fuzzy singleton, we see that at the generic variable x = 5 we see that we have only

one membership value corresponding to 5 that is the highest; that means, the core.

So, we have only one core at 5. So, it is because this number is crisp number and we have
at 5 its belongingness or it is membership value 1. So, no other membership values are
possible around 5. So, that is why it is crisp. So, either we call a crisp number or in fuzzy
systems we call this crisp numbers or we represent these crisp numbers by fuzzy singleton.
So, we see here the fuzzy singleton 5 which is a crisp number. So, this is a crisp number,
right side we have the fuzzy number. Fuzzy number is always a fuzzy set, but this fuzzy
set must satisfy the condition of normality and convexity.
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Arithmetic Operations on Fuzzy Numbers

There are four types of arithmetic operations that can be
performed on fuzzy sets, provided fuzzy sets are qualified for
fuzzy numbers. These operations are:

* Addition of fuzzy numbers
* Subtraction of fuzzy numbers
* Multiplication of fuzzy numbers

* Division of fuzzy numbers

In this coming lectures, this lecture and the coming lectures we will learn the arithmetic
operations on fuzzy number. So, by now we know what is a fuzzy number. So, similarly
when we talk about fuzzy numbers when we say fuzzy numbers, it means we are we will
be dealing with fuzzy sets. And, these fuzzy sets will be satisfying the criteria of normality
and the convexity. And, when we talk of arithmetic operations here; so, arithmetic

operations will be here arithmetic operations are addition of fuzzy numbers and then we



have subtraction of fuzzy numbers, multiplication of fuzzy numbers, division of fuzzy

numbers.
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Addition of fuzzy Numbers

* Let A and B are two fuzzy numbers with the universe of discourse X. If we perform
the addition, it results in a new fuzzy number C as,
v

C=A+B

* The new fuzzy number C is defined as,

For discrete C= Zl‘c(-"")/xt ¥ For continuous c T[\k(x‘)/:c ‘_,«'/
X X

* The membership function values of fuzzy number  are p———

B () = paen(x©) = wlu‘(r‘) A’u.(x")l

where x¢ = x* 4 xP. wxA x¥ xC e X

c Zu‘ (x€)/x¢ = Zu,.“(x' )/x° = Z max [ ua(x*) A pg(x")]/x"
¥Ax
£ X X

Now, let us see how we add two fuzzy numbers. So, when we say two fuzzy numbers;
obviously, these fuzzy numbers will be a fuzzy sets and it is needless here in this lecture
to say that these fuzzy sets again these should be with these conditions of convexity and
normality satisfied. So, let us take two fuzzy numbers A and B and let us right here C

which is the sum of these two fuzzy numbers A and B.

So, we have the resultant fuzzy set which you C here and this C let us see how do we
obtain ok. So, when we say C is a resultant fuzzy set obviously, C will have representation
as we have already discussed. So, if it is a discreet fuzzy set if this resultant is a discrete

fuzzy set, we will represent this fuzzy set C by
€= netx/x
X

where this x. is the generic variable values that will be coming from the fuzzy set the

resultant fuzzy set C.

We can also say C as a fuzzy number because here when we are adding two fuzzy numbers

A and B we will be getting another fuzzy number C. When the resultant fuzzy set here is



a continuous fuzzy set C, we will replace the summation by the integration sign which is

here.
c= f 1o (x6)/ °
X

So, as we already know that in continuous in representation of the continuous fuzzy set,
we represent the fuzzy set like this. Our job is to find the corresponding membership values

of C when we add two fuzzy sets A and B.

So, we clearly see here the max criteria which gives us the addition of two fuzzy sets and
this is with respect to the addition of two fuzzy sets A and B. So, uc(x€) = py5(x¢) =

max|[pa(x*) A pug(x®)]. So, it means what? It means that we will take min of all the
XX

corresponding membership values and then whatever values that we will be getting for all

x4 xg We will take max. And please note that the C is nothing, but A plus B.

So, we will see as to how we are going to get the complete fuzzy set we will take the

example and then we will understand as to how we get the addition of two fuzzy numbers.
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Addition of fuzzy Numbers

Example: Let us consider two fuzzy sets A and B with the universe
of discourse X € [—20,20] as given below. Find the addition of
fuzzy numbers A and B.

] Sy I
A= 03/1 + 0.6/2 + 1.0/3 + 0.7/4 + 0.2/5 |— &** Lt
B = 05/10 + 1.0/11 + 0.5/12 J
Fuzzy number A Fuzzy number B

Membership Grades
Membership Grades
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So, let us take this example here we have a fuzzy number A and then we have another
fuzzy number B. If we see this is represented by these two discrete fuzzy expressions,

these are the expressions. So, | will write here the discreet fuzzy sets because these fuzzy



number, but finally, this is a fuzzy set discrete fuzzy set. So, these two are discrete fuzzy

sets.
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Here, for elements 0.3/1 and 0.5/10 from fuzzy number A and fuzzy number B, respectively, we have x
v VvV F F> 07,

(a(x*) A pg(x™))/(x* + x*) = (03 A05)/(1 + 10) = 0.3/11 = C /N
— 2 ‘m

Similarly, for all the combinations of elements of fuzzy number A and fuzzy number 8, we will follow the

Let us know quickly go ahead and see how to add these two fuzzy numbers. Alright, so
we have A fuzzy number here and B fuzzy number here. As we have seen the first most
operation is to get the minimum of X A u,(x4) and ug(xg). So, let us see as to how we
are going to get this if we take the elements from A and B. So, the first element of A is
0.3/1 and the first element of B is 0.5/10. So, let us get this min operation and then we

right by oblique and then x, + x.

So, what do we do here is, we see that p,4(x4) here is 0.3 which is here and pg(xg) is 0.5
which is here. When we take the min of these two we will get 0.3; as | mentioned this by
oblique 1 plus 10. So, this is generic variable value which is from the first fuzzy set, fuzzy

number A. So, this is from fuzzy number A and | can write it here this as x, x{.

Similarly this value is from fuzzy set or fuzzy number B, | can write here this as x%. So,
this way we have written here the min of 0.3 and 0.5 as 0.3 and then oblique 11 because 1
plus 10 here is 11. So, finally, we are getting 0.3/11. So, this way we have got the first

term and similarly we’ll go through all the combinations of A and B elements.



Let us now go ahead and see what we are getting. And, then when we have got these
combinations since we have the summation, so, we will sum these elements to get the final

expression for fuzzy set C which is the resultant of fuzzy number A and B.

(Refer Slide Time: 12:39)

S ™ S

Addition of fuzzy Numbers
A 03/1 )% 06/2 + ¥O (" 0.7/4 + 0

B = 05/10 ‘@. 05/12

So, let us quickly go through this and here we have written the final expression, but I will
explain as to how we are going to get these values as listed here. This we have already
seen that how we are getting 0.3/11. And, | can repeat here that this is the outcome when
we have taken the first elements from both the sets, both the numbers of the elements from

both the fuzzy numbers, next is the next combination.

So next combination will be we see here that, when we take 0.3/1 and then from the fuzzy
number A and then when we take the second element from fuzzy number B, we obtain
0.3/12 and we know how are we getting this generic variable 12. This is because we have
here 1 is 1 | can write again here x{'and here I can write here as xZ. So, this 12 is the
outcome of x{! + xZ. So, this way the generic variable values are computed and now when

we go ahead for other combinations let us say we are taking 0.3/1 and 0.5/12.

So, 0.3/1 is from fuzzy number A and 0.5/12 is from fuzzy number B. So, we are going
to obtain here out of these two when we use these two, we are getting this as the. Similarly,
when we go with other combinations you see the min of 0.6 and 0.5 we are getting 0.5 and
then the generic variable values when we add, we add the addition we will get 2 + 10 and

this is nothing, but 12. So, 0.5/12 we are getting and then here if we take this combination



that is 0.6/2 and 1/ 11 we are going to get the min value as 0.6 and the generic variable

value here is 13.

So, finally, this element is here this element is 0.6/13. | will quickly go ahead with other
combinations here. So, with this combination we are going to get 0.5/14, with this
combination we are going to get 0.5/ 13 and then with this combination we are going to
get 1/ 14. With this combination we are going to get 0.5/15, with this combination we
are going to get 0.5/14 with this combination here we get 0.7/15.

Similarly, we get here with this combination 0.5/ 16, with this combination we see here
0.2/15, here with this combination we get 0.2/ 16. And finally, with this combination
0.2/5and 0.5/12, we get 0.2/17, 0.2 because here the min of 0.2 and 0.5 will be 0.2 and

then the generic variable values will be straight away added to give us 17.
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Addition of fuzzy Numbers
wk " x¥ v X
A= 03/1 + 06/2 + 1.0/3 + 0.7/4 + 0.2/5
B = 05/10 + 1.0/11 + 0.5/12
Let us first find
v
Z' (ualx*) A ug(x®))/(x* +x*)
X
1M+03/12+03/13+05/12+06/13+05/14+05/13 + 1.0/14+ 05/15+ 05/ 14
+0.7/15+ 05/16 + 0.2/15+ 0.2/16 + 0.2/17
The above expression can be rearranged as
Z (a(x*) A pg(x®))/(x* + x¥)
¥
3711+ (0.3/12 + 05/12) + (03713 + 0.6/13 + 0.5/13) + (0.5/14 + 1.0/14 + 0.5/14)
+(05/15+0.7/15 + 0.2/15) + (0.5/16 + 0.2/16) + 0.2/17

So, that is how we get all these values, now the next step is to rearrange these values that
we have got these elements that we have got. So, let us now rearrange these values, these
findings and when we rearrange we see that for the generic variable value 11, we have
only one term that is with membership value 0.3. And, when we see for generic variable

value 12 we have two terms here one is 0.3/12 and the other one is 0.5/12.

So, we keep writing all such terms for which we have the same generic variable values.

So, for 12 for generic variable value 12 we are writing these two terms together, similarly



for generic variable 13 we have three terms and we are writing these together for generic
variable value 14 we have 1, 2, 3 three terms and here this also is being written together.
Similarly, generic variable value 15, we have three terms and it is also written together

and here also for generic variable value 16 we have two terms.

And finally, here as the last term we have for generic variable value 17 only one term that
is with 0.2 as the membership value. So, this will be rearrange these terms and now what
we do here is that, we take the max of these terms for which we have generic variable

values same.
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Addition of fuzzy Numbers

[/
o

where x* A b x¥ vt FeXx
A= 03/1 + 06/2 + 1.0/3 + 07/4 + 0.2/5

B = 05/10 + 1.0/11 + 05/12

> (palx®) A pp(x"))/(x* 4 x¥) =
o
X - -
V3/1UH(03/12 +05/12)4+ (03/13 4+ 06/13 +05/13) + (05/14 + 1.0/14 + 05/14)
o(ll'.,l'y;lif‘l'y 07(!" 154+ (05/16 4+ 0.2/16) 4+ 0.2/17
¢ > max| pa(x*) A pp(x™))/(x* + x¥) =2
ot 1A ¥
X

Now, let us take the maximum of the membership values for same generic variable values as

( > max [ ua(x*) A pg(x™)/(x* + x)
b o
T

03/11 H05/12406/13 4+ 1.0/14 4+ 0.7/154+05/16 +0.2/17

So, let us do that and when we do that here when we take the max as we see here. So, since
we have 0.3/11 as this is only one term. So, we just write this as it is, but here we if we
have more number of terms for the same generic variable values. So, like for 12 we have
two terms and then for these two terms we take the max of its corresponding membership

values. So, max when we take max of 0.3 and 0.5 we get 0.5 here. So, we write 0.5/12.

Similarly for generic variable value 13 when we take max we get only one membership
value which is 0.6. So, we have this term as 0.6/ 13. So, for generic variable value 14 we
have 1 as the membership value. So, 1/14 will remain here and then similarly for 15 we
have 0.7, for 16 we have 0.5, for 17 we have 0.2. So, all these are the corresponding max
values with respect to the generic variable values. So, this way we have the expression

here of the fuzzy set the resultant fuzzy C and which is nothing but a fuzzy number here



and this is, this C as | have already mentioned the C is the addition of two fuzzy numbers
A and B.
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Addition of fuzzy Numbers

A= 03/1 + 06/2 + 10/3 + 07/4 + 02

B = 05/10 + 10/11 + 05/12

C ,—> max | pa(xe?) A pp(x"))/(x* 4 x¥)
A yh

i ¥4 x
X

= 03/11 4+ 05/12 + 06/13 + 1.0/14 + 0.7/15 + 05/16 + 0.2/17

So, this is how we obtain an addition of two fuzzy numbers A and B. So, let’s now see as
to what was given to us. So, A was given to us as the discrete fuzzy set, B was also given
to us as the discrete fuzzy set and then what we are obtaining here is this. So, when we add
these two fuzzy numbers we have C fuzzy number. So, this is the resultant fuzzy number,
let us know represent these three fuzzy numbers A, B and C and let us see how these three
look like.

So, if we see here fuzzy number A, fuzzy number B and then when we compute the
addition, when we find the addition of these two fuzzy numbers we get another fuzzy
number which is C which is outcome of the addition. So, we see that the spread is increased
the spread of the resultant fuzzy number is increased. It is probably because of the

uncertainty level that is getting increased in the addition of two fuzzy sets A and B.

So, the uncertainty level here in fuzzy number A was some uncertainty and then the
uncertain level in fuzzy number B, but whatever uncertain levels in the both fuzzy numbers
were there we see that the uncertainty level in fuzzy number C is more than the uncertainty
level of fuzzy number A and fuzzy number B. So, this way we see that we how can we

add fuzzy number A and fuzzy number B to get another fuzzy number C.
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Now, let us find B + A.

On the same lines now we can find we can compute the addition of the fuzzy number B
and A. So, here we are just changing the order, we are just taking B first and then A. So,

let us see what are we getting.
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c= Y pelry/a = Y maxt s
Addition of fuzzy Numbers =~ + & , s
where e 4+t v €X
B —@' 1.0/11 + 05/12
A GTI\) 06/2 + 1.0/3 + 07/4 + 02/5
( ~H‘.l‘>_:u,u‘1 X
Zn‘\.\)[‘ ( Apa(x?))/(x®

e Ay () /(x® 4+ x%) = (05A03)/(10 4+ 1) = 0.3/11

So, when we take B first and we do the same exercise.
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Addition of fuzzy Numbers . . ;s
where x? 4 2t v eX
B = 05/10 + 1.0/11 + 05/12
A= 03/1 + 06/2 + 1.0/3 + 07/4 + 02/5
L 53 firs i
l”"" ) (x*))/( )
r
0.3/11 1.5/1 1I5/13 4+ 05/14 + 0.2/15+ 03/12 + 06/13 + 1.0/14 1.7/1 1.2 /1
0.3/13 +05/14 + 05/1 05/16 +0.2/17
The abave exp be rearranged as
Z[,..‘n"m“,h'lJ.-n" + x4)
¥
03/11 +(03/12405/12) + (0.3/13 4 06/13 +05/13) + (05714 + L.0/14 + 05/14) +
(05/15+0.7/15 4+ 02715+ (05/16+ 0.2/16) +0.2/17

We see that here we are getting when we take this
D (G Apa )/ (P + 3%
X

So, we see that for this combination we are getting 0.3/11,0.5/12,0.5/13,0.5/14,0.2/
15,0.3/12,0.6/13. So, 1.0/14 and then here we are getting 0.7/15,0.2/16,0.3/ 13,0.5/
14,0.5/15,0.5/16,0.2/17.

Now, when we rearrange these terms as | mentioned earlier, so we see that we are getting
the expression like this and when we take the maximum or the max of all the membership
values corresponding to the same generic variable value, we are going to get the final

expression like this.
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Addition of fuzzy Numbers =+ % 2.3
where x x? 4 xh vt " xfeX

B = 05/10 + 1L0/11 + 05/12

A= 03/1 4+ 06/2 + 1.0/3 + 07/4 + 02/5

2‘(“,,“"-,,«,r,.u‘.)m." + x*)
:

1H+03/12405/12)+ (0313 4 06/13 405/13) + (05/14 4+ 10/14 + 05/14) +
(05/15407/15402/15)4+(05/16 4 02/16)+02/17
¢ > max | pe(x®) A p(xM))/(x* + x*) =2
AL

Now, let us take the maximum of the membership values for same generic variable values as

[ > max | py(x®) A ()7 (x* + x4)
'

114+05/12406/13410/14407/15405/16 4+ 0.2/17

So, this is after taking the max. So, this is coming outto be 0.3/11 + 0.5/12 + 0.6/13 +
1.0/14 +0.7/15 + 0.5/16 + 0.2/17. So, this is how we are getting the result the

resultant fuzzy set.
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Addition of fuzzy Numbers )

where x " +xt vt " feX
B = 05/10 + 1.0/11 + 05/12

A= 03/1 4+ 06/2 + 10/3 4+ 07/4 + 02/5

C= max | pe(x®) A p(x*))/ (¥ 4+ x*)
2 o ph
X

=03/11 +05/12+06/13 + 1.0/14 + 0.7/15 + 05/16 + 0.2/17

So, if we see here that we are obtain fuzzy set C which is the outcome of we obtain fuzzy

number C, which is the outcome of fuzzy number A fuzzy number B and fuzzy number A.
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Addition of fuzzy Numbers

A+B=B+A

A= 03/1 +06/2 + 10/3 +07/4 + 02/5

B = 05/10 + 10/11 + 05/12
Z‘HJ.H“ )/x = 03/11 +05/12406/13 4+ 1.0/14 + 0.7/15 4+ 05/16 + 0.2/17
¥

Pgaalx®)/x" 03/11 +05/124+06/13+1.0/14+ 0.7/15405/16 +0.2/17

A+ R B+ A

Membership Grades
Membership Grades

« 0
10 01 12 13 14 15 16 17 I8 1011 12 13 1415 16 17 N
- X . X

So, we see the same fuzzy number the same fuzzy set that we have obtained here and this
way we can say that either we take A first or B first both the outcomes remain same. So,

we can say the addition is commutative here the fuzzy addition is commutative.

So, this means the A + B = B + A for fuzzy numbers. So, this way we have been able to
know as to how we can add two fuzzy numbers and any two fuzzy numbers can be added
this way. And, please note once again that these fuzzy numbers when we when we say
fuzzy numbers means these fuzzy numbers are the fuzzy sets that satisfy the criteria of
normality and convexity. It means these fuzzy numbers must be a normal fuzzy set first

and then these fuzzy numbers should be satisfying the criteria of convexity.
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In the next lecture, we will study the
subtraction and multiplication
of fuzzy numbers

So, this way we understood as to how we can add any two fuzzy numbers. And, in the next
lecture, we will study the other operations other arithmetic operations like subtraction,

multiplication, divisions of fuzzy numbers.

Thank you.



