Fuzzy Sets, Logic and Systems and Applications
Prof. Nishchal K. Verma
Department of Electrical Engineering
Indian Institute of Technology, Kanpur

Lecture - 15

Properties of Fuzzy Sets

So, welcome to lecture number 15 Fuzzy Sets, Logic and Systems and Applications. So, this

lecture is in continuation to our discussion on Properties of Fuzzy Sets. Here we have these

properties that we have intended to discuss or listed.
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Properties of Classical and Fuzzy Sets
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So, far we have discussed a law of contradiction, law of excluded middle, idempotency,
involution, commutativity, associativity, distributivity and these properties we have discussed
with respect to fuzzy sets. Now, the rest of the properties we will try to discuss and in this

continuation, we’ll be discussing absorption, absorption of complement and De Morgan’s

laws.
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* Absorption
» Absorption of Union over Intersection
Au(AnB)=A
» Absorption of Intersection over Union
An(AuB)=A

* Absorption of Complement
» Absorption of Complement for Union
AU(AnB)#AUB
» Absorption of Complement for Intersection
An(AuB)#AnB

So, in today’s lecture we will try to discuss absorption and this absorption will be the
absorption of union over intersection and this is defined as AU(A nB). So, this is regarded
as the absorption of union over intersection and this is equal to A and then the absorption of

intersection over union and this is nothing but the A n(AU B|=A.

So, let me tell you that when we discussed the absorption with respect to sets as we have
already discussed the absorption of union over intersection for crisp sets and absorption of
intersection over union for crisp sets. So, these hold good. Now, so let us we take fuzzy sets
A and B. So, these absorption of union over intersection, absorption of intersection over
union, both these absorptions here also hold good for fuzzy sets and then in this lecture we’ll

also discuss the absorption of complement.

So, when we say absorption of complement, again we have the absorption of complement for
union absorption of complement for intersection. So, here we see that the absorption of
complement for union hold good for the crisp set, but it doesn’t hold for the fuzzy sets.
Similarly, the absorption of complement for intersection hold good for crisp set, but this does
not hold good for the fuzzy sets. So, we will discuss these absorptions for fuzzy sets and

we’ll take some examples also to see as to how it works.
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8. Absorption of Union over Intersection

For crisp sets A and B,

AV@0B) =4, |

For fuzzy sets A and B,

4U (AnB)=A,
fuyyy et -

This is called the “Absorption” property of union
over intersection.

So, here is the absorption of union over intersection. So, as I have already mentioned that
when we take crisp set A and B and the absorption of union over intersection. So, we have
here the AU(A N B). So, here we have two entities: 1 is the entity A and other is the entity
(An B). So, when we take union of these two we get only A. So, this is for crisp set, same is

true when we take fuzzy sets and this is similar to the crisp set.

So, here also we see that when we take union of A fuzzy set, this is A fuzzy set this A fuzzy
set here and the A n B fuzzy set. So, this is A n B this is again A fuzzy set here. So, I will just
right it like this show it like this. So, you see here that we have two fuzzy sets, one is A fuzzy
set and other one is the fuzzy set which is the outcome of A n B. So, when we take the union
of these two, we are getting the fuzzy set A. So, this means that the absorption property of

union over intersection, we can say that is satisfied or that holds good.
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8. Absorption of Union over Intersection

Example: Consider the fuzzy sets 4 and B for a universe of discourse X €
[0,10] as follows:
pa(x) = triangle(x; 2,5,7) — Triangular membership function
pg(x) = gaussian(x; 3,0.8) — Gaussian membership function
The corresponding plots of fuzzy sets A and B are given below. Verify the
“Absorption” property of union over intersection.
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So, if we take an example here to understand this property better, we take two continuous
fuzzy sets, one fuzzy set is A here and then the other one is B fuzzy set. So, we see here this
two fuzzy sets, A and B they are defined within the universe of discourse right from 0 to 10.
So, both the fuzzy sets are defined in this range and let us see when we have the absorption of
union over intersection whether this hold good are not. Of course, this should hold good, but

let us see by taking this example how or in what way this is holding good.
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8. Absorption of Union over Intersection

Solution: For fuzzy sets A and B with the universe of discourse X € [0,10], the absorption

property of union over intersection is A U (A N B) = A. The membership funciion values of
AU (AN B) are defined as
AV(AnE) = nl.lxlu,1 ). min|u, (x), jglx JEIV! eX
A B
é.
i AnB =?




So, we have here the fuzzy set A and then we have fuzzy set B and since we are interested in
this, the AU(A nB) and so for this we need to first find A n B, A nB. So, we have A fuzzy

set and B fuzzy set it’s very easy to find A n B we have done it many times.
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8. Absorption of Union over Intersection

Solution: For fuzzy sets A and B with the universe of discourse X € [0,10], the absorption
property of union over intersection is A U (A N B) = A. The membership funcition values of
AU (AN B) are defined as

Au(AnB) = |||.|h|u Jlx).minlu, (x), jig(x Jrl\r- eX

So, let us now find it. And to find this intersection we have to superimpose these two fuzzy
sets on each other and we see here that we have this as A fuzzy set and this as the B fuzzy set
and when we superimpose and then since we are finding the we are interested in getting the
intersection. So, what we have to do here is to take we apply the min of these two
corresponding membership values with respect to all the generic variable values within the

universe of discourse.
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8. Absorption of Union over Intersection

Solution: For fuzzy sets A and B with the universe of discourse X € [0,10], the absorption
property of union over intersection s A U (A N B) = A. The membership function values of
AU (AN B) are defined as

AU (AN B) = max|u, (x), minfu, (x), ua(x)])] ¥x € X

ANRB

A B minfu,(x), pyix)]
a 7\ g /\ M A _Ane

So, when we apply this min condition here, we find here this portion after applying the min
portion we get here A nB. So, this is a fuzzy set, of course, this is a subnormal fuzzy set
because none of membership value is approaching 1 or other words we can say the core of
this fuzzy set is empty. So, that way here we were getting A n B as the result and which is a
subnormal fuzzy set. So, now this outcome A n B, let us take the union of this fuzzy set and

A.
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8. Absorption of Union over Intersection

Solution: For fuzzy sets A and B with the universe of discourse X € [0,10], the absorption
property of union over intersection is A U (A N B) = A. The membership function values of
AU (AN B) are defined as
AU (AN B) = max|u, (). minfu, (x), up(a ;liv. eX
A AnB
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So, here we are taking A fuzzy set and the union of these two. So, here we are taking the

union of these two fuzzy sets right and let us see what are we going to get here.
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8. Absorption of Union over Intersection

Solution: For fuzzy sets A and B with the universe of discourse X € [0,10], the absorption
property of union over intersection is A U (A N B) = A. The membership funcition values of
AU{A N B) are defined as
AU (AN B) = max|u, (). minfu, (<), e JlIVl exX
A AnRA maxfu, Ce), minfu, (). jiy ()] Au{AnBg)
Jus fus fus
I 3 3 g
= A I §ur
' i i
'/,' T s ' T e

So, when we superimpose these two fuzzy sets on each other, we are getting here since we
are trying to get are we are interested in the union, so we have to apply the max criteria and
when we apply max criteria we are going to get a fuzzy set here which is like this, this is the
fuzzy set. So, we clearly see that this is when we apply max criteria we are going to get this

as a fuzzy set. Now, if we see the result and we compare we see that this same as A.
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8. Absorption of Union over Intersection

Solution: For fuzzy sets A and B with the universe of discourse X € [0,10], the absorption
property of union over intersection is A U (A N B) = A. The membership function values of
AU (A N B) are defined as

AVu(AnE) = rll.nlu o Lx). minfu, (x), jig(x iflVl X
A Au(Ang)
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So, here, A is this and AU(A n B) both the fuzzy sets are same. So, we can clearly say here
that the outcome is A, and that is how we can say that the absorption property for union over
intersection is verified and of course these sets are the fuzzy sets. So, here we have taken two
fuzzy sets A and B and we applied absorption property of union over intersection and we

found that these two are verified.

(Refer Slide Time: 10:36)

8. Absorption of Union over Intersection

Example: Let A and B are two furzy sets given below for the universe of discourse X =
[1.2.3.4]

A 0.7/14+05/2+0.1/3 +0.6/4 ‘/i{ —
B 08/1+03/2+0.7/3+05/4 -
verify the absorption property of unlon over intersection |
Solution: For fuzzy sets, the absorption property of union over intersection is defined as
.-I_U-i."n ngj 'I_j-‘r-

The above expréssion is defined as ‘

AU (AN B) = max[u,(x), min[p,(x), ug(x)]] v*€X |'

ANE = min(0.7,0.8)/1 + min(0.5,0.3)/2 + min(0.1,0.7)/3 + min(0.6,0.5)/4 |
= 0.7/1+03/2+01/3+05/4 |

- - |

Au(AnB) = max{0.7,0.7)/1 + max({0.5,0.3)/2 + max(0.1,0.1) /3 + max(0.6,0.5)/4 |
0.7/1+05/2+ 0.1/3 +0.6/4 = A€ —— |

fiast S —— X —]

Hence, AU(ANB)= A

The absorption property of union over intersection is verified

Now, let us take another example where we take two fuzzy sets, A and B and these fuzzy sets
are discrete fuzzy sets. So, we have A fuzzy set here and then we have B fuzzy set here and
what we have to check is this property, where you see that this absorption of union over
intersection should come out like this. So, the above expression is defined as when, when we
apply the max correct criteria we can write it like this and then when we apply this to these
two discrete fuzzy sets, we are going to get as a result this after applying the max and min

criteria which is mentioned over here and when we see this, this is same as A.

So, we can clearly see here that this is same as A is you can say, you can see here that A was
0.7/140.5/2+0.1/3+0.6/4 and the result is also coming out to be the same. So, we can say
here the result of AU(A nB) and which is coming out to be the same as A. So, we can

clearly say that this absorption of union over intersection is verified.
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8. Absorption of Intersection over Union

For crisp sets A and B,

An(AuB)=A

For fuzzy sets A and B,
.ﬂ N(AuUB) = 4

T

1
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This is called the “Absorption” property of
intersection over union.

Now, let us discuss the absorption of intersection over union. So, you see earlier was
absorption of union over intersection, now we are going to discuss the absorption of
intersection over union. So, let us see this for crisp sets A and B. So, we have for crisp sets,
we have you see the A n(AUB) which is coming out to be A. Now when we take fuzzy sets

instead of crisp sets, so, we see that this property holds good for the fuzzy sets as well.

So, if we take A as fuzzy set if this is fuzzy set and here B also is fuzzy sets, so, when we
take union of these two fuzzy sets this will also be a fuzzy set. We can write it like this we
can show it like this, that these are the fuzzy sets, this A is a fuzzy set and then AU B is also
fuzzy set and when we take the intersection of these two fuzzy sets we are going to A as a
result which is again a fuzzy set. So, A fuzzy set we are going to get as a result. So, we can
say that the absorption of intersection over union is also holding good. So, now let’s take

some examples and understand this better.
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8. Absorption of Intersection over Union

Example: Consider the fuzzy sets 4 and B for a universe of discourse X €
[0,10] as follows:

pa(x) = triangle(x; 2,5,7) — Triangular membership function

g (x) = gaussian(x; 3,0.8) — Gaussian membership function
The corresponding plots of fuzzy sets A and B are given below. Verify the
“Absorption” property of intersection over union.
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So, as we have seen previously by taking this by taking the example here we take three fuzzy
sets, three continuous fuzzy sets and we see that here we are taking fuzzy sets A and B for

this example. So, A is this and B is this.
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8. Absorption of Intersection over Union

Solution: For fuzzy sets A and B with the universe of discourse X € [0,10], the absorption
property of intersection over union is A N {A U B) = A. The membership function values of
An{AURB) are defined as

A0 (AU B) = min[u, (x), max{u, (x), ga(x)]] vx € X

A B
g /\ (8] AUB =?

And then since we have to verify that the A n (A UB), So, we have to first get the AUB. So,
this is AU B now let us find AU B for A and B.
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8. Absorption of Intersection over Union

Solution: For fuzzy sets A and B with the universe of discourse X € [0.10], the absorption
property of intersection over union s A N (A U B) = A. The membership function values of
AN{A U B) are defined as
A0 (AU B) = min[u, (x), max{u, (x), e (x)]] ¥x € X
A B x[ ). iig(x)]

-

So, when we superimpose these two fuzzy sets on each other, we get to see after applying the
max criteria we are going to get this as the AU B which is a fuzzy set again and now if we
take the intersection of this fuzzy set and A fuzzy set, here we have A fuzzy set and AUB,

let us see what are we going to get.
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8. Absorption of Intersection over Union

Solution: For fuzzy sets A and B with the universe of discourse X € [0,10], the absorption
property of intersection over unlon s A N (A U B) = A. The membership function values of
AN (AU B) are defined as

AN (AU B) = min[u, (x), max(u, (<), ua(x)]]| ¥ € X
A AUR
fou fus
i An(AuB) =?
\._,/ ) v
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8. Absorption of Intersection over Union

Solution: For fuzzy sets A and B with the universe of discourse X € [0,10], the absorption

property of intersection cver unilon is A N (A U B) = A. The membership function values of

AN{AUB) are defined as

AN (AU B) = minfu, (x), max[u, (<), pa(x)]] vz € X
A AUR minfur, (), manu (x). pg ()] AN(AUB)=A
g T g I
i 1 i
A
; «“

So, when we superimpose again these two fuzzy sets on each other, we are going to get this
as the outcome which is again we see nothing but the same fuzzy set as A or we can say these
two fuzzy sets are equal. So, we can say that we are going to get here the outcome which is a
fuzzy set A. So, this way we can say absorption of intersection over union is satisfied for the
fuzzy sets A and B.
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8. Absorption of Intersection over Union

Solution: For fuzzy sets A and § with the universe of discourse X € [0,10], the absorption

property of intersection over unlon is A N (A U B) = A. The membership function values of
ANiAUEB) are defined as
A0 (AU B) = min[u, (x), max(u, (<), ua(x)]] ¥ € X
A An{AuR)

i As shown in the plots, the absorption
™ property for intersection over union is
™ verified for fuzzy sets A and B
i = =

i Au(AnB) =4

Please note that here in this example we have taken the continuous fuzzy sets A and B.
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8. Absorption of Intersection over Union

Example: Let A and B are two fuzzy sets given below for the universe of discourse ¥ =
[1.23.4)

A 0.7/14+05/2+0.1/3 +0.6/4 <

B = 08/1+03/2+0.7/3 +05/4 \‘
Verify the absorption property of intersection over union I|

Solution: For fuzzy sets, the P property of inte i over union is defined as
ANn(AuB) =4
The above expression is defined as y
An{AUB) = minlp,(x), max[p,(x). pgix)]] ¥ € X
AU Ii'_: max{0.7,08)/1 + max{0.5.03)/2 + max{0.1,0.7}/3 + max{0.6,05)/4
— = 08/1+ 05/2+0.7/3 + 0.6/4
AN(AUE) = min(0.7.08)/1+ min{0.5,0.5)/2 + min(0.1,0.7)/3 + min{0.6,0.6) /4
g = 07/1405/2401/34+06/4 €—ro —

Hence, AN(AUR) = A

The absorption property of intertection over union is verified

Now, we take another example were we take to discrete fuzzy sets A and B and let us see
how this is satisfying this is verifying the absorption of intersection over union. So, as we
have done in the previous example, we will find out first the AUB and AUB is here. So,
when we find AU B, we get here this as the fuzzy set discrete fuzzy set and then when we

taken An(AUB) we are going to get this thing which is nothing but same as A.

You can verify here this fuzzy set with this, this two fuzzy sets are equal here and this way
we can clearly say that the absorption property of intersection over union is verified. So, we
have seen that whether we take the discrete fuzzy set or the continuous fuzzy sets, for the

both the kinds of fuzzy sets the absorption of intersection over union is also verified.
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9. Absorption of Complement for Union

For crisp sets A and B,

Au(AnB)=AUB|.—

For fuzzy sets A and B,
iugA'nB!*AUB *

' :—-'y.-)w— Funaji“"
This is called the “Absorption of Complement”
property for Union.

Now, we come to the absorption of complement for union. So, absorption of complement for
union is here this is represented by theAU(A nB). So, here we have the A and its
complement and we see that when we take the AU(A nB) we see that the A is, A is not

there in the outcome.

So, this holds good for crisp sets A and B we all know this, let us now see what is happening
when we take fuzzy sets A and B. So, when we take fuzzy sets A and B here, we see that we
take when we take AU (A N B). So, if we take you see here when we take A n B, this going to
be a fuzzy set this going to the result is a fuzzy set here, this also is a fuzzy set. So, if we take
the union of these two fuzzy sets and the result here is not going to be the A n B as we were

getting this in the crisp set case.

So, here this the result of these A n B and if we take the AU (A nB), we are not going to get
AUB. So, this is to be noted here. So, it means that for crisp case, for when we have crisp
sets A and B, the absorption of complement for union holds good. If we take the fuzzy sets,
so, this absorption of complement for union doesn’t hold good. So, let us now take some

example and we understand little better.
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9. Absorption of Complement for Union

Example: Consider the fuzzy sets A and B for a universe of discourse X € [0,10] as
follows:

Ha(x) = triangle(x; 2,5,7) — Triangular membership function

Hg(x) = gaussian(x; 3,0.8) — Gaussian membership function
The corresponding plots of fuzzy sets A and B are given below. Verify the
“Absorption of Complement” property for union.

A= f,:,.n-:n r
X LT

B = J pplx)/x
X

And in this example, we take again two fuzzy sets A and B. So, first fuzzy set is A and
second fuzzy set is B let’s now check whether there is absorption of complement for union is

same as what we have discussed or not.
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9. Absorption of Complement for Union

Solution: For fuzzy sets A and B with the universe of discourse X € [0,10], the absorption of complemaent
property for union is A U (AN B) = AU B, The membership function veluss of AN(FUC) and (AN F)U
(A N C) are defined as

Au({AnB) = max [THE. ),n||:1‘u'| X), byl rl|| Yre X

AUR = max[us(x). ug(x)| ¥x € X

So, since we have to find here we have to use A. So, we have A here.
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9. Absorption of Complement for Union

Solution: For fuzzy sets A and H with the universe of discourse X € |0,10], the absorption of complamant
property for union is A U (AN B) # AU B. The membership function values of AN(BUC) and (AN B U

(A N C) are defined as

AUu(AnB) = max [M.fl X rmu‘;:'l X pgl \'i|| VreEX
AU B = max|uy(r). pglx)]vx €X
Ags A
i §e
2 3
' "
3 oy
=

Let us find A. So, A is this here, this is fuzzy set A and if we find A will look like this and

then let us now take the A n B.
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9. Absorption of Complement for Union

Solution: For fuzzy sets A and F with the universe of discourse X € |0,10], the absorption of complamant
property for union is A U (AN B) # AU B. The membership function values of AN(BUC) and (AN AU

(A N C) are defined as
AU (AN B) = max [u.'_l|_|||::|‘j¢.|:b.u"|li||Vrn X

AU = max|u(x).pg(x)]|¥xEX

A B
AnB =7
b .:‘

o >

So, A and then B fuzzy set, these two fuzzy sets if we take the intersection, we have to go for

superimposing this two sets on each other.
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9. Absorption of Complement for Union

Solution: For fuzzy sets A and F with the universe of discourse X € [0,10], the absorption of complamant
property for union is A U (AN B) # AU B. The membership function values of AN(BUC) and (AN B U
(A N C) are defined as

AU(ANEB) = max [la.(l ) min [y (x), pg(x :l YreEX
AUF = max|uy(x),pplx)|¥xEX
A B minfi (), g (x)] Ank

ja - i i
1 : i i
4 s t

i i { {
2 " 2" 3

And which we are doing here and then since we are taking the intersection we have to apply
the min criteria. So, when we apply min criteria, we find a fuzzy set here we find a fuzzy set
as a result which is again you know A, the A 0B which is by looking at it we can say a
subnormal fuzzy set. So, we have got this now we have to take the union of this fuzzy set

with A.
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9. Absorption of Complement for Union

Solution: For fuzzy sets A and H with the universe of discourse X € [0,10], the absorption of complement
property for union is A U (AN B) » AU B, The membership function valuss of AN(FUC) and (AN F)U
(A N C) are defined as

lu(AnE) = max I‘4'[Illﬂ|ll|‘y‘|\3p”l{'||Vk eEX
AUR = max|us(x). up(x)| vx € X
A ANAB
f Au(AnB) =7
1 1 -—
b i
o
7 v

So, A is here and the A n B is also here, now let us take the union of these two fuzzy set.
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9. Absorption of Complement for Union

Solution: For fuzzy sets A and B with the universe of discourse X € [0,10], the absorption of complamant
property for union is A U (AN B) # AU H. The membership function values of AN(BUC) and (AN B)U
(A N ) are defined as

Au (AnB) = max l"" x). minpg (x), g rl|| Ve X
AUFBR = max[pu,(x),pplx)|¥x€X
A ANEB max Lu‘lrl.lmn|u,\r|.u:,|r1|| /!.U[,-lﬂh’}(-_._.
' "\
H §s fas §
i i 1
: s = M
1 1 1
i | o 1 i
i [} i i [
] i i 3 f
]
./'
A B max [ {x), palx}) AUR {/
’ i i' i
S e e '
é i 1 §

Ay (ANB)+ Aug

Since this is the union we have to apply the max criteria. So, when we apply max criteria, we

are going to get this fuzzy set as a result of this thing and then if we take AUB, AUB is here

and we can clearly say that this is not same as this fuzzy set. So, here A U( An B)# AUB.
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9. Absorption of Complement for Union

Solution: For fuzzy sets A and B with the universe of discourse X € |0,10], the absorption of complamant
property for union is A U (AN B) # AU B. The membership function values of AN(BUC) and (AN B) U
(A N ) are defined as

Au(AdnB) = max u.\ru_nun\nﬂzl.m.!=l||v‘r EX

AUF = max|py(x),pplx)|¥r€X _
AulAng)

As shown in the plots, the absorption
of complement property for union is 1.

verified for fuzzy sets A and B. : - A
AUR

AU(ANB)#* AUB
/2

TR——

So, since these two outcomes are not equal for fuzzy sets A and B, we can clearly say that the

absorption of complement for union is not holding good when we take fuzzy sets A and B.
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9. Absorption of Complement for Union

Example: Let A and B are two fuzzy sets given below for the universe of discourse
X = [1,23,4)

A=07/1+05/2+01/3+06/4 —
B =08/1+03/2+07/3+05/4 —
Verify the absorption of complement property for union.

Solution: For fuzzy sets, the absorption of complement property for union is
defined as

AU(ANB) 2 AUB
The elements of above expression are being defined as
WHS: AU(ANE) = max|p,(x), min[pg(x), up(x)]] vx € X
RHS: AU B = max|u,(x), ua(x)] vx€ X

Now, when we take discrete fuzzy sets and see whether for discrete fuzzy sets also this
absorption of complement for union is satisfied or not. So, we take two fuzzy sets two

discrete fuzzy sets A and B here.
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9. Absorption of Complement for Union

A=07/1405/2+01/3+06/4
B = 0.8/1+03/2+07/3+05/4
LHS: AU (AN B) = max(pu,(x), min[pg(x), pg(x)]] vx € X
RHS: AU B = max[u,(x). up(x)] vxe X
A=(1-0)/1+(1-05)/2+(1-01)/3+(1—-0.6)/4
=03/1+05/2+09/3+0.4/4
AN B = min(0.3,0.8)/1 + min(0.5,0.3)/2 + min(0.9,0.7)/3 + min(0.4,0.5)/4
= 0.3/1 + 0.3/2 + 0.7/3 + 0.4/4
A UX'I- N #) = max(0.7,0.3)/1 + max(0.5,0.3)/2 + max(0.1,0.7)/3 + max(0.6,0.4)/4
e = l}.?/l+_ll..’n/d+l].?f.!+Il_n‘i

AUB = max(0.7,0.8)/1 + max(0.5,0.3)/2 4+ max(0.1,0.7)/3 + max(0.6,0.5)/4
=08/1+05/2+07/3+0.6/4=AU(ANE)

Hunw,[A U(ANB)# AURB

The absarption af complement property for union is verified.

And see here we find A, the AU(AnB) and we find that we are getting here
0.7/1+0.5/2+0.7/3+0.6/4 and when we take the AUB we see that we are finding we are
getting 0.8/1+0.5/2+0.7/3+0.6/4 and we see that this is not equal to the when we take the
AU(ANnB).



So, we can clearly say here also here also this absorption of complement for union does not
hold good. So, in both the cases we clearly see that the absorption of complement for union is

not satisfied or does not hold good.

(Refer Slide Time: 26:05)

9. Absorption of Complement for Intersection

For crisp sets A and B,

An(AuB)=AnB

For fuzzy sets A and B,
An(AUB)#ANB| A

This is called the “Absorption of Complement”
property for intersection.

Now, the absorption of complement for intersection: so, let us now see what is happening for
absorption of complement for intersection. So, of course, when we take crisp sets A and B,
we take the A n (A UB), we see that we are getting A n B. When we take fuzzy sets A and B,
this does not hold good and hence we write here the A n¢. So, we can clearly say that the

absorption of complement for intersection for fuzzy sets A and B does not hold good.
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9. Absorption of Complement for Intersection

Example: Consider the fuzzy sets A and B for a universe of discourse X € [0,10] as

follows:
Ha(x) = triangle(x; 2,5,7) — Triangular membership function

Hp(x) = gaussian(x; 3,0.8) — Gaussian membership function
The corresponding plots of fuzzy sets A and B are given below. Verify the
“Absorption of Complement” property for intersection.

,I:J’mtt'lh' e :
X -

(T

B = J pulx)/x
X

Let us now understand this better by taking few examples. So, here we take an example

which contains two continuous fuzzy sets A and B. So, A is here and B is here.

(Refer Slide Time: 27:37)

9. Absorption of Complement for Intersection

Solution: For fuzzy sets A and H with the universe of discourse X € [0,10], the absorption of complemant

property for intersection s AN{AUR) = AN E
The membership function values of AN (A U B) and A N B are defined a3
AN (AU B) = min |u4! x), \'I'I.lk‘n‘{ INTHE ||
ANB = minfug(x), ug(x)]vx € X

VrEX

And first we are interested in finding A n (A UB). So, for this we need to find the AU B. So,

A is this.
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9. Absorption of Complement for Intersection

Solution: For fuzizy &t A and B with the universe of discourse X € [0,10], the absorption of complement
property for intersaction s AN (AUB) = ANE
The membership function values of A N (A U F) and A N B are defined as
An(AuUF) = min |u4E x), maxju (x). g (x ']IVr EX
AN B = minfua(x). pa(x)] vx € X

A A
fs fa
i* i
i ]
3" 2"
v

This is A and then if we take the A U B, where B is this fuzzy set.
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9. Absorption of Complement for Intersection

Solution: For fuzzy sets A and B with the universe of discourse X € [0,10], the absorption of complemant
property for intersectionis AN{AUB) = ANE
The membership function values of AN (AU H) and A N B are defined as
An{AuB) |n|n|uAc x), n|.|\|p4| x), piglx !HVr EX
AN B = minfp(x),uplx)] v EX

A B
£ ‘@ AUB =7
i i
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9. Absorption of Complement for Intersection

Solution: For fuzzy sets A and B with the universe of discourse X € [0,10], the absorption of complement
property for intersaction s AN (AUB) = ANE
The membership function values of A N (A U B) and A N B are defined as
An (AU B) = min |.u,c x), maxpy (x), g (x 'HVr EX
AN B = minua(x), pu(x)] ¥x € X
A B maxfu(x), u, (x)] (Aun) ]

i i = §
2 e 3

We see that after superimposing these two fuzzy sets on each other and since we are
interested in union, we have to apply the max criteria. When we apply max criteria what are
we going to get is here. So, this is the AUB which is again a fuzzy set. So, this is the
outcome which we are getting when we take the A U B. Now, we take the intersection of this

fuzzy set with A.
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9. Absorption of Complement for Intersection

Solution: For fuzzry sets A and B with the universe of discourse X € [0,10], the absorption of complement
property for intersaction s AN (AUB) = ANE
The membership function values of A N (A U B) and A N H are defined as
An(AuR) mmlu‘: x), maxpy (x), pig (2 I|l‘:r EX
AN B = minfua(x),mp(x)|¥r e X
A n AuB
§s i
f An(AuB) =?
i i
o b
v -

So, for this we have taken A here and we have taken a fuzzy set which is the union of A U B.
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9. Absorption of Complement for Intersection

solution: For fuzzy sets A and H with the universe of discourse X € [0,10], the absorption of complement
property for intesaction s AN (AUB) = ANE
The membership function values of A 1 (A U B) and A 1 B are defined as

An(AuUR) = min |u,: x), max iy (x), g (x |||v- EX
AN B = minfuy(x). up(x)] vx € X

A AURB min fu, (), o] Or), my ( rlll An{AuUR)

Fas H js

i i i

o - e

I 1 §*

| !

2 ] -
A B

ANnB =?

[——
e ey

So, when we take the intersection of these two fuzzy sets when we take intersection of these
two fuzzy set what are we going to get is here. We superimpose these two fuzzy sets on each
other and then when we do that since we are taking the intersection we have to apply the min
criteria. When we apply min criteria when we apply min criteria we are going to get this
outcome as a fuzzy set. So, A, so, this is intersection of these two fuzzy sets and then let see

whether this is equal to A n B or not.

(Refer Slide Time: 30:21)

9. Absorption of Complement for Intersection

Solution: For fuzzy sets A and H with the universe of discourse X € [0,10], the absorption of complemant
property for intersectionis AN(AUB) = ANE
The membership function values of AN (A U B) and A N B are defined as
An(AUB) = min |u4: x), m.u[;.-ai x),piglx ||Iv= EX
AN B = minjug(x), pg(x)]vx € X

A AUB mmin i (), masfi O ), g ( '.llI AN(AURB)
®
;;. ;Ia; i- ‘;Ak
i i is 3=

A B il [jig(x). jglx)] AnB X

/A

- - jus as e

l.—_-i »




So, when we take A fuzzy set here and B fuzzy set here and we take the intersection of these
two fuzzy sets, we apply the min criteria because again we are taking the intersection. So,
when we apply min criteria we are going to get this fuzzy set as the outcome of A nB. And
when we compare these two when we compare this fuzzy set and this fuzzy set, so, these two
are not equal. So, this way we can say that the absorption of complement for intersection does

not hold good for fuzzy sets A and B.

(Refer Slide Time: 31:08)

9. Absorption of Complement for Intersection

Solution: For fuzzy sets A and B with the universe of discourse X € [0,10], the absorption of complamant
property for intersectionis AN (AUB) = ANE
The meémbership function values of AN (A U B) and A N B are defined a3

10 (AU B) = min [, Ce). maxuz Ce), g ()] | v € X
ANB = minug(x), pe(x)]vx € X
An(Aum

As shown in the plots, the absorption
of complement property for N \ /\
intersection is verified for fuzzy sets v TR
Aand B. = :

An(AuB)+ANB ;-;
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9. Absorption of Complement for Intersection

Example: Let A and B are two fuzzy sets given below for the universe of discourse
X =[1,234)].

A= 07/1+05/2+0.1/3+046/4
B =08/1+03/2+07/3+05/4

Verify the absorption of complement property for intersection.

Solution: For fuzzy sets, the absorption of complement property for intersection
is defined as :
AN(AUB)= ANEB

The elements of above expression are being defined as
LHS: A N (AU B) = min [, (x), max|p( t}.u;,[:)ll\.l'\ €X

RHS:A N B = minfp,(x), ug(x))|¥x € X




Now, if we take the discrete fuzzy sets instead of continuous fuzzy sets and we see that here

also which is very clear from this example.
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9. Absorption of Complement for Intersection

A=07/14+05/24+01/3+06/4
B = 08/1+03/2+07/3+05/4
LHS: A N (AU B) = min [u, (), max[iy (), 1y (0)] | vx € X
RHS:A N B = minfu,(x). ug(x)]¥x € X
A=(1-07)/1+(1-05)/2+(1-0.1)/3 + (1 —0.6)/4
=03/1+05/2+09/3+0.4/4
AU B = max(0.3,0.8)/1 + max(0.5,0.3)/2 + max(0.9,0.7)/3 + max(0.4,0.5)/4
=0.8/1+05/2+09/3+05/4
AN(AUEB) = min(0.7,08)/1 + min(0.5,05)/2 + min(0.1,0.9)/3 + min(0.6,0.5)/4
=0.7/1+05/2+0.1/3+0.5/4 o

AN B = min(0.7.08)/1 + min(0.5,0.3)/2 + min(0.1.0.7)/3 + min(0.6,0.5)/4
0.7/1+03/2+0.1/3+05/4#AN(AUR)
Hence, AN(AUB)= ANR

— —_— —
The absorption of complement property for intersection is verified

Here also when we try to find the An(AUB), we see here that we are getting
0.7/140.5/2+0.1/3+40.5/4. So, this is a discrete fuzzy set as the outcome and then when we
take the intersection of A and B here which is coming out to be 0.7/1+0.5/2+0.1/3+0.5/4

which is clearly not equal to this case.

So, this way we can say this is not equal to this. It means what? It means the absorption of

complement for intersection does not hold good for discrete fuzzy sets A andB.
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In today’s lecture, we have studied the following
properties of fuzzy sets:

* Absorption of Union over Intersection
= Absorption of Intersection over Union
* Absorption of Complement for Union

* Absorption of Complement for Intersection

In the next lecture, we will study the following:
* Demorgan’s Law of Union

* Demorgan’s Law of Intersection

So, this way we have checked, we have verified, the absorption of union over intersection,
absorption of intersection over union, absorption of complement for union, absorption of
complement for intersection and these have been verified these have been checked for fuzzy

sets which are continuous and discrete.

So, we will stop here in this lecture and in the next lecture will study will try to cover the
following. So, we will be discussing the De Morgan’s law of union and De Morgan’s law of

intersection for fuzzy sets.

Thank you.



