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Prof. Nishchal K. Verma
Department of Electrical Engineering
Indian Institute of Technology, Kanpur

Lecture - 14
Properties of Fuzzy Sets

So, welcome to lecture number 14 of Fuzzy Sets, Logic and System and Applications. In this
lecture today, we will discuss the distributivity property with respect to Fuzzy Sets. So, here

is the list of all the properties that we have intended to cover.
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Properties of Classical and Fuzzy Sets
Property ] CLASSICAL SETS FUZZY SETS
Law of Contradiction ArA=¢ ArAz¢
Law of Excluded Middle Aud=X Aude X
Idempotency {ind=ddud=A Ind=AAdud=4
Involution i=A i 1
Commutativity {i~nB=BnAAUB=BuUA {~nB=BrnAAuB=BuAd
(4w B)uC=A4u(BuC) (4w B)UC = Au(BUC)
Associativity
(A~ B)~C=4~(B~C) lumt 1~(B~C)
{u(BNC)=(4uB)(AuC) AU(BNC)=(AwB)(A4C)
Distributivity
1~ (BuC)=(AnB)(ANC) {N(BuC)=(AnB)u(AnC)
41 (A~B)=4 | Au(dnB)=4
Absorption
An(4uB)=4 Ar(AuB)=4
Au(AnB)=AuB A4u(AnB)2 A4uB
Absarption of Complement . &
Ar(AuB)=A~RB Ar(AUB)z 4B
{UB=ANB tUB=AB
DeMorgan's Laws
inB=AuB {t~8=AUB

So, so far we have covered the Law of Contradiction, Law of Excluded Middle, Idempotency,
Involution, Commutativity, Associativity. All these properties with respect to fuzzy sets have

been covered.
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7. Distributivity of Union over Intersection

For crispsets A, B and C,
Au(BnC)=(AUuB)N(Au ()

For fuzzy sets A, B and C,
AUu(BNC)=(AUuB)N(AUCO)

This is called the “Distributivity” property of union
over intersection.

Now, today we will discuss distributivity property with respect to fuzzy sets and this,
distributivity property is divided into two parts. The first part will be the distributivity of
union over intersection and then the second part will be the distributivity of intersection over
union. And the distributivity property will be discussed with respect to the fuzzy sets, the

continuous fuzzy sets and the discrete fuzzy sets.

And we all know that for crisp sets A,B and C, this distributivity property of union over
intersection is valid. This means that when we take the AU(Bn C), so if we take the union of
these two entities, what we get is here we get the (AUB|n(AUC). So, this is we know for

the crisp sets.

And let’s see what happens with the fuzzy sets. So, when we take fuzzy sets A,B and C, the
same applies same holds good. This means that when we take AU(Bn C), this also is equal
to the (AUB|n(AUC), where in this case we have A,B,C, all these are the fuzzy sets. So,

let us now understand by taking some examples.
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7. Distributivity of Union over Intersection

Example: Consider the fuzzy sets A, B and C for a universe of discourse X € [0,10]
as follows:

u,(x) = triangle(x; 2,5,7) — Triangular membership function

g (x) = gaussian(x; 3,0.8) — Gaussian membership function

e (x) = trapezoid(x; 4,6,8,9) — Trapezoidal membership function
The corresponding plots of fuzzy sets A, B and C are given below. Verify the
“Distributivity” property for union over intersection.

'
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X

So, here we have an example which has three continuous fuzzy sets. So, now let us see
whether for continuous fuzzy sets, the distributivity property of union over intersection is

satisfied or not. Of course, this has to be satisfied, but let us see how is it satisfied.
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7. Distributivity of Union over Intersection

Solution: For fuzzy sets A, B and € with the universe of discourse X € [0,10], the distributivity property of union over
intersection is lﬂ"_n!_)_:_L‘_Ui)w The membership function values of AU(BNC) and (AUB)N
(A U C) are defined as
AU (B nC) = max|u, (x), minfu, (x). 4 (x)] [vx € X
(AU B) N (AU €)= min[max|pu, (x), g (x)]. m.w[u‘*l x). i, (r)]l vreX
C

B

So, here we have to verify basically this thing.
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7. Distributivity of Union over Intersection

Solution: For fuzzy sets A, B and C with the universe of discourse X € [0,10], the distributivity property of union over
intersection is AU(BNC) =(AUB)n(AuC). The membership function values of AU(BENC) and (AUB)N

(AU C) are defined as

AU (B NC) = max|u, (x), minfu, (x), 4. (x)] vx € X
(AU B) N (AU C)=min[max|p, (x), pg(x)] max|u, (). u (x)||¥vxr € X =

B C : v mml/t,!n‘; e ()] ! BNnC
= i
3 3 " -
ne
i, i i i, B
2u S - -8 N/

x x

So, for this we are first taking the Bn C and the Bn C, we can get these two fuzzy sets B and
C and when we overlap these two fuzzy sets, we get this portion by applying the min criteria.

So, this min criteria is going to give us a fuzzy set a sub normal fuzzy set as a result like this.
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7. Distributivity of Union over Intersection

Solution: For fuzzy sets A, B and € with the universe of discourse X & [0,10], the distributivity property of union over
intersection is AU(BNC) =(AUB)Nn(AuC). The membership function values of AU(BENC) and (AUB)N

(AU C) are defined as
AU (B nC) = max|u, (x), minfu, (x), 4 (x)] vx € X

(AU B) N (AU C)=min[max|p,(x), g (x)] lu.ulu‘,l x).u.(x)||vx € X
Bnc

Fox
1

" Au(BNnC)=?

z

Memberibip Grades

Now, what we have to get is what we have to obtain here isAU(Bn C). So, now we take the

union of these two fuzzy sets, so this is what we have got as Bn C. Now we take the union of

these two, so let us see what are we going to get.
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7. Distributivity of Union over Intersection

Solution: For fuzzy sets A, B and € with the universe of discourse X € [0,10], the distributivity property of union over
intersection is AU(BNC) =(AUB)n(AuC). The membership function values of AU(BENC) and (AUB)N
(A U C) are defined as
AUu(BNnO) = m‘ux[u_lt rl.nun[ul,q x). l, \rll |vr EX
(AuB)N(AUC YI:f }‘_‘]ll{!lm.lﬂ;u(rl_;xN(r)l.luu[u“ln'}.u, (x)])vxex

foo jo foo
. .
o | 8
gp TS T "R
. .

We overlap these two fuzzy sets here and when we take the union of these two fuzzy sets, of

course by applying the max criteria we are going to get this as the AU(Bn C).
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7. Distributivity of Union over Intersection

Solution: For fuzzy sets A, B and C with the universe of discourse X € [0,10], the distributivity property of union over
intersection is AU(BNC) =(AUB)N(AUC). The membership function values of AU(BNC) and (AUB)N
(AU ) are defined as
AU (B nC) = max|u, (x), minfu, (), 4 (x)] Jvx € X
(AU B) N (A U €)= min[max{p, (x), g (x)], max[u, (x), 4 (x)]] vx € X 3
ne n\.w.iu{(r] minu, (x). 4. ()] | AUu(BnC)
4}“ i .iu ,.‘
B 3 i, i,
. ; ¢ . :
A B maxj,, (). ()] AUBRB
' i '
i i~ i aus
1 3 ™ }
i i fo §
£ : - :

So, this way we get a triangular membership function which is a normal membership
function. So, when we are trying to see whether it holds good or not, so for this we have to
first find AU B. So, when we take A U B set here, so after overlapping these two fuzzy sets A

and B and when we apply the max criteria, when we take union of these two, we are going to



get this as AU B, here this fuzzy set is a normal fuzzy set. So, we have got AUB as shown

here by the red color fuzzy set.
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7. Distributivity of Union over Intersection

Solution: For fuzzy sets A, B and C with the universe of discourse X € [0,10], the distributivity property of union over

intersection is AU(BNC) =(AUB)N(AUC). The membership function values of AU(BNC) and (AUB)N
(AU ) are defined as
AU (B nC) = max|u, (x), minfu, (x), 4 (x)] |vx € X
(A U B) N (A U €)= min[maxfpu, (x). g (x)). max|u, (x), 4 (x)]] vx € ,
A Bn l mniu (r)nunlu ®).u.(x)] ] AU(HO(.)
jor i jou §
S § ™ §
i ! i i
- N Fu N 3
X ? 2 X 5 x x
A [ 2 max|u, (x), u(x)] AUucC "7
' ' '
i " i i
: o : :

And now we have to obtain AUC. So, when we have A fuzzy set here and C fuzzy set here,
so AUC where when we overlap these two, we get after taking the max criteria applied, we
are going to get AUC here. So, this is AUC. Now, we have to take the intersection of AUB

and AUC. So, let us see what are we going to get out of these two.
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7. Distributivity of Union over Intersection

Solution: For fuzzy sets A, B and C with the universe of discourse X € [0,10], the distributivity property of union over
intersection is AU(BNC) =(AUB)N(AUC). The membership function values of AU(BNC) and (AUB)N
(A U C) are defined as

AU (B nC) = max|u, (x), minfu, (x), 4 (x)] |vx € X
(AuB)N(AUC)= nuumnl;u(xi;n{-)nnx[ul-)un)“v -
A B d ..m'iu o mitle o] Au@BNC)
™ 3 ™ 1
W i i i
Ju 3 3 3

AUB AucC

Grades

(AuB)n(AuC) =2

Memberahgp Crsdes
by hap




So, we have AU B which we have already just got and then we have AUC. Now let us see

what we are going to get as the intersection of these two fuzzy sets.
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7. Distributivity of Union over Intersection
Solution: For fuzzy sets A, B and C with the universe of discourse X € [0,10], the distributivity property of union over
intersection is AU(BNC) =(AUB)N(AUC). The membership function values of AU(BNC) and (AUB)N

(AU ) are defined as
AU (B nC) = max|u, (x), min[u, (x), 4, (x)] |vx € X
(AU B) N (AU €)= min[max(p, (x), g (x)]. max[u, (x), 4. (x)]] vx € X :
A BRd v max]u, (). minf, (). 4. ()] AY(BNC)
i-.. ivvl g.. !.
L. L L. L
i i i i
- o2 K E'i /\ a2
@ ¢ % ® = o ¥
¥ x
- min[maxu, (x). 4, (x)].
AUB AUC max{u, (x), 4 (x)]) (AUB)N(AUC)
' ' '
™ ™ "3 1
j* i
| I | 1. :

So, when we overlap these two fuzzy sets is the A U B fuzzy set, this is AUC fuzzy set. So,
when we overlap these two fuzzy sets and since we are going to we are interested in the
intersection of these two, so we have to apply the min criteria. So, when we apply the min
criteria, min of the these two membership; min of these two fuzzy sets, so what we are going

to get is here. So, this is what is the outcome.

So, when we see this outcome is same as we have got here, so these two fuzzy sets are equal.
So, this means that if we have three fuzzy sets A, B and C, so if we take the union of this is

the union. So, if we take the union of AU(BnC), we are going to get this equal to the

|AUB|n(AUC).
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7. Distributivity of Union over Intersection

Solution: For fuzzy sets A, B and € with the universe of discourse X € [0,10], the distributivity property of union over

intersection is AU(BENC)=(AUuB)n(AuC). The membership function values of AU(BENC) and (AUB)N

(A U C) are defined as

AU (B NC) = max|u, (x), minfu, (x). 4 (x)] |vx € X
(AU B) N (AU C)= min[max|pu,(x). uy(x)]. m.w[u (x). i, (r;]] vreX .
gz 2 AU(BNC)
=
As shown in the plots, the distributivity A

i

property of union over intersection is

verified for fuzzy sets A, B and C. : R e

AUBNC)=(AUB)N(AUC) (AUB)N(AUC)

Membership Grades

So, this is very clear, the results are same here; the outcomes are same. So, we can say here
that the distributivity property of union over intersection is verified or in other word we can

say distributivity property of union over intersection holds good for fuzzy sets as well.
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7. Distributivity of Union over Intersection

Example: Let A, B and C are three fuzzy sets given below for the universe of
discourse X = {1,2,3,4}.

A=07/1 +05/2 + 0.1/3 + 0.6/4
B = 08/1 + 03/2 +0.7/3+05/4
C = 04/1 + 0.7/2 +03/3 +09/4

Verify the distributivity property of union over intersection for the given fuzzy
sets.

Solution: For the fuzzy sets, the distributivity property of union over intersection is
defined as

Au(BnC)=(AuB)Nn(AUC0O)
The elements of above expression are being defined as -
LHS: AU (B N €) = max[u,(x), min[ug(x), ue(x)]] ¥x € X
RHS:(4 U B) N (A U €) = min[max{u, (x), up (x)], max[pu, (x), pe(x)]] vx € X

So, now the same can be checked by taking the discrete fuzzy sets A,Band C. So, here we

have taken three discrete fuzzy sets and if we see here, we get Bn C as this discrete fuzzy set.
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7. Distributivity of Union over Intersection

0.7/1 + 05/2 + 0.1/3 + 0.6/4
0.8/1 + 03/2 +0.7/3 +0.5/4

A
B
€ = 04/1 + 0.7/2 +03/3+09/4

»

LHS: AU (B N €) = max|u,(x), min[pug(x), pc(x)]] vx € X
RHS:(A U B) N (A U C) = min[max[u,(x), ug(x)], max[pu,(x), pe(x)]] vx € X
BN C =min(0.8,0.4)/1 + min(0.3,0.7)/2 + min(0.7,0.3)/3 + min(0.5,0.9)/4

= 0.4/1 + 03/2 +03/3+05/4

AU (BNC) =max(0.7,04)/1 +max(0.5,0.3)/2 + max(0.1,0.3)/3 + max(0.6,0.5)/4
= 07/1 + U.S/.’V*-l) 3/3+0.6/4 }( : = 1= = —j
> AUB = 08/1 + 05/2 +0.7/3 + 0.6/4 — N 4—j |
/" AUC = 07/1 + 0.7/2 +03/3+09/4 _ |

|

/
—

(AUB)N(AUC) = min(0.8,0.7)/1 + min(0.5,0.7)/2 + min(0.7,0.3)/3 + min(0.6,0.9)/4
e = =0.7/1 +05/2 +0.3/3 + 0.6/4 j

Hence,(:! uUB)Nn(AucC)=Au(BnC)

The distributivity property of union over intersection is verified.

And then when we take the AU(BnC|=0.7/1+0.5/2+0.3/3+0.6/4. So, this is what is the

outcome that we get here. Now, if we find here the (AUB|n(AUC) and this AUB we get

from here and AUC we get from here.

So, if we take the intersection of these two, we take the intersection of these two like this, like
we have this and we have this and we take the intersection. So, if we take this intersection,
we are going to get discrete fuzzy set again as the outcome and this is
0.7/1+0.5/2+0.3/3+0.6/4 and which is same as this fuzzy set. So, it is clearly visible that

for discrete fuzzy sets also the distributivity property of union over intersection is verified.
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7. Distributivity of Intersection over Union

For crispsets A, B and C,
AnNn(BuC)=(ANB)U(ANC)

For fuzzy sets A, B and C,
AN(BUuC)=(ANnB)U(ANCO)

This is called the “Distributivity” property of
intersection over union.

So, now we can go ahead and define that the distributivity of intersection over union for crisp
sets, the distributivity property of intersection over union holds good and this we already
know. So, this means that A intersection or other words we can say the

AU[BnC|=[AUB|n(AUC).

So, this holds good for crisp sets and if we change this by fuzzy sets A,B and C, so this
distributivity property of intersection over union is here also satisfied. So, this mean that the
distributivity of intersection over union for fuzzy sets is also holding good. So as it is written
here, distributivity property of intersection over union and this holds good for fuzzy sets A, B

and C same as crisp sets.
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7. Distributivity of Intersection over Union

Example: Consider the fuzzy sets A, B and C for a universe of discourse X € [0,10]
as follows:

Hu,(x) = triangle(x; 2,5,7) — Triangular membership function

ug(x) = gaussian(x; 3,0.8) — Gaussian membership function

Ue(x) = trapezoid(x; 4,6,8,9) — Trapezoidal membership function
The corresponding plots of fuzzy sets A, B and C are given below. Verify the
“Distributivity” property for intersection over union.

A= fu,.(x)/f
X

perviip Grades

Wemberrabdg Corades

B= fu“(r)/\'
b 4

Mt

C= f/ll (x)/x
X

Now, let us try to see how this is holding good for fuzzy sets A,B and C. So, let us take an

example here where we take three continuous fuzzy sets A, B and C. So, these are the fuzzy

sets you can see here.
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7. Distributivity of Intersection over Union

Solution: For fuzzy sets A, B and € with the universe of discourse X € [0,10], the distributivity property of
intersection over union is AN(BUC) =(AnB)U(AnC). The membership function values of An(BUC) and
(ANB)U(ANC)aredefinedas
AN (B UC) = minfu, (x), max|u, (x), 4 (x)] [vx € X
(AN B) U (AN C)=max[minfu,(x), pug(x)]. umllu‘( x), i, ( r)|]v: €X
B c 4
Jos i
i L. BucC=?
5 ]
& b
s x V.

Now, for verifying to verify this distributivity of intersection over union, we have to first get

the BUC.
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7. Distributivity of Intersection over Union

Solution: For fuzzy sets A, B and € with the universe of discourse X € [0,10], the distributivity property of

intersection over union is AN(BUC) =(AnB)U(AnC). The membership function values of AN (BUC) and
(AN B) U (ANC) are defined as
AN (B UC) = minfu, (x), max|u, (x). 4 (x)] Jvx € X
(ANB)U(ANnC)= luwlmmlp (x), pg(x)]. minu, (x). 4 (x)||vx € X
o)) minluy (o) e (] BUC

™

A _EJVENLENVY

So BUC, we have we are taking B fuzzy set and C fuzzy set and BUC, we can get just by

overlapping these two fuzzy sets and apply the max criteria, we are going to get this as the

BUC.
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7. Distributivity of Intersection over Union

Solution: For fuzzy sets A, B and € with the universe of discourse X € [0,10], the distributivity property of

intersection over union is AN(BUC) =(AnB)U(AnC). The membership function values of An(BuUC) and
(AN B) U (ANC) are defined as
AN (B UC) = minfu, (x), max|u, (x), 4 (x)] [vx € X
(AN B) U (AN C)=max|minfu,(x), ug(x ||‘uun|u“( xX). K, (r7|]\n €X
A Buc
,i... 3.
3 o
L. ! AN(BUC) =7
- 1 ==

And now let us take a fuzzy set and then we take theA n(BUC) which we have just got.
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7. Distributivity of Intersection over Union
Solution: For fuzzy sets A, B and € with the universe of discourse X &€ [0,10], the distributivity property of
intersection over union is AN(BUC) =(AnB)U(AnC). The membership function values of AN (BUC) and
(AN B) U (ANC) are defined as
An(BUuC) = |n|n|u (x) |n|\[u"(ll M, (I)I IV! €X
(AN B) U (AN C)= max{minfpu, (x). g (x)]. minfu, (x). 4, (x)|]| vx € >
A Buc # min|u (rllnwlﬁ,(r)u (rl)H An(BUC)
i o ;
4 :!w« ; :!..h
i I § I
3 a2 3 a2
x x x x
A B
i i
. 1
i i ANB =?

So, An(BUC) here. So, we can again overlap these two fuzzy sets and since we are taking
here intersection, we apply the min criteria and then on applying the min criteria, we are
going to get this as the result. So, this is represented by the red color fuzzy set. So, this is the
outcome of the An(BUC). So, this will keep this here this outcome here and then now we
will try to find the (An B)U(A n C) and let us see if this is coming out to be same as this or

not.

(Refer Slide Time: 16:31)

7. Distributivity of Intersection over Union

Solution: For fuzzy sets A, B and € with the universe of discourse X € [0,10], the distributivity property of
intersection over union is AN (BUC) = (AN B)U(AnNC). The membership function values of AN (B UC) and
(AN B) U (ANC) are defined as
AN (B UC) = minfu, (x), max|u, (x). 4, (x)] Jvx € X
(ANBYU(ANC );m axfmin (s, (x) ,:r(xu minfu, (x). g (x)]] vx € X

A E min hlmn[;‘,uiu )] An(BUC)
i P 3 i
1 :f“ ;'.. 3
| I |

A B minfp,(x), jug(x)) ANEB

oder

b ap € e

S g
cmberanip 1 ade
At 3 €t e




So, let us now try to find the A n B. So, A n B again we take fuzzy set and fuzzy set B and we
try to we first overlap these two fuzzy sets and since we are taking the intersection, so we
have to apply the min criteria. So when we apply a min criteria, we get a fuzzy set here, a sub

normal fuzzy set and we can and this is AU B, A n B. Now, after this we have to find AnC.
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7. Distributivity of Intersection over Union

Solution: For fuzzy sets A, B and C with the universe of discourse X € [0,10], the distributivity property of
intersection over union is AN(BUC) =(AnB)U(AnC). The membership function values of ANn(BuC) and
(AN B) U (ANC) are defined as

AN (B UC) = minfu, (x), max|u, (x), 4 (x)] [vx € X

(AnB)u(Anc)= mn‘(lmu\[u (x). pg(x)], minfu, (x). g, (l)|]\7 reX B
A Bu unur ulmwﬁ,lrvu )] An(BucC)
g i 1 ‘.
- ! L
i 1 : i
Fu A Fu Fo:
v . v x
A C
o i
1 5
i AnC=?
wls

So, when we take A fuzzy set and B, C fuzzy set, we take the intersection, we find the AnC.
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7. Distributivity of Intersection over Union

Solution: For fuzzy sets A, B and C with the universe of discourse X € [0,10], the distributivity property of
intersection over union is AN(BUC) = (AN B)U(ANnC). The membership function values of AN(BUC) and
(AN B) U (ANC)are defined as

AN (B UC) = minfu, (x), max|u, (x), 4 (x)] Jvx € X
\lnlllu(lnl) mn|nun[u‘(:)“ (x)] nnn|y (x). u, l|)|]V|E <
A S— ——Nue nnnu‘(tlmw[ﬁllnu(r), An(BUC©)
im. i.. i
i 1 i i
| I 8 iu 2
A c minfpu,(x), pe(x)] ANC
' i i
é... é" § 5...
P 5~ i oy




We again do the same and we overlap these two fuzzy sets A and C together. We apply the
min criteria, after applying the min criteria we get the sub normal fuzzy set which is AnC

which is the outcome here.

So, after this what we have to do is we have to find the union of these two fuzzy sets. So, we

have now A nC and earlier we found A n B. So, now we take the union of these two.
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7. Distributivity of Intersection over Union

Solution: For fuzzy sets A, B and C with the universe of discourse X € [0,10], the distributivity property of
intersection over union is AN(BUC) =(ANB)U(ANnC). The membership function values of AN (BUC) and
(AN B) U (ANC) are defined as
AN (B UC) = minfu, (x), max|u, (), 4. (x)] Jvx € X
(ANB)U(ANO)= mw|mu\[;: (x), ug(x)) “""l}“‘( x), 4, (r)l]vr EX

A Bu nnnr (x) m\‘([ullriy ]] An(BuUC©)
i i i
ANB AnC
§-.. i-u
! e (ANB)U(ANC) =2
H 1 — TS ST

So, we had here A n B and then we have A nC. Now, we have to find the union of these two

fuzzy sets. Let us see how does it look like.
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7. Distributivity of Intersection over Union

Solution: For fuzzy sets A, B and € with the universe of discourse X € [0,10], the distributivity property of
intersection over union is AN(BUC) =(AnEB)U(AnC). The membership function values of AN (BuUC) and
(AN B) U (ANC) are defined as
AN (B UC) = minfu, (x), max|u, (x), 4 (x)] [vx € X
(AN B) U (AN C)= max{minfpu, (x). jy (x)]. uun[u'{trl H, l-l|]\1 xeX

A BucC min|u (xllnw[y!(r\yu)H An(BUC)
i ‘- , é"'
: ;,n. :!.n !.
! i i

B
max[minfu, (x). 4, (x)].

(AnB)u(AnC)

ANnB ANncC min(u, (x), u(x)])
jor § o i
i » - r
§ i i i




So, we see here that we overlap these two fuzzy sets here. So, this fuzzy set and this fuzzy

set. So, what is this isA n B and here we have AnC.

We have to take the union of these two fuzzy sets, it means that we have to apply the max
criteria and when we apply max criteria, we are going to get this as the result. So, we are
going to get here this as the union of A nB and A nC. So, if we see these outcome is same as
this outcome is same as the previous outcome which is which we have got on taking the

An(BUC).
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7. Distributivity of Intersection over Union

Solution: For fuzzy sets A, B and C with the universe of discourse X € [0,10], the distributivity property of
intersection over union is AN(BUC) = (AN B)U(ANC). The membership function values of AN(BUC) and
(AN B)U(ANC)are defined as
AN (B UC) = minfu, (x), max|u, (x), 4 (x)] |vx € X
(AN B) U (A N €)= max[minfp, (x). g (x)]. minfu, (). 4 (x)]) vx € X

An(BUCO)

As shown in the plots, the distributivity '
property of intersection over union is

verified for fuzzy sets A, B and C. : : ¢ P
(AnB)U(ANC)

ANn(BUC)=(ANB)U(ANC) _

So, this way we can say here; this way we can see here say here that the distributivity

Memberyiip G ndes

property of intersection over union is verified for fuzzy sets A, B and C which is here.
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7. Distributivity of Intersection over Union

Example: Let A, B and C are three fuzzy sets given below for the universe of
discourse X = {1,2,3,4}.
A=07/1+05/2+01/3 + 0.6/4
B = 08/1 + 03/2 +0.7/3+0.5/4
C =04/1 + 0.7/2 +03/3+09/4

Verify the distributivity property of intersection over union for the given fuzzy
sets.

Solution: For the fuzzy sets, the distributivity property of intersection over
union is defined as
An(BuC)=(AnB)U(AnO)

The elements of above expression are being defined as
LHS: ANn(BUC) = mln[p,‘(x), mux[u,,(x),u, (x)| ]
RHS:(ANB)U(ANC) = max[min|ul|(x),u”(x)],minluﬂ(x),u,,(x)]|

Now, the same can be verified by taking three discrete fuzzy sets. So, these three discrete
fuzzy sets we have taken here. So, we have A fuzzy set as 0.7/1+0.5/2+0.1/3+0.6/4 and
then we have B as the discrete fuzzy set here as 0.8/1+0.3/2+0.7/3+0.5/4. And the 3rd one,
3rd fuzzy set 3rd discrete fuzzy set here is 0.4/1,0.7/2,0.3/3,0.9/4. Let us now try to verify

the distributivity property of intersection over union.

So, for this we have to first find BU C and then we take the if we find the A n(BUC). So, let

us now go ahead and do that.
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e
7. Distributivity of Intersection over Union

A =07/1 +05/2 + 0.1/3 + 06/4
B = 08/1 + 03/2 +0.7/3 +0.5/4
C = 04/1 + 0.7/2 +0.3/3 +0.9/4

WHS:An(BuC) = m\n[uA(|'J,m.w|uu(rl,u, (l')l I
RHS:(A N B) U (A N €) = max[minfu, (x), ug ()] minfu , (x), 4 (x)]]

BUC = max(08,04)/1 + max(0.3,0.7)/2 + max (0.7,0.3) /3 + max (0.5,0.9) /4
e = 08/1 + 07/2 +07/3+09/4 <—

ANn(BUC) = min(0.7,08)/1 + min (0.5.0.7) /2 + min (0.1.0.7) /3 + min (0.6.0.9) /4 -
= 07/1+ 05/2 +0.1/3+0.6/4 J @

3
AnB =07/1 + 03/2 +01/3+05/4 €=— Maan CZALHERL v
ANC = 04/1 + 05/2 +0.1/3 + 0.6/4
(ANB)U(ANC) = max(0.7,0.4)/1 + max(0.3,0.5)/2 + max(0.1,0.1)/3 + max(0.5,0.6)/4
— B = - (E
=07/1 +05/2 +0.1/3 + 0.6/4 J =
Hence, (ANB)U(ANC) =AN(BUC) I=1T
An@Buc

— e ——
The distributivity property of intersection over union is verified




So, BUC. is here and this is coming out to be after applying the max criteria, we are going
to get 0.8/1+0.7/2+0.7/3+0.9/4 and this is nothing, but is again a discrete fuzzy set. So, all

these A, B, C are also discrete fuzzy sets.

Now, let us take the intersection here A n(BUC) here and then when we apply since we are
taking the intersection, we have to follow the min criteria here, we have to apply min criteria
here. So, when we do that we are getting 0.7/1+0.5/2+0.1/3+0.6/4 as a discrete fuzzy set.
So, this way we have the outcome and now we need to find the AnB and AnC. So if we
findA n B, we are getting 0.7/1+0.3/2+0.1/3+0.5/4 by after applying the min criteria; min

criteria.

So here also A nC, we are getting after applying the min criteria 0.4/1+0.5/2+0.1/3+0.6/4.
So now when we have found the intersections, we are getting two discrete fuzzy sets as An B
, AnC, now we have to take the union of these two fuzzy, discrete fuzzy sets. So, when we
are taking the union of these two fuzzy sets; so since we are taking union now what we have
to do is, we have to apply a max criteria. So when we apply max criteria, let us see what we

are going to get.

So when we apply max criteria, we are getting 0.7/1+0.5/2+0.1/3+0.6/4. So, this way when
we compare the these two outcome, this was the first outcome, if I say here and this is the
second outcome here, so we see that the first outcome is equal to the second outcome or in
other words, we can say that the (A n B|U(AnC|=An(BUC). So, this way we can clearly

see that the distributivity property of intersection over union is verified.
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In today’s lecture, we have studied the following
properties of fuzzy sets:

* Distributivity of Union over Intersection

* Distributivity of Intersection over Union

In the next lecture, we will discuss the remaining
properties.

So, after verifying this we clearly we can say that the distributivity property of union over
intersection and distributivity property of intersection over union both are satisfied for fuzzy
sets. Here in our examples we have taken two fuzzy sets discrete as well as continuous and
we have seen that these two distributivity properties are verified. So, at this point we will stop

and in the next lecture we will discuss the remaining properties.

Thank you.



