Fuzzy Sets, Logic and Systems and Applications
Prof. Nishchal K. Verma
Department of Electrical Engineering
Indian Institute of Technology, Kanpur

(Refer Slide Time: 00:45)

Lecture - 13

Properties of Fuzzy Sets

are the properties that are covered.

So, welcome to lecture number 13 of Fuzzy Sets, Logic and Systems and Applications. In this
lecture we will cover the remaining Properties of the Fuzzy Sets. So, we have already

discussed some of the properties of classical and fuzzy sets in the previous lectures and these

Properties of Classical and Fuzzy Sets

A(AuB)=4~B

An(AuB)2 AnB

Property CLASSICAL SETS FUZZY SETS
Law of Contradiction AnA=¢ ArnAng
Law of Excluded Middle Adud=X Auda X
idempatency 1 i i.A4 i=A | { I | { |
Involution i=d i=d
Commutativity i~nB=B {AUB=8B {~B=BrA A B=8B 1
(Aw By 4 (B C) T (A B)u iu(BuC)
Associativity - -
(A B)( d~(B~C) (A~ B)~( {~(B~C)
— - St meeldal b L onelen s ol it
{u(BNC)=(4wB) 1w C) {U(BNC)=(AvwB)(AwC)
Distributivity
iN(BUC)=(AnB)(ANC) iN(BuC)=(AnBpi{A~C)
i (AnB) { {o(AB) {
Absorption
in(AUB) i An(AuB) 1
Au(AnB)=AUB Au(AnB)» ALB
Absorption of Complement
An(
i

DeMorgan's Laws

B=AnB

So, we will start with the commutativity property.

i~ 8 1B

{iuB=A4AnB

So, I will just mention here law of contradiction for fuzzy set is discussed and then law of
excluded middle is also discussed, idempotency property is discussed, involution is also
discussed. So, we see that we have covered so far 4 properties as mentioned here with respect

to fuzzy sets, now remaining properties will be discussed we will try to cover in this lecture.
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5. Commutativity for Union

For crisp sets A and B,

AUB=BUA

For fuzzy sets A and B,
AUB=BUA

This is called the “Commutativity” property for
union.

So, as we know for crisp sets A and B, AUB=BU A and this is the commutativity property
for union. So, let us now see what is happening when we take fuzzy sets instead of crisp sets.
So, if we take two fuzzy sets A and B so, let’s see whether we get AUB=BU A or not, of
course it is written so we will be getting these two equal. So, let us see what is happening and

how are we getting this commutativity property for union satisfied.
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5. Commutativity for Union

Example: Consider the fuzzy sets A and B for a universe of discourse X €
[0,10] as follows:
ua(x) = triangle(x; 2,5,7) — Triangular membership function
ug(x) = gaussian(x; 3,0.8) — Gaussian membership function
The corresponding plots of fuzzy sets A and B are given below. Verify the
“Commutativity” property for union. A b

s r/
./’

A= J pa(x)/x
X

Membership Grades

H:J uplx)/x
X

So, if you take an example here where we take a two continuous fuzzy sets A and B, here

fuzzy sets A is a triangular fuzzy set, this fuzzy set A which triangular as we see and B fuzzy



set is a Gaussian fuzzy set here as we see. So, we call this as the as B fuzzy set. So, now let’s

see whether AUB=BU A or not.
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5. Commutativity for Union

Solution: For fuzzy sets A and B with the universe of discourse X € [0,10], the
commutativity property for union is A U B = B U A. The membership function values of A U
B and B U A are defined as
AUB = m.|\|,u NEINTHE J] VxeEX =~
B U A = max{ug (x),u,(x)] vx € X

A B

AUB =?

So, if we take AUB here, so we apply this condition where we take the max of all the
corresponding membership values from fuzzy set A and B with respect to their corresponding

generic variable values.

(Refer Slide Time: 04:03)

5. Commutativity for Union

Solution: For fuzzy sets A and B with the universe of discourse X € [0,10], the
commutativity property for union is A U B = B U A. The membership function values of A U
B and B U A are defined as
AUB = ||1.|\|,u (x), g (x J] VxeX
ITU.l:m.nl,quz'\u‘l\'Jlb‘\‘E\' ,_lu‘p]

A B max{, (x), pug(x)

So, if we do that we find AUB as this. So here, so this is nothing, but AUB. So, we have

already discussed enough as to how we get the union of two fuzzy sets.
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5. Commutativity for Union

Solution: For fuzzy sets A and B with the universe of discourse X € [0,10], the
commutativity property for union is A U B = B U A. The membership function values of A U
B and B U A are defined as

AU B = max|u, (x), 4y (x)] vx € X

B U A = max|u,(x),u,(x)| vx € X

max{p, (x), pg(x)] AUB

AN M

So, this way we get here after applying this condition we get AU B as mentioned over here.

Now, let us see what are we getting as the outcome when we take BU A.
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5. Commutativity for Union

Solution: For fuzzy sets A and B with the universe of discourse X € [0,10], the
commutativity property for union is A U B = B U A. The membership function values of A U
B and B U A are defined as

AU B = maxfu,(x),u,(x)] vx € X

BuA= m.|\'|,u~i x), 1, ( :']l vxeX

B A

i ';'Zj BUA =?

So, we if we take B fuzzy set here first and then we take A fuzzy set.
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5. Commutativity for Union

Solution: For fuzzy sets A and B with the universe of discourse X € [0,10], the
commutativity property for union is A U B = B U A. The membership function values of A U
B and B U A are defined as

AU B = max|u, (x), 4y (x)] vx € X

B U A = max|u,(x),u,(x)| vx € X

max(pg (x), jy(x)) & BuA

A\ EACEEM

And, then we see here that if we take BUA we are going to get this fuzzy set as
BUA:maX[PB(X]:HA(X)]~
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5. Commutativity for Union

Solution: For fuzzy sets A and B with the universe of discourse X € [0,10], the
commutativity property for union is A U B = B U A. The membership function values of A U
B and B U A are defined as

AU B = max|u, (x),u,(x)| vx € X

BuA= mnx[u"(r),ud(r)l vxeX

A B AUB=BUA BUA=AUB
fos §o fos Av® . aUs

As shown in the plots, the commutativity property for union is verified for fuzzy sets A and B.

AUB — BUA |

So, this way we see that what we are getting here is A union this AUB and this BUA. And,
we if we see here both the outcomes are same so, we can clearly say here that the
commutativity property for union is verified or satisfied for fuzzy set A and B. And, this is
written as AUB=BU A and please note that this commutativity property for fuzzy sets A

and B are satisfied.
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5. Commutativity for Union

Example: Let A and B are two fuzzy sets given below for the universe of
discourse X = {1,2,3,4}.

A =07/1+ 05/2 + 01/3 + 06/4
B = 08/1 + 03/2 +0.7/3+05/4
Verify the commutativity property for union.

Solution: For fuzzy sets, the commutativity property for union is defined
as
AUB=BUA

The elements of above expression are being defined as

LHS: AU B = max [u,(x), ug(x)] vx€ X
RHS: BU A = max|ug(x), ua(x)] vx € X

Now, let us take another example where we have two discrete fuzzy sets. So, if we take here
A fuzzy set as a discrete fuzzy set and B also a fuzzy set which is discrete fuzzy set. So, let us
know try to see whether AUB=BU A or not; of course, this will this is going to be equal,

but let us see how are we going to get this verified.
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5. Commutativity for Union

The fuzzy sets A and B are being given as below.

A = 07/1 + 05/2 + 01/3 + 06/4
B = 08/1 + 03/2 +0.7/3+05/4 v~
As per the commutativity property
LHS: AU B = max [p,(x), pg(x)] ¥x € X
RHS: BU A = max|[ug(x), py(x)] vx € X
AUB = max (0.7,08)/1 + max(0.5,03)/2 + max(0.1,0.7)/3 + max(0.6,0.5)/4
'3 R e |
AUB = 08/1 + 05/2 +0.7/3 + 0.6/4 J«— =
BuA = max(0.8,0.7)/1 + max(0.3,0.5)/2 + max(0.7,0.1)/3 + max(0.5,0.6)/4 | equl
[Bua = 08/1 + 05/2 +0.7/3+06/4=AuB - - -
- .- — - — ]

Hence, the commutativity property for union is verified

So, here we have fuzzy set A discrete fuzzy set A discreet fuzzy set B and see here if we find
the AU B of the two discrete fuzzy sets we are getting this and when we are taking BU A we

are getting this as the outcome. So, we can clearly see that all the elements of AUB=BU A



are same. So, we can clearly say here that these two sets are these two fuzzy sets are equal.
So, when these two fuzzy sets are equal, we can very easily say or we can say that the

commutativity property for union is verified.
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5. Commutativity for Intersection

For crisp sets A and B,

AnNB=BnA | —

For fuzzy sets A and B,
ANB=BnNA =

This is called the “Commutativity” property for
intersection.

Now, on the same way we can define the commutativity property for intersection. So, here
when we talk of intersection, so, let us first see what is this for crisp sets. So, if we take crisp
sets A and B; so, when we take crisp sets A and B this property is satisfied means
A nB=Bn A for crisp sets A and B. Now, let us see what is happening for fuzzy sets A and
B. So, here also it is equal means when we take two fuzzy sets AnB=Bn A. So, let us see

how we are going to get this verified.
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5. Commutativity for Intersection

Example: Consider the fuzzy sets A and B for a universe of discourse X €
[0,10] as follows:
ua(x) = triangle(x; 2,5,7) — Triangular membership function
ug(x) = gaussian(x; 3,0.8) — Gaussian membership function
The corresponding plots of fuzzy sets A and B are given below. Verify the
“Commutativity” property for intersection.

A -—»f pa(x)/x
X

[

B = J ug(x)/x
x

Membership Grades

Membership Grades

So, if you take an example here, in this example we have two fuzzy sets as we have taken in

the previous example.
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5. Commutativity for Intersection

Solution: For fuzzy sets A and B with the universe of discourse X € [0,10], the
commutativity property for intersection is A N B = B N A. The membership function values
of AUB and B U A are defined as

ANnB = mlnlu‘l N E l| VxeEX =

BnA= m|n|uH( x), i, ( rllvr EX

A B

AnB =?

cmberbip {

"

So, we have taken the same example here also. So, we see that when we take A n B using this
condition we take min of all membership values corresponding to the generic variable values

for A fuzzy set and B fuzzy set.
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5. Commutativity for Intersection

Solution: For fuzzy sets A and B with the universe of discourse X € [0,10], the
commutativity property for intersection is A N B = B N A. The membership function values
of AUEB and B U A are defined as

AN B = minfu, (x),u,(x)| ¥x € X

B n A = min|ug(x),u,(x)] vx € X

A B minfp, (x), pg(x))]

So, A n B we are going to get like this. So, this is what is the A n B which is represented by
the red color fuzzy set. So, this is what is the outcome and let me also make it very clear how

do we get that here.
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5. Commutativity for Intersection

Solution: For fuzzy sets A and B with the universe of discourse X € [0,10], the
commutativity property for intersection is A N B = B N A. The membership function values
of AUEB and B U A are defined as

AN B = minfu, (x),uy(x)| ¥x € X
BnA= mmly“( x), i, (x )| VreX
A B L
p, p

So, you see here that we have this as B fuzzy set, this as A fuzzy set and when we take min of
the respective membership values for corresponding generic variable values we get here, the

portion which is represented by a red color plot.
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5. Commutativity for Intersection

Solution: For fuzzy sets A and B with the universe of discourse X € [0,10], the
commutativity property for intersection is A N B = B n A. The membership function values
of AUB and B U A are defined as

AN B = minfu, (x),uy(x)| ¥x € X

BnA= mm[yn,l ), byl "l| vreX

minfp, (x), pg(x)] ANEB

A B
3 / \ 3 {\ :m ™ /‘ pnB

So, we see that this is what is we are going to get as A n B.
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5. Commutativity for Intersection

Solution: For fuzzy sets A and B with the universe of discourse X € [0,10], the
commutativity property for intersection is A N B = B N A. The membership function values
of AUB and B U A are defined as

ANEB = mlnlu‘l x), lg(x l| VreEX

B n A = min|ug(x),u,(x)] vxr € X

B A
i /\ £ 7\ BnA=?

Now, when we take B first when we take B first and then A, of course this B and A are two

fuzzy sets. So, if we do that let us see what is happening.
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5. Commutativity for Intersection

Solution: For fuzzy sets A and B with the universe of discourse X € [0,10], the
commutativity property for intersection is A N B = B N A. The membership function values
of AUEB and B U A are defined as

AN B = minfu, (x),uy(x)| ¥x € X
B n A = min[u, (x),u,(x)] vx € X <—
B A & r
i i
i r

So, here also we have B fuzzy set and then A fuzzy set and then when we apply this

condition the condition for intersection.
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5. Commutativity for Intersection

Solution: For fuzzy sets A and B with the universe of discourse X € [0,10], the
commutativity property for intersection is A N B = B N A. The membership function values
of AUB and B U A are defined as

AnE = lnllllu‘i ), g (x l| Ve X

BnA= mlnIuH[ x), i, ( rll YreX

B A minfpug(x), ja(x)]

So, when we find this we are also we get again the same portion of the fuzzy sets.
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5. Commutativity for Intersection

Solution: For fuzzy sets A and B with the universe of discourse X € [0,10], the
commutativity property for intersection is A N B = B n A. The membership function values
of AUB and B U A are defined as

AN B = minfu, (x),up(x)| ¥x € X

BnA= m|n|ykl x), i, r)| VreX

B A minfpg (x), p4(x)] BNnA

Membnag
Momberabig s ades

So, BhA=AnB.
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5. Commutativity for Intersection

Solution: For fuzzy sets A and B with the universe of discourse X € [0,10], the
commutativity property for intersection is A N B = B N A. The membership function values
of AUEB and B U A are defined as

ANB = mmlu_‘(l},u“(lllb‘\ €X
Hﬂ.—1:m|n|yﬂ(rl,yl(rl|v’rc—,\'
A B ANB=BNA BNnA=ANnRB
§os g» § fos
1 e ™
£ " E“
H 5 s / \ 3a / \

As shown in the plots, the commutativity property for intersection is verified for fuzzy sets A
and B

So, this way we can say that commutativity property for intersection is verified for fuzzy sets

A and B.
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5. Commutativity for Intersection

Example: Let A and B are two fuzzy sets given below for the universe of
discourse X = (1,2,3,4).

A=07/1+05/2 + 0.1/3 + 0.6/4
B = 08/1 + 0.3/2 +0.7/3+0.5/4
Verify the commutativity property for intersection.

Solution: For fuzzy sets, the commutativity property for intersection is
defined as
ANnB=BnNA
The elements of above expression are being defined as
LHS: AN B = min[p,(x), ug(x)] vx € X
RHS: BN A = min[ug(x), pa(x)] ¥x € X
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5. Commutativity for Intersection

The fuzzy sets A and B are being given as below.

A= 07/1 + 05/2 + 0.1/3 + 0.6/4 ‘/

B = 08/1 + 03/2 +0.7/3 +0.5/4 v
As per the commutativity property
LHS: AN B = minfu,(x), ug(x)] Vx € X
RHS: BN A = min[ug(x), ps(x)] ¥xr € X
ANnB = min(0.7,0.8)/1 4+ min(0.5,0.3)/2 4+ min(0.1,0.7)/3 + min{0.6,0.5)/4
rd—nf¢;l|7f] + 0372 +||UT-£E)<————* B
—;n A = min(0.8,0.7)/1 + min(0.3,0.5)/2 + min(0.7,0.1)/3 + min(0.5,0.6)/4 j

BNnA = 0.7/1 + 03/2 +0.1/3+05/4=AnB j&c—

)

—_—
ANE — B&NA )
Hence, the commutativity property for intersection is verified i__‘___—

Now, again if you take the discrete fuzzy sets A and B, here also we see that if we take A n B
, here for fuzzy set for discrete fuzzy set A and discreet fuzzy set B. So, we see that we have
A n B as the outcome. So, this AnB=0.7/1+0.3/2+0.1/3+0.5/4 as the outcome. Now, let
us see what are we getting when we take Bn A. So, this way we see that we are getting the

same outcome as we have gotten for AU B.

So, all the elements remain same and then and hence we can always say that AnB=BnA

for discrete fuzzy sets also. And, hence we can say since we have already checked this



condition for continuous fuzzy set A and B and here in this case also for discrete fuzzy set we

have checked. So, we can say that commutativity property for intersection is verified.
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6. Associativity for Union

For crisp sets A, B and C,
(AUB)UC=AU(BUC)| =

For fuzzy sets A, B and C,
(AuUB)UC =AU (BUC)

This is called the “Associativity” property for union.

Now, let us go to the associativity property for union. So, as we already know that for crisp
sets A, B and C we have this equality as the associativity for union, means
(AUB)UC=AU(BUC). So, for fuzzy sets A, B and C this condition also is satisfied. So,

let us now see how is it happening.
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6. Associativity for Union

Example: Consider the fuzzy sets A, B and C for a universe of discourse X € [0,10]
as follows:

U, (x) = triangle(x; 2,5,7) — Triangular membership function

Ug(x) = gaussian(x; 3,0.8) — Gaussian membership function

He(x) = trapezoid(x; 4,6,8,9) — Trapezoidal membership function
The corresponding plots of fuzzy sets A, B and C are given below. Verify the
“Associativity” property for union.

A :Ju,.l(\)/,\‘ Al o B _ c
. .

B= ‘ ug(x)/x
X

Mamhern
l

T O T
X v . > X — x




So, if you take an example here again for the associativity property for union we take fuzzy

set A, continuous fuzzy set A, continuous fuzzy set B and then the third fuzzy set continues

fuzzy set C.
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6. Associativity for Union

Solution: For fuzzy sets A, B and C with the universe of discourse X  [0,10], the associativity property for union is
(AUBYUC = AU (B U C). The membership function values of (A U B) U C and A U (B U C) are defined as
(A v B) V€ = max|max|u, (x). 1, ()] 4. (x)|vx € X
U (B U C) = max(u, (x), max[p, (x), u(x)]] vx € X
A B
g, A v
I’ > AUB =7

So, we see that if we take the AU B here where A is this fuzzy set and B is this fuzzy set.
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6. Associativity for Union

Solution: For fuzzy sets A, B and C with the universe of discourse X & [0,10], the associativity property for union is
(AUB)UC = AU (B uUC). The membership function values of (AU B) UC and A U (B U C) are defined as

(Au B) U € = max|max|u, (x). 4, ()] 4 (x)|vx € X

14U (B UC) = max(p, (x), max[p, (x), 4 (x)]] vx € X

A B maxj,(x), pg(x)]

So, we are going to get AU B like this. So, this is what we are going to get, means we are
going to get the max of all the respective membership values corresponding to the generic

variable values of both the fuzzy sets.
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6. Associativity for Union

Solution: For fuzzy sets A, B and C with the universe of discourse X € [0,.10], the associativity property for union is
(AUuB)UC = AU (B uC). The membership function values of (A U B) U C and A U (B U C) are defined as
(AVB) U C = max|maxfu, (x),u, (x)]. 4. (x)|vx € X
|J;um:u.\|, x), max{p, (x), u(x)]] vx € X
max[p,(x), pa(x)] AUB

AN EN B

So, this way we can say here that we are getting A U B like this.
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6. Associativity for Union

Solution: For fuzzy sets A, B and C with the universe of discourse X & [0,10], the associativity property for union is
(AuB)UC = AU (B uC). The membership function values of (AU B) U C and A U (B U C) are defined as
(AU B) U C = max|max|u, (), 4, (x)] u-(x)|vx € X
AU (B U C) = max{u, (x). max[u, (x). 4 (x)]] vx € X
AUB C
-
I (AUB)UC =

Now, since we already have AU B, now take the we use this and take the (AU B)UC. So,
let’s see what is happening. So, we have C fuzzy set here; so, (AU B)UC means (AUB)UC

we are going to get it like this.
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6. Associativity for Union

Solution: For fuzzy sets A, B and C with the universe of discourse X & [0,10], the associativity property for union is
(AUB)UC = AU (B uC). The membership function values of (AU B) U C and A U (B U C) are defined as

(AU B) u € = max|max|u, (x), u, (¥)] 4. (x)|vx € X
AU (B UC) = max|u, (x), max[u, (x), 4 (x)]] vx € X
AUB [ max|max|u, (x). 4, ()] 4 ()] (AuB)uc

jor
™

Membersbap (4 sder

i
Foz

Memberibip Grades
e e 1 vhap 0

BuC =?

Memberuiup Gorades
Loy e

So, if we apply the same criteria, we are going to get this portion as the (AUB)UC by

applying the same max criteria.
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- - - -
6. Associativity for Union
Solution: For fuzzy sets A, B and C with the universe of discourse X € [0,10], the associativity property for union is
(AUB)UC = AU (B UC). The membership function values of (A U B) UC and A U (B U €) are defined as
(AU B) U € = max|max[u, (x). 4, ()] 4 (x)|vx € X
AU (B UC) = maxfu, (x), max[u, (x), 4 (x)]] vx € X
AUB [ max|max[u , (x), 1, ()], 1. ()] (AuB)uc
jos 5 fos jos
e 3 ™ F
5 §u
x : x x . x
B C max{ g (x). 4. (x)] BuUucC —3
' ' !
i i foo i
¥ 5 g 3
i i e i
H £ far :
r

Now, if we take B the union of fuzzy set B and C, we are going to get we are going to get this

as we are going to get this as the outcome means BU C is this outcome.
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6. Associativity for Union

Solution: For fuzzy sets A, B and C with the universe of discourse X & [0,10], the associativity property for union is
(AUB)UC = AU (B uC). The membership function values of (AU B) U C and A U (B U () are defined as

(AU B) u € = max{max|u, (x), u, (0)] 4. (x)|vx € X
AU (B UC) = max|u, (x), max|u, (x), 4 (x)]] vx € X

AUB C max|max|u, (). u, ()] ()] (AuB)ucC
,in-- i iu H
i ; ;
g i i i

A BUC

i o
5 &
i %\" AUu(BuC(C)=?
- Fo: —

And, if you take the (AU B)U C we are going to get here this as the outcome by applying the

same max criteria.
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6. Associativity for Union

Solution: For fuzzy sets A, B and C with the universe of discourse X € [0,10], the associativity property for union is
(AU B)UC = AU (B U ). The membership function values of (A U B) U € and A U (B U C) are defined as

(AU B) U € = max|max[u, (). u, ()] 4. (x)|vx € X
AU (B UC) = max|u, (x), max|u, (x). 4 (x)]| vx € X

AUB C max[maxi, (). 4, ()] 1 (2] (AuB)ucC
éu iu- éu i...
i E K i
A BucC max{u, (x), maxfu, (x). 4 (x)]] AUu(BuUC)

e mber g (o s
Memberibip Grades

Memberibap Grades

So, we can clearly see here that these two outcomes are same as same in both the cases,

means either we take AU BU C or we take (AU B)UC.
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6. Associativity for Union

Solution: For fuzzy sets A, B and C with the universe of discourse X € [0,10], the associativity property for union is
(AUB)UC = AU (B U ). The membership function values of (AU B) UC and A U (B U ) are defined as
(AU B) U C = max{max|u, (), u, ()] 4. (x)|vx € X
AU (B UC) = maxu, (x), max|u, (x), 4 (x)]] vx € X
(AuB)ucC

bembershiy (1
W

As shown in the plots, the
associativity property for union is

verified for fuzzy sets A, B and C. <:] i B
AU(BUC)

Au(BuC)=(AuB)uc

Membership Grades
\

So, we can clearly say that the associativity property for union is satisfied or verified for

fuzzy set for fuzzy sets A, B and C.
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6. Associativity for Union

Example: Let A, B and C are three fuzzy sets given below for the universe of
discourse X = {1,2,3,4}.

A =07/1 +05/2+0.1/3 +0.6/4

B =08/1 +03/2+0.7/3+05/4 .~

C =04/1 +0.7/2 +03/3 +09/4
Verify the associativity property for union.

Solution: For the fuzzy sets, the associativity property for union is defined as
(AuB)UC =AU (BUC)

The elements of above expression are defined as:
LHS: (A U B) U € = max[max|u,(x), ug(x)], uc-(x)]| ¥vx € X
RHS: AU (B U C) = max[u,(x), max[ug(x), uc(x)]] vx € X

Now, the same can be tested, same can be checked by taking the discrete fuzzy sets A, B and

C.
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6. Associativity for Union

A 07/1 +05/2+0.1/3 +0.6/4
B =08/1 +03/2+0.7/3+05/4
C =04/1 +0.7/2 +03/3+09/4

LHS: (A U B) U € = max|[max[u,(x), ug(x)],puc(x)] vx € X

RHS: AU (B U €) = max|pu,(x), max[pg(x), pc(x)]] ¥x € X

AUB = max(0.7,08)/1 + max(0.5,0.3)/2 + max(0.1,0.7)/3 + max(0.6,0.5)/4
= 0.8/1 +05/2 +0.7/3 +0.6/4

(AuB)UC = max(0.8,0.4)/1 + max(0.5,0.7)/2 + max(0.5,0.7)/3 + max(0.6,0.9)/4

= 0.8/1 + 0.7/2 + 0.7 4+nw-;)4—) “w

Bu€ = max(0.8,0.4)/1 + max(0.3,0.7)/2 + max(0.7,0.3)/3 + max(0.5,0.9)/4
|

/2

= 08/1 +07/2 +0.7/3 +09/4

AUu(BuC) = max(0.7,08)/1 + max(0.5,0.7)/2 + max(0.1,0.7)/3 + max(0.6,0.9)/4 |
M-——":tla|,|»||73+n7;&+u}4———~ -—
e gt

Hence, (AUB)UC =AU (Bu()

The associativity property for union is verified

So, if we take these three fuzzy sets A, B and C so, we find here if we directly go to the
outcome of (AUB)UC we are going to get this as the outcome. So, this is what is the
outcome, this is a fuzzy set a discrete fuzzy set. So, let me read the element of this fuzzy set

|AUB|UC=0.8/1+0.7/2+0.7/3+0.9/4.

And, when we find the A union the fuzzy set which we have got as a result of BUC, if we
take this thing we get the outcome here as 0.8/1,0.7/2,0.7/3,0.9/4. So, if we look at these
two fuzzy sets these two outcomes, we see that these two are equal these two are same. So,
then it is very clear that (AU B)U C=AU(BU C) means the associativity property for union

is satisfied or verified. So, this way you have checked the associativity property for union.
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6. Associativity for Intersection

For crispsets A, B and C,
(AnB)NC=An(BNC)

\

For fuzzy sets A, B and C,
(AnB)NC=ANn(BNC)

This is called the “Associativity” property for
intersection.

Now, let us do the same thing, let us now check the associativity property for intersection. So,
for crisp sets A, B and C this property, the associativity property for intersection is satisfied

and for fuzzy sets A, B and C are also satisfied, but we need to verify by taking some

examples.

(Refer Slide Time: 20:51)
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6. Associativity for Intersection

Example: Consider the fuzzy sets A, B and C for a universe of discourse X € [0,10]
as follows:

u,(x) = triangle(x; 2,5,7) — Triangular membership function

Ug(x) = gaussian(x; 3,0.8) — Gaussian membership function

He(x) = trapezoid(x; 4,6,8,9) — Trapezoidal membership function
The corresponding plots of fuzzy sets A, B and C are given below. Verify the
“Associativity” property for intersection.

.‘!=Jy.l(l)/,\ - A B
X g = X o
“ H ;' f‘
B = J ug(x)/x '
x 3 i
"=J“' (x)/x
X

So, let us here also take few examples, two examples: first example is with the continuous
fuzzy sets and the second example is with discrete fuzzy sets. So, the first example is here

and here we take three fuzzy sets A, Band C.
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6. Associativity for Intersection

Solution: For fuzzy sets A, B and C with the universe of discourse X € [0,10], the associativity property for
intersection is (ANB)NC = An(BNC). The membership function values of (AUB)UCand AU(BUC) are
defined as

(AN B)NC = min[m .\,J‘t.‘ )| \u|~1.=_\

lﬂH'\!a-n nu, (x), minfu, (x), 4 (x)]] vx € X

AN

And, let’s now try to see what are we getting when we do A n Bn C. So, what does this mean
when we say AnBn C? It means that we are going to get a fuzzy set as the outcome of

A n B and then whatever we are getting as the outcome, we take the intersection of this fuzzy

set with the third fuzzy set C.
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6. Associativity for Intersection

Solution: For fuzzy sets A, B and C with the universe of discourse X & [0,10], the associativity property for
intersection is (ANB)NC = AN(BNC). The membership function values of (AUB)UC and AU(BUC) are
defined as
(AnB ﬂf—\lml'rvm‘gwlu x)|.u (x)|vx € X
l{‘\Hﬁ!l;n nfu, (x) .(,4 ‘.\|v .:\
mi u\ A (x »l ANnB

EACEN BN E i

So, A n B is here; so, this is what we are getting as a result by applying this condition, the
min condition. So, this is A n B; so, this is a fuzzy set basically which is by just looking at it

we can say that this fuzzy set is a sub normal fuzzy set.
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6. Associativity for Intersection

Solution: For fuzzy sets A, B and C with the universe of discourse X € [0,10], the associativity property for

intersection is (ANB)NC = An(BNC). The membership function values of (AUB)UC and AU(BUC) are
defined as
(AnB)NC = mul‘:um‘ululy‘lua )i uw|\i| ex
AN (B NC) = minfu, (x), minfu, (x), 4. (x)]] vx € X
ANRB €

oA (AnB)nC =?

And, when we take the intersection of this fuzzy set with C fuzzy set, the third one the third

continuous fuzzy set which is C, so it is here and if we do that let us see what are we getting.
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6. Associativity for Intersection

Solution: For fuzzy sets A, B and C with the universe of discourse X & [0,10], the associativity property for

intersection is (AN B)NC = AN (BNC). The membership function values of (AUB)UC and AU (BUC) are
defined as
(AN B) N € = min[minfu, (x), 4, ()] 4 (x)]vx € X
AN (B NC) = minfu,(x) ||u|\{,4y\ ). i ‘-\||w exX X
ANB C min[minfu, (), ug ()], 4 (x)] (AnB)NnC

LA » -

So, if we apply this the min condition we are getting this fuzzy set which is again a sub
normal fuzzy set and this is the outcome of AnBn C. So, this is how we are getting the

outcome of AnBnC.
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6. Associativity for Intersection
Solution: For fuzzy sets A, B and C with the universe of discourse X € [0,10], the associativity property for
intersection is (ANB)NC =AN(BNC). The membership function values of (AUB)UC and AU(BUC) are
defined as
(AnB)NC = \lml'mm‘ulw €). by (X .| o (x v|v| ex
4N (B NC) = minfu, (x), minfu, (x), 4. (x)]] vx € X .
ANB [ minfmin[s, Ce). g (0)]. 1 ()] AnB)nc
™ ™ ™ ™
/\ i i
B C
=
i, BncC =?
i i

Now, let’s try to verify let us try to get Bn C first. So, B fuzzy set is here and please
remember that this is please note that this is a continuous fuzzy set, all these fuzzy set A, B,

C are continuous fuzzy sets. So, Bn C we are going to get like this.
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6. Associativity for Intersection

Solution: For fuzzy sets A, B and C with the universe of discourse X € [0,10], the associativity property for
intersection is (ANB)NC = An (B nC). The membership function values of (AUB)UCand AU(BUC) are
defined as
(A0 B) n € = min[minfu, (x), g, (x)], . (x)|vx € X
AN(BNnC) = unu]u‘t x) nunluﬂ( x), p,.( 1‘)|| vreX E
ANB C min[minu, (). u, (0], 1 ()] (AnB)ncC
= §os jos
;'.n Tus 3, 2
|9 15
I i, i,
B S e h J ¢ L > o .
B C min|pg(x). u.(x)) BncC
§ 1 i 1
B 4 4 1
3 i i i P

A"

So, this is ourB n C, now since this is a fuzzy set again by just looking at it we can say this is
sub normal fuzzy set. So, if we take this fuzzy set or we see if we take the intersection of this

fuzzy set and A, so let us see what are we going to get.
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6. Associativity for Intersection

Solution: For fuzzy sets A, B and C with the universe of discourse X € [0,10], the associativity property for
intersection is (ANB)NC = An (B nC). The membership function values of (AUB)UCand AU(BUC) are
defined as

(AN B) N € = min|minfu, (x), u, ()], 4 (x)|vx € X

AN (B NC) = minfu, (x). minfu, (x). 4 (x)]] vx € X =

ANB c min[minu, (o), uy ()], 1 ()] (AnB)nc
i, i i i,
.‘A (] . . . . = b ] . “
x . x
A BncC
i..- i...
3 Zee
i o An(BnC)=?
.

So, here we have A so, here we have to follow the sequence. So, we have A fuzzy set first,
we take the sub normal fuzzy set Bn C and when we find AnBnC, let’s see what are we

going to get.
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6. Associativity for Intersection

Solution: For fuzzy sets A, B and C with the universe of discourse X € [0,10], the associativity property for
intersection is (ANB)NC = An (B nC). The membership function values of (AUB)UCand AU(BUC) are

defined as
(AN B) N € = min[minfu, (x), u, ()], . (x)|vx € X
A0 (B NC) = minfu, (x). minfu, (), 4 (x)]] vx € X :
ANB c ! ||||n|nnl;|[u‘*(r’Luu(r)].u, )] (AnB)ncC
jos jou § o
2 3 3 3
J- ” § fus
-1 Fu 3 Fa A
R : ; - -
A BncC minfu, (x). minfu, (x). 4 (x)]) AN(BNC)
1 i i i
i : & § ne)
i i e i A[\Le
o i B i

M TN

So, when we apply the min condition we are going to get this as this as AnBn C. So, just by

looking at this we can clearly say that these two fuzzy sets are equal.
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6. Associativity for Intersection

Solution: For fuzzy sets A, B and C with the universe of discourse X € [0,10], the associativity property for
intersection is (ANB)NC = An (B nC). The membership function values of (AUB)UCand AU(BUC) are
defined as
(A N B) N € = min[minfu, (x), u, ()], . (x)|vx € X
AN (B NC) = minfu, (x), minfu, (x), 4 (x)]] vx € X .
" 5 Ry (AnB)nC

As shown in the plots, the
associativity property for
intersection is verified for fuzzy sets e A

A,BandC. <: T e nl

ANn(BNC)
(AnB)NnC=An(BNnC)

e mberidp (rader

Memberviip Grades

.'<—A-Tv

So, this way we can say the associativity property for intersection of three fuzzy sets A, B

and C are satisfied.
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6. Associativity for Intersection

Example: Let A, B and C are three fuzzy sets given below for the universe of
discourse X = {1,2,3,4}.
A =07/1 +05/2+0.1/3 +0.6/4
B =08/1 +03/2+07/3+05/4 7 ~
€ =04/1 +0.7/2 +03/3+09/4 J el
Verify the associativity property for intersection.

§ CARl &

Solution: For the fuzzy sets, the associativity property for intersection is defined
as
(AnB)NC=An(BnC)

The elements of above expression are defined as
LHS: (AU B) U € = min[min[p,(x), ug(x)], gc(x)] vx € X
RHS: AU (B U C) = min[u,(x), min[ug(x), uc(x)]] ¥x € X

Now, let us see what is happening when we take the discreet fuzzy sets. So, here we have

three discrete fuzzy sets A and A, B and C is three are discrete fuzzy sets.
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6. Associativity for Intersection
A=07/1+05/24+0.1/3 +0.6/4
B =08/1 +03/24+07/3+05/4
C =04/1 +0.7/2 +03/3+09/4
LHS:(A N B) N € = min[min[p,(x), ug(x)], pe(x)| ¥x € X
RHS: A N (B N C)= min[p,(x), min[pg(x), g (x)]] ¥x € X
AnB = min(0.7,08)/1 + min(0.5,0.3)/2 + min(0.1,0.7)/3 + min(0.6,0.5)/4
= 07/1 +03/2 +0.1/3+05/4
(AnB) nL = min(0.7,0.4)/1 + min(03,0.7)/2 + min(0.1,0.7)/3 + min(0.5,0.9)/4
= 0.4/1 + 03/2 +0.1/3+05/4 ) — e —— —
BnC = min(08,04)/1 + min(0.3,0.7)/2 + min(0.7,0.3)/3 + min(0.5,09)/4
= 04/1 +03/2 +03/3+05/4
An(BnC) = min(0.7,04)/1 + min(05,0.3)/2 + min(0.1,0.3)/3 + min(0.6,0.5)/4
:llli+L)€J-(ll(+1)".!j\ S
Hence, (ANB)NC=AN(BNC)
The associativity property for intersection is verified.

And, if we try to find here, I am going directly to the outcome of (An B)n C. So, we are
going to get a fuzzy set a discrete fuzzy set which is (An B)n C=0.4/1+0.3/2+0.1/3+0.5/4
. So, let me repeat it. So, we are going to get the outcome as 0.4/1+0.3/2+0.1/3+0.5/4. So,

this is what is the outcome that we are getting as the An(BnC).

So now, when we compute the A n(B nC), so this is what we are getting when we apply the
min criteria. So, if we look at all the elements of these two fuzzy sets, we find
An(BnC|=0.4/1+0.3/2+0.1/3+0.5/4. So, we see that all the elements are same as we
have here. So, this way we can say that if we take A n(B nC) and if we take the (An B)n C

both are equal.

So, this way we can say the associativity property for intersection is verified for all the three
discrete fuzzy sets also. So, this way we understand that the associativity property for

intersection are all satisfied for fuzzy sets also.
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In today’s lecture, we have studied the following
properties of fuzzy sets,

* Commutativity Property for Union

* Commutativity Property for Intersection
* Associativity Property for Union

* Associativity Property for Intersection

In the next lecture, we will discuss the remaining
properties.

So, in today’s lecture we have so far covered the following properties of fuzzy sets: the
commutativity property for union, commutativity property for intersection, associativity
property for union, associativity property for intersection. So, we have covered all these four
properties for the fuzzy sets and we will stop here for this lecture. And, in the next lecture we

will cover the remaining properties of fuzzy sets that we have already seen listed.

Thank you.



