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Lecture - 12
Properties of Fuzzy Sets

So, welcome to the lecture number 12 of Fuzzy Sets, Logic and Systems and Applications.

This lecture will cover the Properties of Fuzzy Sets.
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. .
Properties of Classical and Fuzzy Sets
Property CLASSICAL SETS FUZZY SETS
Law of Contradiction AnA=¢ A d=d
Law of Excluded Middie Aud=X Auda X
Idempotency ind=Addud=Ad | And=d4ud=4d
Involution 1 1 | i 1
Commutativity {~"B=BnAAuB=BuAd {~nB=BnAAuB=BuA
(4w B)ucC 1 (BuC) (A B)uc {(BuC)
Associativity
(AN B)~C=A~(B~C) (41 B)~C=A4~(B~C)
AUBAC)=(4wB)(4.C) 1 (BAC)=(AuB)(A4C)
Distributivity
1(BuC)=(AdnB)p(ANC) I~A(BUC)=(AnB)(ANC)
{A(AnB)=A {(AnB)=A
Absorption
An(4UB)=4 An(4uB)=4
Au(AnB)= 4B Au(AnB)s AL B
Absorption of Complement
A~(AB)=4~B A~(A_B)z A~B
{_B=A4~B {B=AnB
DeMorgan's Laws
I~B=AduB {~B=AUB l

So, in a way here we have the set properties and we’ll see whether fuzzy sets also follow
these properties or not. And we already know that the classical sets follow these properties
and these properties are Law of a Contradiction, Law of Excluded Middle, idempotency,
involution, commutativity, associativity, distributivity, absorption, absorption of complement,
DeMorgan’s laws. So, these are the properties that we know that a classical sets follow, but

let’s see whether the fuzzy sets also follow these properties or not.
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Properties of Fuzzy Sets

* |f we compare the properties of crisp sets with fuzzy sets,
we observed that following three properties are not
similar.

» Law of Contradiction
» Law of Excluded Middle
» Absorption of Complement

* As we will move further in the lecture, we will verify these
properties for both continuous and discrete fuzzy sets
through some examples.

So, if we compare the crisp sets and fuzzy sets, we see that three properties are not followed
by the fuzzy sets, like we have a law of contradiction. So, when we use fuzzy sets instead of
crisp sets, we see that there is a contradiction and so that is why the law of contradiction

comes into picture and similarly the law of excluded middle also comes.

And another one the third one the absorption of complement that is not followed by the fuzzy
sets and as we move further in this lecture, we’ll verify these properties for both continuous

and discrete fuzzy sets through various examples.
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1. Law of Contradiction

For a crisp set A,

AnA=¢

For a fuzzy set A,

AnNA#¢

This is called the “Law of Contradiction”.




So, let us now discuss the set theoretic properties one by one and the first one is the law of
contradiction. So, let us take first crisp set and see what is happening with the crisp set if we

take An A. So, if we take any crisp set A, AnA=¢.

Now, if we take the case of a fuzzy set, so let’s say we have a fuzzy set A and we do the
same intersection, we take the same intersection on this fuzzy set A and its complement. So,
this intersection is never a null set. So, we clearly see that crisp set, there is a difference in the
intersection of crisp set and its complement and then intersection between fuzzy set and its
complement. And this has been clearly mentioned here that if we have a crisp set A,
intersection between its complement is a null set. And if A is a fuzzy set, An A¢¢; that

means, a not a null set.

So, we’ll take example here one example here and we’ll see how if a fuzzy set we have and

then how what happens when we take the intersection of fuzzy set and its complement.
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1. Law of Contradiction

Example: Consider the fuzzy set A for a universe of discourse X € [0,10] as
follows:

A = triangle(x; 2,5,7) — Triangular membership function
The corresponding plot of fuzzy set A is given below. Verify the “Law of

Contradiction” for given fuzzy set.

A J;nl\l/\
X

Membership Grades

So, and of course, this is since this is not followed so, this contradicts right. So, there is a
contradiction. So, contradiction means if we take a crisp set, we get null set as a result and if
we take fuzzy sets we get a set which is not a null set as a result. So, that is why there is a

contradiction and that is how this is called the Law of Contradiction.



So, if we take an example here, we take a fuzzy set A which is a triangular fuzzy set and this
fuzzy set is defined by a triangular membership function. So, this is a triangular membership

function here, but the whole thing is called the A fuzzy set fuzzy set A fuzzy set A.

(Refer Slide Time: 06:35)

1. Law of Contradiction

Solution: For a fuzzy set A with universe of discourse X € [0,10], the law of
contradiction is A N A # ¢.
The membership function values of A N A is defined as

ANA= mm[u 1(x), uz(x)| VxeX

EAEV

gy 5ot 4 Comghonnt 4~ _
vy Seb A= A

So, as we are trying to verify whether A n A=¢ or not so, let us now first have A here and
then try to find A. So, A is the complement of A. So, we see here is a complement of A fuzzy
set which is represented by the green color. So, this is we can say the complement of fuzzy
set A and this is this will be denoted by A which is complement of fuzzy set A and this is

fuzzy set A fuzzy set A.

So, if we take intersection of these two fuzzy sets so, we already know if we are taking the
intersection of any two fuzzy sets, we follow the criteria; we follow the condition as the min
we take the minimum of the membership values of the corresponding generic variable values
at each and every point. And this is needless to say that all of these generic variable values

must belong to the universe of discourse.
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1. Law of Contradiction

Solution: For a fuzzy set A with universe of discourse X € [0,10], the law of

contradiction is A N A # ¢.
The membership function values of A N A is defined as
ANA= mm[u 1 (X), uz(x)) vxEX

A A

So, here we have the A n A. So, these two A fuzzy set and A have been overlapped or super

imposed to find the intersection of these two fuzzy sets.
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1. Law of Contradiction

Solution: For a fuzzy set A with universe of discourse X € [0,10], the law of

contradiction is A N A # ¢.
The membership function values of A N A is defined as
ANA= mm[u.‘(\ x), pz(x )I VxeX

minp, (). pz(x)] &

A A

So, it’s very clear here if we apply this criteria, this condition we see that we are getting this
red the portion which is marked by red color. So, this portion is basically the A n A which is

represented here by this separately by this membership function.
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1. Law of Contradiction

Solution: For a fuzzy set A with universe of discourse X € [0,10], the law of
contradiction is A N A = ¢.
The membership function values of A N A is defined as

ANA= mm[u"(\l),,u_-‘{ 1)] VxeEX
IHIH!UHI' M Hll AN | = ,p
A V. }OC J\/L
ANA p#

As shown in the plots, A N A is not an empty set. Hence, the law of contradiction
for fuzzy sets is verified. =

So, this is nothing but An A and we clearly see that this is not a null set means, we are
getting something here. We are getting a fuzzy set here, so obviously, this is not equal to ¢

means this not equal, this is not a null set. So, we can clearly say that the law of contradiction

is verified.

(Refer Slide Time: 09:43)

1. Law of Contradiction

Example: Let A is a fuzzy set given below for the universe of discourse X =

{1,2,3,4].
. - oy =
A= 07/1 + 05/2 + 01/3 + 06/4 —> Pisuale Fusry A

Verify the “Law of Contradiction” for given fuzzy set?
Solution: For fuzzy sets, the law of contradiction is A N A ¢. Itis defined as
ANnA= minlu,.(x).u]{.r)l VxEX
.;i = 03/1 + 05/2 + 0.9/3 + 0.4/4  Conpl mewsr ?( ﬁ;,., Lt A-T
ANA = min(0.7,03)/1 + mln!U,S.l).M + min(0.1,0.9)/3 + min(0.6,0.4)/4

— Ei’i_:ﬂﬂ + 05/2 + 0.1/3 + 04/4 % (9] | .

The intersection of the given fuzzy set and it’s complement does not result in an
empty set. Hence, the law of contradiction is verified

Now, if we take; so, this was the example when we took a triangular fuzzy set. So, obviously,
it was a continuous fuzzy set. But if we take the discrete fuzzy set just to see whether this law

of contradiction is verified for discrete fuzzy sets also. So, let us take an example here and



this example is with discrete fuzzy set. So, this is a discrete fuzzy set A, discrete fuzzy set
and if we try to find the A of it the complement of the fuzzy set A is complement of fuzzy set

A and this is nothing but A as it is written here.

So, if you take the intersection of these two fuzzy sets, again we see that we get something
here which is not equal to the null set. So, it means that here also we are getting a set which is

not a null set. So, we can say that the law of contradiction here also is verified.
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2. Law of Excluded Middle

For a crisp set A,

AvA=X

For a fuzzy set A,

AvA =X

This is called the “Law of Excluded Middle”.

Then we have another set theoretic property and this is called the Law of Excluded Middle.
So, if we take why is it called law of excluded middle, we will get to know in a moment. So,
if we have crisp set A and if we take the AU A. So, for crisp sets we always get the universe
of discourse as a result, whereas if we take a fuzzy set A and if we do the same operation
means we take the AU A this is never going to be the universe of discourse. So, here we have
clear cut difference in between the crisp set the union of crisp sets and fuzzy sets. So, we call

this discrepancy as this contradiction as the law of excluded middle.

So, here as I already mentioned that if we take crisp set A if we take union of AUA, we
should get the whole universe of discourse. Whereas, if we take fuzzy sets A, AUA is not
going to give you the universe of discourse. So, that is what is the difference and this is called

the law of excluded middle.
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2. Law of Excluded Middle

Example: Consider the fuzzy set A for a universe of discourse X € [0,10]
as follows:

A = triangle(x; 2,5,7) - Triangular membership function
The corresponding plot of fuzzy set A is given below. Verify the “Law of
Excluded Middle” for given fuzzy set.

x

A fu_.l\l/\
X

Membership Grades

So, let us understand this law of excluded middle better by taking an example and here also

we have taken a continuous fuzzy set which is triangular.
(Refer Slide Time: 13:59)

2. Law of Excluded Middle

Solution: For fuzzy set A with the universe of discourse X € [0,10], the law of excluded
middle is A U A # X. The membership function values of A U A is defined as
.lIJ:l;m-nly.(lkui(-ilvxE‘\' -«
AoA
A A [/ Vs

So, if we take a fuzzy set A here and the complement of this fuzzy set A is here and if we
take the union of these two fuzzy sets so, here we have super imposed this fuzzy set which is

A of this fuzzy set, right. So, if we apply the condition of the union the criteria which is here,

AUAZmax{uA(x),uA(x”VxEX



So, what we get here is this which is represented by the red color.
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2. Law of Excluded Middle

Solution: For fuzzy set A with the universe of discourse X € [0,10], the law of excluded
middle is A U A = X. The membership function values of A U A is defined as
AUA = m.n‘|p NEINTAE >|\f| EX

max[pa(x), pz(x

AUVUA= X

As shown in the plots, the union of a fuzzy set and its complement does not result in the
universe of discourse. Hence, the law of excluded middla is verified

So, we get if we take the max, we get this portion right and here we apply the max of the
corresponding membership values of the two fuzzy sets corresponding to the generic variable
values within the universe of discourse. So, if we separately represent this, it looks like this.
So, here is what we are going to get as result of fuzzy set AUA and which of course, is not
the universe of discourse. So, what do we mean by this statement when we are saying that
this is not equal to the universe of discourse? So, when this would have been the universe of

discourse; so, when we would have got this as the straight line like this?

So, this portion should not have been there, then we would have said that the AU A= X. But
since here this is not exactly what I mean the straight line we have this portion also. So, we

call this here asthe AUA#X.

So, this clearly gives us the idea as to how we check when we take the union of any fuzzy set
and its complement. So, this is how the law of excluded middle is verified for a fuzzy set.

Similarly we can take the example of a discrete fuzzy set here you see.
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2. Law of Excluded Middle

Example: Let A is a fuzzy set given as below for universe of discourse X = {1,2,3.4}

A = 07/1 + 05/2 + 0.1/3 + 0.6/4

Verify the “Law of Excluded Middle” for given fuzzy set?

Solution: For fuzzy sets, the law of excluded middle is A U A # X. It is defined as
AUA = muxlu'l(x).uj(x)] Vx € X

A =03/1+05/2 +09/3 + 04/4 _

AUuA = nm{.\m‘?.u.n/l + max (0.5,0.5)/2 + max (0.1,0.9)/3 + max(0.6,0.4)/4

AUA= 0.7/1 + E/z + 09/3 + 06/4# X

The union of a fuzzy set and its complement does not result in the universe of
discourse. Hence, the law of excluded middle is verified.

And then if we find the A which is the complement of fuzzy set A which was taken here
which is taken here and we see that this is the complement of the fuzzy set A taken in this
example which is also discrete. And if you take AU A #X. So, here also this is true that the

law of excluded middle is verified for any discrete fuzzy set.
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3. Idempotency

w,‘,s-t

Foracrispset A, [

ANA=AAUA=A

For a fuzzy set A,

ANA=AAUA=A
[ I

FS F5 £
This is called the “Idempotency” property.

Now, we have another set theoretic property which is idempotency. So, let’s now take a crisp
set first and see how this idempotency property is verified for a crisp set. So, A n A means if

you take the intersection of the same set, we always get as a result the same set means if we



take the intersection of A n A=A. So, which is here the same sets is a crisp set which was

taken.

Then again if we take the AU A=A. So, this is known for crisp set which is you know which
we have already done so many times in the past. But if we take fuzzy set let us see what
happens. So, if we take fuzzy set here A. So, this is fuzzy set A and this is also fuzzy set A
fuzzy set and this is also fuzzy set. So, if we take intersection of the same fuzzy set, we are
going to get the fuzzy set same fuzzy set means AnA or we say AnA=A. Similarly we

take union it is going to return the same set and this is called the idempotency property.

So, what we see here is that we get the same set whether we take a crisp set or fuzzy set. So,

that’s how the idempotency property is verified for both the kinds of sets.
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3. Idempotency

Example: Consider the fuzzy set A for a universe of discourse X € [0,10]
as follows:

A = triangle(x; 2,5,7) — Triangular membership function
The corresponding plot of fuzzy set A is given below. Verify the
“Idempotency” property for given fuzzy set.

A J’“'“”‘ =
X
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3. Idempotency

Solution: The idempotency property for a fuzzy set A with universe of discourse
X€[010]isANA=AAUVA=A.

* AN Aisdefined by: min[u,(x), u (x)] vx € X
* AU Ais defined by: nm.\|y._t(t)<u__|(| )] Vx e X
ANA=A AUuA=A

fl
.
" ‘-un
.a :Al
[ ]
.l =01

As shown in the plots, the union and intersection of a fuzzy set A with itself results
in the same fuzzy set. Hence, the idempotency property is verified for fuzzy sets.

rahip (ar ades
hip

Membe
Membe

] 2 ‘ - ] o

Let us take an example to better understand this property. So, if you take a triangular fuzzy
set if we take a fuzzy set here as A, so since we would like to verify the idempotency
property. So, we have to have the AU Aand A n A and we see what we are getting as a result
of it. So, here we have A and then here we have AnA=A. So, if we intersect these two
fuzzy sets, we are going to get the same set. Similarly if we are doing here if we are taking
AUA, we are going to get the same set. So, this way we can say the idempotency property is

verified for fuzzy sets.
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3. Idempotency

Example: Let A is a fuzzy set given as below for the universe of discourse X = {1,2,3,4}.
A= 07/1 + 05/2 + 0.1/3 + 0.6/4

V;rlfv the “idempotency” property for gwén fuzzy set?
Solution: For fuzzy sets, the idempotency propertyis: ANA=A,AUA = A.
* AN Ais defined by: min[u,(x), us(x)] ¥x € X
* AU Ais defined by: llhl.‘(lﬂl\[ x), u,(x )] VxeEX
AUA = max(0.7,0.7)/1 + max (0.5,0.5) /2 + max (0.1,0.1)/3 + max (0.6,0.6)/4
(AuA=07/1 + 05/2 + 0.1/3 +06/4=4 | AuA=A
ANA = min(0.7,0.7)/1 + min (0.5,0.5)/2 + mln(l)‘l,ll.l;r: min (0.6,0.6)/4
WI# 0.7/1 + 0.5/2 +u‘1/}7+ n.n/%:it AQA—:A

The union and intersection of a fuzzy set A with itself results in the same fuzzy set. Hence,
the idempotency property is verified for fuzzy sets.




So, if we take this as the fuzzy set here which is discrete and if we try to find the AUA. So,
we see that AU A=A. Similarly if we do this operation, we take A n A=A. So, this way we
can say the idempotency property is satisfied or verified for fuzzy sets also because the crisp

set this property is satisfied.
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4. Involution

For a crisp set A,

T

A
s
“ Caip Sel”

For a fuzzy set A,

A=4
N ;,}.H'H

This is called the “Involution” property.

Gt

So, here also for fuzzy sets, this property holds good. Then comes the involution property.
So, this means that if you take any A. So, what does this mean is that if we take a crisp set A
we take the complement of it and then we further take the complement of it and this is going
to return us the crisp set which was originally taken. So, this is the crisp set, this is crisp set

which was originally taken. So, this is going this is going to return us the same set.

So, let us see this involution property holds good for fuzzy sets also. So, if we take a fuzzy set
A and if we take the A, so it means that if we take the complement of fuzzy set and then we
take further complement of it here also this is going to return us the same fuzzy set same
fuzzy set which was used for taking the complement. So, it means A= A and this is true for
both the cases means the, if we take crisp set or the fuzzy set both the cases, we are going to

get the same set.

So, but we are in here interested more on fuzzy sets. So, we can clearly say that if we take
fuzzy set A and then if we take the double complement of it, we are going to get the same

fuzzy set as a result.



(Refer Slide Time: 24:47)

4. Involution

Example: Consider the fuzzy set A for a universe of discourse X € [0,10]
as follows:

A = triangle(x; 2,5,7) - Triangular membership function
The corresponding plot of fuzzy set A is given below. Verify the
“Involution” property for given fuzzy set.

]

08

A j;l.[\l,’\
X

Membership Grades

Let us know understand better this involution property fuzzy set. So, let us take an example

here and if we take a fuzzy set A.
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4. Involution

Solution: For a fuzzy set A with the universe of discourse X € [0,10], the involution
property isd=A
The complement for a fuzzy set A is defined as
pilx)=1 u,x)vx€E X
and the complement of the complement of a fuzzy set is defined as

pi(x)=1-p(x)vxe X
A A
/ \ v I
"\I 2 . . . [T} ‘I- 4 . . L] Wn

As per the involution property of fuzzy sets, the complement of the complement of a fuzzy
set should result in the original fuzzy set. As shown in the plots, the involution property is
verified for fuzzy sets

‘ . ] o

Let us now take the complement of it. So, here we have the fuzzy set, the original fuzzy set
which we have taken and then the complement is here. Now if we take the double
complement see the double complement here and which is nothing, but the same set. If we
see here we are going to get the A, this set and this set is coming out to be the same. So,

double complement of any fuzzy set is going to return us the same fuzzy set. So, this way we



can say that the involution property is verified for continuous fuzzy sets. So, let us now

understand this for discrete fuzzy sets also.
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4. Involution

Example: Let A is a fuzzy set given as below for the universe of discourse X = {1,2,3.4}
~—2 A = 07/1 + 05/2 + 0.1/3 + 0.6/4
Verify the “Involution” property for given fuzzy set?
Solution: The involution property is: A = A
The complement for a fuzzy set A is defined as
pilx)=1-p (x)vxeX
and the complement of the complement of the fuzzy set A is defined as
pilx) =1—p(x)vxeX
A =03/1 + 05/2 + 09/3 +04/4  <~— Conmaple nasak LS A = A
A =(1-03)/1+(1-05)/2 +(1-09)/3 +(1-04)/4 MM»:},;: A
Lol A=07/1 +05/2 +0.1/3 +06/4= .-1j

As per the involution property of fuzzy sets; !lj;e complement of the complement of a fuzzy
set should result in the original fuzzy set. Hence, the involution property is verified for fuzzy
sets

So, if we take here an example of discreet fuzzy set which is here. So, let us take the
complement of it. So, this gives us the complement of complement of A that is A. So, this is
represented by this discrete fuzzy set and if we take the double complement of is double
complement means further complement of; so, complement of A and this is going to give us
A and this is the A and which if we see is the same set which we have taken, we have started

with.

So, we see that these two sets remain the same. So, we can clearly say that we are going to
get the same set if we are taking the double complement of it and this property is nothing, but

the involution property. So, this is verified.
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In today’s lecture, we have studied the following
properties of fuzzy sets,

* Law of Contradiction
* Law of Excluded Middle
* |dempotency Property

* Involution Property

In the next lecture, we will discuss the remaining
properties.

So, in this lecture today we have studied the following properties of fuzzy sets and these
properties are law of contradiction, law of excluded middle, idempotency property, involution
property. So, but here we have so many other properties left which we will be discussing in

the next lecture.



