Fuzzy Sets, Logic and Systems and Applications
Prof. Nishchal K. Verma
Department of Electrical Engineering
Indian Institute of Technology, Kanpur

Lecture — 10
Set Theoretic Operations on Fuzzy Sets

So, welcome to lecture number 10 of Fuzzy Sets, Logic and Systems and Applications. So,
this lecture will cover Set Theoretic Operations on Fuzzy Sets. In today’s lecture, we will
discuss following operations on fuzzy sets. These operations are complement, union,

intersection and difference.
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In today’s lecture, we will discuss following
operations on fuzzy sets:

« Complement
* Union

* Intersection
= Difference

Before, introducing these operations, let us
understand notations used in the set theory.

And before introducing these operations on fuzzy sets, let us first understand the notations

that we use in set theory.
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Set Theory Notations

For two sets A and B which consist the collection of some
elements in the universe of discourse X, the set theory notations
are defined as follows:

IEX . x belongs to X

x.F A =4 x belongs to A

XEA -+ X does not belong to A

A< B e A is fully contained in B

A_E_B_ -+ A is contained in B and equivalent to B

A=B - Aisequivalentto B,ie, AS BandB S A

2 — Null/ empty set i.e. the set contains no element

And if you see here, these are the notations that are used in set theory; like if we have two
sets A and B here and which consists of the collection of some elements in the universe of

discourse capital X, the set theory notations are as follows.

So, if we see here x belongs to capital X this means x belongs to X. Similarly, here this is for
x belongs to A and here x does not belong to A. Here A is fully contained in B and here A is
contained in B and equivalent to B. And of course, here A is equal to B. ¢ here represents the

null or empty set.
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Before, introducing the set theoretic operations on
fuzzy sets i.e. union, intersection, complement, and
difference; we will first define the following notions
for fuzzy sets:

=  Equality

+ Containment or Subset




So, before we move to set theoretic operations, we have two notions of two notions that we
will be discussing here. The first notion is equality and the second notion here is the

containment of sets or subset.
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Equality of Fuzzy Sets

Let A and B are two fuzzy sets and they are equal, if
and only if the following condition satisfies:

Ua(x) = pg(x),vx€X ‘ v
Here, X is the universe of discourse, u,(x) and

ug(x) are membership degrees for an element x in
the fuzzy sets A and B, respectively.

So, let us now first discuss the equality. So, equality of fuzzy sets is very important like when
can we say two fuzzy sets are equal. So, here the point that needs to be noted is that even
when we have the any fuzzy set the generic variable values remains the same, in both the sets
may not be equal, because for equality their membership their corresponding membership

values also need to be equal. So, that is how it is written here.

If A and B are two fuzzy sets and if we say these are equal A and B; so, if they we can say
they are equal. So, this equality can be possible only when their corresponding membership

values are also equal.
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Equality of Fuzzy Sets

Example: Let A and B are two fuzzy sets as given below whose
elements are in the universe of discourse X. Please check whether
they satisfy the equality condition or not?

A =07/1+05/2+01/3+09/4
B = 07/1 + 05/2 + 0.1/3 + 09/4 =

Solution: As per the equality condition, two fuzzy sets 4 and B are
equal if and only if they satisfy the following condition:

{.-"f_A(;)—=_ui(X)IV x€X

For given fuzzy sets, the equality condition satisfies. Hence, given fuzzy
sets A and B are equalie. A = B.

So, let us look at this example to better understand. So, if we have two fuzzy sets A and B
and these fuzzy sets are discrete fuzzy sets. This A fuzzy set which is discrete fuzzy set, this
B fuzzy set which is again a discrete fuzzy set. So, let us now look at these fuzzy sets and
their you know the fuzzy elements. So, it means the generic variable values and the
membership values; corresponding membership values. So, let us now look at these and see

whether A and B both are equal or not.

So, if we see here for A; generic variable A, the first generate variable is 1 and the
corresponding membership value is 0.7. So, now, if we see the first element here in B also
this is same, means we have generic variable 1 and the corresponding membership value is
0.7. So, it means, we have the generic variable values; for the same generic variable values,

we have the same membership values.

Similarly, if we look at all the elements of A and then we look at all the elements of B, so we
see that we have exactly equal membership values for the generic variable values. So, this
way; we find this relation is satisfied, means that you know p Alx)=pg(x). And again this is
needless to say that all x, all the generic variable values must belong to the universe of
discourse within which we are working. So, this way fuzzy set A and fuzzy set B both can be

said to be equal.
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Equality of Fuzzy Sets

Example: Verify that the given fuzzy sets A and B satisfy the
equality condition or not?

lg(x)

L‘nl;é, e

nFp=————=

a b,
Lllf Ar] 1t y& (LJ
Since by # b for u,(x) = ug(x) = 1, Hence fuzzy sets A and

B are notequal i.e. A #+ B.

Now, if we take two continues fuzzy sets, and let us see whether these two fuzzy continues
fuzzy sets are equal not. So, here we have this for you set A and the other one is B. So, we
see that although, A and B; in between A and B, the generic variable values remain the same,

but the corresponding, but their corresponding membership values are not same; not equal.

So, if we take any point if we take a point b, in between a,c and then if we take some point
b, here in between a,c. So, we see that here the corresponding membership value
corresponds; the membership value corresponding to b, in fuzzy set B is not equal to 1; is not
equal to 1 means the there is the membership value corresponding the generic variable value
b, whereas, here we can write this as Y B(X ) So, we can clearly see that for the same generic
variable values b, in both the fuzzy sets the p, (X ) is not equal to {4 B(X). So, instead of x here,

because we are taking x is equal to b,. So, I think we need to know we need to write here b;.

So, this way we can clearly see that, the these two fuzzy sets are not equal. And if we take a
point b, here in fuzzy set B and if we take the same fuzzy set here, we take a same point b,
here in between a to c. So, we see here that in fuzzy set A, the corresponding membership

value is less than is less than 1 or we can say is not equal to 1. So, this is t B(X )

So, this way we see for the same generic variable values in both the sets, their corresponding

membership values are not equal. So, that way we can say a fuzzy set A #B.
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Containment (Subset) of a Fuzzy Set

Fuzzy set B contains another fuzzy set A if and
only if the following condition satisfies:

Hy(x) Spg(x),vxex

It can be denoted by:
ASB

g

Now, the containment or sub or subset of a fuzzy set. So, fuzzy set B; if we take the same
example, if we take two fuzzy sets A and B, so the containment can be defined as the; if we
have in fuzzy sets A and B, we follows the membership values follow this condition; we can
say the fuzzy set B contains fuzzy set A. So, if we have any two fuzzy set A and B and their

corresponding membership values follow this condition; means, H, (x) is less than or equal to

p,(x) for every x that belongs to the universe of discourse capital X .

So, then if this case is if this is the case if this condition is followed; we can say that, A is

contained in B. So, the fuzzy set A is contained in B.
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Containment (Subset) of a Fuzzy Set

Example: For the given plot below, verify the
containment property.

2

u(x)
o8 4
a7 4 =
0.8 1
0.5
0.4 4
o3
0.2
a1 4

E;'H Sl

= Fuzzy set A contains B, C.

s Fuzzy set B contains C.

* Fuzzy set B does not
contain A. =

Now, let us understand this a little bit more clearly with this example. So, we have here a
diagram and in this diagram, we have three fuzzy sets. So, here we have the fuzzy set A,
which is shown by the green line I mean in green colour. The B fuzzy set is shown in blue

colour and C fuzzy set is shown in the red colour.

So, by just looking at it, we can clearly say that all the membership values corresponding to
the generic variables in A, in C is less than their corresponding membership values less than
the membership values corresponding to the generic variable values of B and A. So, this
way, we can say that fuzzy set A contains BC, B and C fuzzy set this is also, this is fuzzy set

this is for set these two are fuzzy sets.

And, we can also say that here that; fuzzy set B does not contain A. So, if we compare fuzzy
set B and fuzzy set A, we can clearly see here that the membership values corresponding to
their generic variable values in both the cases. If we compare, then the membership values of
B fuzzy set are less than membership values of A. So, that way we can say fuzzy set B does

not contain A.
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Containment (Subset) of a Fuzzy Set

Example: Let A and B are two fuzzy sets given as:
Q%: 0.7/1 + 0.5/2 + 0.1/3 + 0.6/4
(B = 09/1 + 0.8/2 + 03/3 + 0.8/4

W
Verify the containment property?
Solution:
Since, u,(x) < pg(x),vx€X
Hence A i;:dntém—eci_inside Bﬂ;-
i.e.ACB.

So, let us now take an example here to understand the containment or the subset of a fuzzy
set better. So, in this example, here we have two fuzzy sets. The first fuzzy set is the two

discrete fuzzy sets basically. And the first fuzzy set is A and the second fuzzy set is B.

So, these two fuzzy sets we see, we have the elements here and the generic variables values
that generic variable values 1,2, 3,4 and their corresponding membership values. So, in both
the fuzzy sets, we have same generic variable values 1,2,3,4. But, the membership values

are different.

So, if we see clearly the membership values, so membership values of A fuzzy sets are lesser
than that of B for respective membership generic variable values. So, that is how we can say
f, X< pg(x). So, this means the the membership values in fuzzy set A are less than the
membership values in fuzzy set B for corresponding generic variable values. And of course,
this is needless to say that all these x, the generic variable values they all belong to the

universe of discourse.

So, this way we can say that A is contained inside B or we can say A is contained in B.
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Containment (Subset) of a Fuzzy Set

Example: Let A and B are two fuzzy sets given as:
— A = 07/1 + 05/2 + 0.4/3 + 0.6/4

—B = 09/1 + 08/2 + 0.3/3 + QB&

Verify the cohfﬁnmenfpréperty?

Solution:

Since, u,(x) = 0.4 and py(x) = 0.3 forx = 3;

ie.uy(x) Fpgx)forx=3. —
Hence A is not contained inside B;

iie. AZB.

SR

Here, we have another example and we see again two discrete fuzzy sets A and B. And just
by looking at the generic variable values and their corresponding membership values, we see
that, p A(x) < yB(x) for the generic variable value x is equal to 3. So, if we look at B here; B
member; B fuzzy set and A fuzzy set, so if we look at these elements, we compare these
elements generic variable values remain again the same 1,2,3,4 in both the fuzzy sets, but

their corresponding membership function values are membership values are different.

So here, for x is equal to 3 for the membership for the generic variable value 3, the
membership value in the corresponding membership value in fuzzy set A is more than that of
the membership value in B. So, that that is why, we can say that; this condition is not
satisfied means, U A(X)S/ /JB(X) for all x’s and this is one of the generic variable value x is
equal to 3 which violates. Otherwise, if for x is equal to 3, these value the corresponding
value of membership would be equal are the less in A then B, we would have set that AB is

containing A or A is contained in B.

So, since at x is equal to 3, it is violated. We can clearly say that, A is not contained in B.

And mathematically, we can represent this by A is equal to A is not contained in B.
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Now, let us discuss the set theoretic
operations on fuzzy sets.

* Complement
* Union

* |ntersection
» Difference

Now, let us discuss the set theory op set theoretic operations on fuzzy sets and these set
theoretic operations are complement, union, intersection and difference. So, since these
operations we are interested in applying on fuzzy sets. So, before we move to these
operations on fuzzy sets, we would be discussing these operations on crisp sets or classical
sets and then we will transition from classical sets to the fuzzy sets with respect to these
operations, set theoretic operations to understand the set theoretic operations and fuzzy sets

better.
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Complement of a Classical Set

The complement of a set A, denoted by A, represents all
elements in the universe of discourse X that do not belong to
set A.

It can be represented as:

j:{xlxﬁAandeX}}

-
By

Venn Diagram




So, let us now first understand; what do we mean by a complement of classical set. So, if we

have a classical set it is represented by A, we represent a complement of this classical set by

A. And this can be represented here mathematically as A={xVxZAAXEX .

(Refer Slide Time 21:19)

Complement of a Classical Set

A={x|x€Aandx € X}

r
pa(x) Hi(x)
A A
10 L 10 #
| 1 1 | foiy
T T 2ae s X
A={x|]lsx<3} A={x|x<1,x> 3}

¥ x € R where R represents set of real numbers.

So, let us now understand the complement of a classical set. So, in this diagram here, we see
a classical set which is continuous and this is right from 1 to 3. So, as it was just defined if we
are interested in finding the complement of a classical set A, we represent this by A bar and
this A will be the collection of all the points that are in the universe of discourse excluding

the points that are coming into excluding the elements that are there in set A.

So, if we look at this set which is a classical set. So here, we see that they in this is a
continuous set. So, here there are winds which are right from starting right from 1, 2, 3 are
covered and if we have some universe of discourse, so we exclude these points and we take

all the points which are contained which are there in the universe of discourse.

So, if we do that, we will get the A like this and we see that this is the points which are there
in the A are excluded. So, this is it is this part is excluded. So, this way we find the

complement of classical set A.
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Complement of a Fuzzy Set

The complement of a fuzzy set A is a fuzzy set 4 in
the universe of discourse X whose membership
function is defined as:

#AG) =1-p,()VxEX

Sy et

The complement of a fuzzy set should contain all
elements along with their membership values from
the universe of discourse.

Now, if you are interested in finding a complement of fuzzy set, so the complement of a set A
is fuzzy set, that is also represented by A. And of course, here that we have a universe of
discourse X and in fuzzy set also we take all the points all the elements you know, but with
this condition which is mentioned here. So, fuzzy set, if we have a fuzzy set A and then the

complement of fuzzy set A will have its membership values corresponding to the generic

variable values which will be defined as p1; (x).

So, you see here [, (x) and all the corresponding membership values will be subtracted from
1. So, all the corresponding membership values of A fuzzy set will be subtracted from 1. So,
this way if we follow, we get the membership values corresponding to complement fuzzy set
and we can say that complement of a fuzzy set should contain all the elements along with

their membership values from the universe of discourse.
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Complement of a Fuzzy Set

A =1-p, (VX EX |

,Ll.-lrl),-_ .;h.a
2= -l

FxEx

So, to understand the complement of a fuzzy set better, let us take this example. Here, we
have a fuzzy set A and please note that this fuzzy set here, this fuzzy set is a continuous fuzzy
set, 1s a continuous fuzzy set. So, we have here this 0. So, right from 0 to 3, this fuzzy set is
spreading. And we have varied membership values also like at 0, we have membership value

1 and at 3, we have membership value 0.

So, if we follow this criteria like complement fuzzy set A, its membership values will be
computed as 1 minus Y A(X), for every x belonging into the universe of discourse. So, if we
do that we are going to get A like this. So, we can clearly see here that at 3 at the

generic generic variable value 3 in A, we have p|x|=0.

So, instead of (x|, I will be writing p(3), pu(3). And since this belongs to the fuzzy set A
we’ll write p1,(3]=0. Now, if we look at the fuzzy set A which is complement of a fuzzy set.
So, we will look at this general variable value 3 so, this is p,(3]=1. So, likewise, if we check
at all the points, all the generic variable values we’ll get to see that this follows, the
membership value follows membership values of A follow this condition, 1—p, (x). And this

is for all the for every x belonging to the universe of discourse.
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Complement of a Fuzzy Set

Example: Let A and B are two fuzzy sets given as below. Find the complements of
A and B for universe of discourse X = {1.2,3.4).

Al= 07/1 + 05/2 + 0.1/3 + 0.6/4
{E}): 08/2 + 03/3

Solution: The complement of A is:

A=(1-07)/1 +(1-05)/2 +(1-0.1)/3 +(1 - 0.6)/4 | v f"""?““;‘;"
A= 03/1 + 05/2 + 093 + 04/4 J % Fay et
Fuzzy set B can be rewritten as:

B=0/1+08/2+03/3+0/4

Hence, the complement of fuzzy set B is:

B=(1=0)/1+(1=-08)/2+(1-03)/3+(1-0)/4 CPTL-‘** 1
B ) vy Jeb

)= 1/1 + 0.2/2 + 0.7/3 + 1/4

\

Similarly, we take an example with two discrete fuzzy sets. So, if we have a fuzzy set A,
which is here and if we are interested in finding the complement of this fuzzy set. We can

clearly use the criteria as I just mentioned and we get the complement of a fuzzy set. So, this

is complement of A. This is complement of fuzzy set A.

Similarly, this is complement of fuzzy set A, and similarly if we take this fuzzy set B, we can
get the complement of fuzzy set here. And please note that the universe of discourse here is
given and this is this contains 1,2,3,4. So, we are excluding all other values except the other

than 1,2,3,4. So, this way we find complement of fuzzy set B. So, this will be the

complement of fuzzy set B.
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So far in this lecture, we have covered the
notions (i.e. Equality and Containment or
Subset) used in fuzzy set theory and
complement operation on fuzzy sets.

In the next lecture, we will study the
remaining set theoretic operations on fuzzy
sets.

So, far in this lecture, we have covered the notions that means the equality and containment
or subsets used in the fuzzy set theory and complement operations on fuzzy sets. So, in the

remaining fuzzy set theoretic operations will be discussed in the next lecture.



